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Tom tat

Ly thuyet xac suat thong ké da hinh thanh tir rdt sém, né luén dugc dp dung mot cach hiéu qua
trong thuec tién cugc séng. Viéc diea mét phan cua Iy thuyét xdc sudt vao chwong trinh gido duc phé
thong la mét tat yéu. Nham muc dich gép phan néng cao hiéu qua day va hoc ngi dung nay cua
chwong trinh toan pho thong trung hoc, muc dich chinh trong bai viét nay la, dé xuat mot huong tlep
cdn khai niém xdc sudt, cu thé la: bién cé, cdc phép todn trén cac bién cé. Bai viét cung cap mot so
kinh nghiém nham ndng cao hiéu qua viéc giang day cdc quy tic dém, khdi niém xdc sudt, bién ngau
nhién va cac van dé lién quan. Bén canh tiép cdn khdi niém ndy bang cdc vi du cé dién, ching t6i sir
dung tién dé ve ly thuyet tdp hop va anh xa lam trong tam.

Tir khoa: thong ké, t6 hop, xdc sudt

Abstract

AN OVERVIEW OF TEACHING COMBINATORICS AND PROBABILITY

Probability theory was formed very early and has always been efficiently employed in actual
life. Putting probability and statistics theory into the general education program is inevitable. The
major goal of the article is to propose an approach to the concept of probability that will help enhance
the effectiveness of teaching and studying it in the high school mathematics program. The article
discusses some experiences with improving the effectiveness of teaching counting rules, probability
concepts, random variables, and related topics. Besides, from using typical examples, we focus on
the axioms of set theory and mapping.

1. Pit van deé

Theo ghi nhén cta ching t6i trong nhitng ndm gan diy, chuong trinh gido duc todn hoc tif cic
bac hoc da dé cap dén cac khai niém thong ké, khai niém xac suit tiy theo tiing miic do khac nhau
& tiing béc hoc tir thap dén cao. Viéc giang day noi dung nay gido vién gip khong it khé khin. Thiét
nghi ring, mot trong nhiing nguyén nhan khich quan 12 theo céc tai liéu hién tai chi cung cip mot
luong tdi thiéu cdc thuit ngi vé t6 hop, xdc suit va bién ngiu nhién nén gido vién han ché vé ngon
ngil to4n hoc dé dién dat (xem [1,2]). Bén canh d6, mdn toan hoc trong ky thi tot nghiép lai dudc
danh gi4 bang hinh thifc tric nghiém khach quan, mic di né chi 13 hinh thiic kiém tra ddnh gid, vé
Iy luan n6 khong anh hudng dén noi dung day hoc nhung n6 da 1am mat di sy kién tri nhin nai cda
ngudi hoc khi gap van dé doi hoi su chuan muc vé thuét ngit va 16 gic. Trong khi do, cac thudt ngt
6 linh vuc nay doi héi mot su rd rang va minh bach dic biét 1a 1am todn trén cac bién c6. Hon nifa,
van dé lién hé thuc tién ciing chuwa mang tinh thuyét phuc, chang han nhu, khai niém xac suét luon
dé cap dén khong gian mau 1a tip hitu han phan tif trong khi d6 trén thuc té thi khong gian nay da
s6 12 vO han phan ti.
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Trong bai viét nay, chiing t6i manh dan dé xuit mot cach tiép can, theo ching téi né mang lai
hiéu qua khi giang day, hodc bai viét cung cip thém cho céc ban co sd ly luan d€ c6 thé giang day
mot cach tdt hon vé nhitng ndi dung da dé cap.

Phan tiép theo, trong Muc 3 chiing t6i nhic lai mot s6 khai niém xdc suit, xdc suit c6 diéu
kién va cdc quy tic tinh xdc suit bang dinh nghia, bing cdc cong thifc nhan. Chiing toi dua ra céc
vi du minh hoa, chiing t6i quan tdm dén ban luin vé cd sd ctia viéc tim 18i giai hon 12 trinh bay 16i
giai. D6i véi bai toan cu thé, trén co sé tim kiém 10 giai ching ta c6 thé trinh bay 10i giai mot cach
ngin gon va chinh xic.

2. Phuong phap nghién ciu

Chuing t6i stt dung phdi hop cdc phuong phap nghién cttu: Thu thép tai liéu, phan tich, tong
hop dé nghién ciu viéc day hoc t& hop xdc suit trong chuong trinh To4n hoc bac trung hoc pho
thong. Trén cd sd do, ching t6i ban luin lua chon cic hudng tiép can gidi quyét bai todn xdc suat
trén co s chinh xac khoa hoc va minh hoa bdi bai todn cu thé.

3. Két qua thao luin

Trong muc nay ching tdi ban luin trén mot s6 khai niém va trinh bay mot sé vi du minh hoa.

3.1. Quy tdc cong va Quy tic nhdn

Pinh nghia 3.1. Cho A va B la cic tap hitu han phan ti¥, (ta ky hiéu: | M| 1a s6 phén ti cta tap M).
Khi d6

(i) Quy tic cong: |AU B| = |A| + |B|,

(i) Quy tic nhan: |. = |A| x |B|.

Hai vi du duéi diy cho thy van dé thuit ngit toan hoc gitp chiing ta dién dat phuong dn mot
cdch ro rang tif d6 sé c6 hudng giai quyét tot.
Vidu 3.2. Xé&p 30 hanh khich vao 6 toa tau (khd ning ctia tau: mdi toa c6 thé hon 30 hanh khach).
Hoi ¢6 bao nhiéu cach bd tri hanh khach vao toa tau.

Hudng ddn: Néu ta trinh bay mot cach tu nhién theo danh sach hanh khach:

TT | Tén hanh khach | Toa tau
1 Tl ay
2 .Tl ﬂ.2
30 T30 aso

Tir hoat dong thuc té trén, tf d6 vin dé 12 trinh bay lai 13i gidi tf bang huéng din: Ching ta thiy
phuong an xép la & = (ay, as, ..., az) vaa; € A = {1,...,6} (j = 1, ..., 30). Nhu thé theo quy tic
nhan ta c6 s6 phuong an chinh la s6 phan i cta tap tich A x A x ... x A (6 1an).

Ban ludn: Nhu viy thuat ngii/khai niém tap tich chinh 1a phuong tién dé dién ta phu hop trong
ngit canh nay. Khai niém nay tuy riang chua dudc gidi thiéu cach chinh thdng, nhung hoc sinh da
dudc st dung & cac dang khéac do 1a: toa do cia di€ém, nhu vay & day ta c6 thé€ manh dan st dung
thong qua gidi thiéu ngin gon.

Vi du 3.3. Mot con chudt dién tit can phai di chuyén trén mit phang toa do Oxy tif gbc toa do dén
diém M (a,b) (v6i a,b la cac sb6 nguyén duong). Mbi bude di chuyén, chudt chi dude phép budc
sang phai (R) hodc 1én trén (U) mot bude ¢6 do dai 1a 1 don vi. Hanh trinh di chuyén cia chuot
dudc ghi lai bang mot chudi cac ky tu, vi du chudi "RRURURRU" chudt di chuyén dé dén diém
M (5, 3). Hoi ¢6 bao nhiéu hanh trinh ¢6 thé chon cho chudt.
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Hudng ddn: Nhan xét: mdi mot hanh trinh 12 mot chudi ¢6 do dai a + b; trong dé a ky tu "R"
va b ky ty "U". Néu danh s6 1,2, ..., a + b dé chi vi tri ctia ky tu dugc ghi trong hanh trinh thi méi
mot hanh trinh tuong tng cho mot cach chon a vi tri cho ky tw "R" (chan han & vi du hanh trinh 1a
tap hop {1.2,4, 6, 7}, nhu vady mot hanh trinh tudng tGing mot t& hop chip a cta tip a + b phan ti.
Két luan: c6 CZ,, cach di chuyén.

Ban ludn: Néu ta khong dua ra mo ta cho mot phuong dn, thi dé dan dén sy nham 1an trong
viéc xem phuong 4n 1a chudi c6 chiéu dai a + b, mbi vi tri trong chudi ¢6 2 kha niing chon, va két
cuc sai 1am 12 chon ddp sb 2°+°.

3.2. Khéng gian bién cé

Cing gidng nhu khdi niém tip hop va phan ti ciia tap hgp, khdi niém "bién ¢d" né mang tinh
chit nguyén thiy, chi dudc dinh nghia thong qua viéc mé ta cic tién dé.

Chung ta khong phin tich su khac biét gitra cac Sach giao khoa khi trinh bay dinh nghia cac
khai niém nay. O day ching t6i dé xuit mot c¢d sG dé€ xem xét va gidi quyét cac vin dé lién quan..

Cho € 1a tap hop tuong tng véi khong gian miu cia phép thit nao dé. Ta xét quy tic cho
tuong ung nhu sau:

1. bién ¢b khong thé'tuong (ing véi tip réng;
2. bién c¢b tdt yéu tuong ting véi tap €;
3. bién ¢b so cdp dudc tuong Wng véi tip con 1 phan tif ctia 2 (va ta dong nhét viét {w} = w).

4. t6ng hai bién ¢d A va B, ky hiéula A + B va tuong ing véi tdp AU B; tong quat véi A;, Ay, ...,
la day cdc bién ¢, ta dinh nghia tong > ", A; tuong tng véi tap A = U2 A;;

5. tich hai bién c6 A va B ky hiéu 1a AB va tuong tng véi tip A N B, va tong quat, A;, A,, ... 1a
day bién c0, ta dinh nghia tich IT;2, A; tuong ng véi tp M52, A;.

Vi du 3.4. Xét phép thit gieo 1 con xtic sic: Bién ¢6 so cip {w;} 1a bién cb "xuét hién mit ¢6 j diu
chdm" (j = 1, ..., 6). Nhu vay khong gian miu la

Q={w;:7€{1,...,6}}.
Ta c¢6 thé di dén dinh nghia sau:

Pinh nghia 3.5. Cho mot phép thit véi khong gian miu ky hiéu 1a 2 ta goi o-dai s6 1a ho F cac
bién cb thda:

G 0eF,
(ii) E € F = E° € F (6 day, £ 1a phan bu ctia F trong €2, nghia 1, E° = Q\ E).
(iii) Néu E,, E,,...,. € F, E = UX,E; thi € F.

V6i dinh nghia trén ta nhan thay ring ho F 6n dinh v6i phép toan liy phan bu, phép hop
(giao) ctia mot ho dém duoc.

Trén cd s d6 ta co cac phép todn "+", "x" trén cédc bién cd (ciing chinh 1a phép hgp, phép
giao céc tip hgp) va cdc phép toan nay c¢6 tinh giao hodn, két hop va phéan phdi gitta phép cong va
phép nhan. Nghia la,

Nhin xét 3.6. Cho khong gian cdc bién ¢b (2, F), va A, B,C € F. Khi d6
(i) A+ B = B + A; (tinh giao hoan cta phép cong)
(i) (A+ B) +C = A+ (B + O); (tinh két hgp)

(iii) AB = BA; (tinh giao hoan cta phép nhin)

(iv) A(BC) = (AB)C; (tinh két hgp)
(v) (A + B)C = AC + BC. (tinh phan phdi)
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VGi ¢0 s trén chiing ta cting ¢6 khéi niém:

e Hai bién c¢6 A va B xung khic khi va chi khi AB = ().

e Hai bién cb A va B dbi 1ap khi va chi khi AB = ) va A + B = Q (ta ky hiéu déi 1ap ctia A
la A).

Ban ludn:

1. Viéc st dung ngdn ngit tp hgp md td/ciing ¢d lai khdi niém bién cb hon nita, né lam cho
viéc dién ta cdc phép todn mot cdch tu nhién hon, né dua vé cdc phép todn ma hoc sinh di kha quen.

2. Véi cach trinh bay nhu trén ta thiy viéc mo ta khong gian méu 1a khong duy nhat. Khong
gian mau 1a rit tritu tuong, nhung tinh bét bién ctia khéng gian mau 1a Ivc lugng cic bién cb so cp
quyét dinh.

3. Tuy nhién, dung cdc phép todn "+", "x" néu khong chi y s& c6 su nham 1an, ching han
nhu A+ A=2Ahay A x A= A%

3.3. Khdi niém xdc sudt va céng thitc tinh

Trong muc nay, ching ta thio luan vé 1am thé nao dé€ giang day khdi niém xdc suit c6 hiéu

qua?
Trude hét ta diém qua céch tiép can khai niém xdc suit va cong thic tinh. Tuong tu nhu cdc
khai niém do Iuong khac nhu 1a "chiéu dai", "dién tich", "thé tich"...., thi khai niém "xac suit" dung

dé do kha niang xuit hién mot hién tugng nao dé ma ta goi chung 12 "bién cd". Thuong thi viéc gidi

thiéu khai niém xdc suit bit dau tif vi du han 1am "gieo con sic xidc" va quy udc kha ning xuét hién

cac mat déu nhu nhau. DBiéu nay cho phép ta dinh nghia mét cach twdng minh xac suat cia mot bien
A

co.

Pinh nghia 3.7. [2] (Pinh nghia ¢& dién) Cho 2 ¢6 n bién ¢ so cip dong kha ning va A la mot
bién ¢6 (xem nhu A C €2). Ta dinh nghia xdc suit cia A la sb
|A]
A) = —, 3.1

p(A) il (3.1
& d6 ky hiéu | E| chi s6 lugng phén tif cia £. Pay 1a mot dinh nghia ban diu, né ¢6 uu diém la ro
rang. Tuy nhién ban than n6 chua that sy 1a mot khai niém ¢6 thé dp dung trong thuc té cudc séng
dugc va ban than né ciing ham chita khdi niém chua ro rang "bién ¢6 so cip dong kha niang", thém
nita, khai niém chi cé nghia khi €2 1a tp hitu han phin tir. B6 qua yéu t6 nay, véi dinh nghia nay
chiing ta ciing minh hoa vai tinh chit dic trung cia xdc suat thong qua viéc tinh todn cu thé.

Pinh nghia 3.8. [1,2] (Dang hinh hoc) Véi phép thit xac dinh tuong (ing véi khong gian mau €.
Cho A 1a bién c6. Khi d6 xdc suat cia A c6 thé dinh bdi:

sO6 do mién A

sO do mién 2 e

p(A) =
Trong d6, "s6 do mién" 1a mot khai niém duge xac dinh khi biét cu thé "mién" (c6 thé la chiéu dai,
dién tich, thé tich,...). Ta xem xét vi du sau day:

Vi du 3.9. Hai ngudi ban hen giip nhau trong khoang thai gian tit 17 gic dén 18 gid, ngudi nao dén
trudc, sau khi chd qua 20 phit néu khong ¢6 ngudi kia dén thi ¢6 thé ra vé. Tim kha niang dé ho gip
nhau.

Goi z, y 1a thdi diém dén chd hen 1an ludt ctia ngudi thi nhit va ngudi thit hai. Khi dé

(x,y) € [0,60] x [0,60] = Q, (1 gi bang 60 phiit)
A={(z,y) € QA x Q: |z —y| <20}.

Ta chon s6 do la dién tich, tir (3.3) ta c6

60° — 407

PA) =
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Pinh nghia 3.10. [2,3] (Pinh nghia theo tan suit/thdng ké) Quan sit mot phép thir n lan trong

diéu kién nhu nhau, ta ghi nhén lai s6 1an xuét hién bién c¢6 A 12 n4. Ta dinh nghia xdc suét ciia A
1a s

X ir
A) = lim —. 34

p( ) :11—I>10L mn ( )

Pinh nghia nay, khong doi hoi yéu t6 "bién c6 sd cip dong kha nang". Tuy nhién, van con doi

hoi yéu t6 phan tl ctia khong gian thit (s6 n). Trén thuc t€, d6i khi dé thuc hién mot phép thit 1a kha

ton kém vé thoi gian va tai chinh.
, X-+20=0
y /

60 / \ | X-y-20=0

Hinh 1. Minh hoa cho vi du 3.9

Dinh nghia 3.11. [2] (Pinh nghia theo tién dé) Cho khong gian cdc bién ¢6 (2, F). Mot ham
p: F — [0,1] thoa céc tinh chat:

® p(Q) = 1;

(ii) V6i {E;};-10.. la ddy cdc bién cb doc lap ( nghia 12 E;E; = () néu j # i) thi ta ¢6
p(X52) Bj) = 5o, P(E;).

Nhén xét 3.12. Pinh nghia trén trong pham vi st dung ta c6 thé xem xét tong néi trong (ii) 1a tong
hitu han va ta rut ra cac két qua sau:

1. p(@) =0;
2. p(A) =1-p(4)
3. p(A+ B) =p(A) +p(B) v6i A, B € F v6i AB = () (cong thic cong).

s

N
ANB

Hinh 2. Minh hoa cho cong xdc suat co diéu kién
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Dé dinh nghia xdc suit ctia bién c¢6 A véi diéu kién B # (), ta xem khong gian (B, Fp), ¢
diay Fp = {EN B : E € F}laho cac bién cd trén khdng gian miu Qp = QN B. Khi d6 ta ¢ thé
dinh nghia x4c suit ciia A véi diéu kién B la

p(AB)

p(A|B) = o(B)

(3.5)

Trong trudng hdp A va B doc lap, nghia 1a p(A|B) = P(A), vay ti (3.5) ta ¢ hai cong thiic nhin
sau:

1. Néu A va B doc 1ap thi p(AB) = p(A)p(B).
2. p(AB) = p(B)p(A|B).

Tiép theo, chiing tdi trinh by mét sd vi du minh hoa cho thiy xéc dinh cic bién cb 14 quyét
dinh trong viéc tinh xdc suat.

Vi du 3.13. C6 hai 16 hang: L6 (I): gdm 10 san pham t6t 5 san phdm x4u, 16 (IT): GOm 8 sdn phdm
tot 7 san pham x4u. LAy ngiu nhién ciing mot lic & méi 16 2 sdn pham.

(a) Tinh xdc suét d€ trong 4 san phiam dugc chon ¢6: 2 san pham tdt va 2 séan phim xiu.

(b) Gia st chon dudc 2 tt va 2 xAu. Tinh xdc suit chon dudc 1 san phdm t6t va 1 san phim
xau 1 16 ().

Hudng ddn: (a): Goi A; 1a bién ¢ "chon dudc 7 san phim tdt va 2 — i san phadm x4u tir 16 (1)"
va Bj 1a bién ¢6 "chon dugc j san pham tot va 2 — j san pham xau tr 16 (ID" (7, j = 0; 1;2).

Goi A 1a bién ¢6 "Chon dudc 2 san pham t6t va hai san pham x4u". Nhu vy, ta c6 ngay su
phan tich A = AyBs + A, By + Ay B, va ta thay ngay tif cong thuc cOng va cong thiic nhan:

p(A) = p(AoB2) + p(A1 By) + p(A2By) = p(Ao)p(Bz) + p(A1)p(Bi) + p(A2)p(By).
va yéu ciu thii nhat clia bai todn hoan toan dudc gidi quyét bsi

1003 i
10~'5 87
st [ hd B;) =

2, B ="cn

p(Ai) =

(b): Goi B 1a bién ¢d "chon dudc 1 san pham tot va 1 san phdm x4u & 16 (I) véi diéu kién da
néu". Ta c6 ngay yén cau can tinh 1a p(B) = p(A;|A). Vi chd y thuc hién phép todn trén bién cb
A1A = Ay (AoBy + A\ By + Ay Bo) = A1 By (Vi A;A; = 0 V6i i # j) ta c6 p(B) = PALEED,
Vi du 3.14. C6 2 16 hang, 16 thii nhat (I) ¢6 7 sdn phdm t6t va 3 san phdm xau, 16 thy hai (I) ¢6 6
san pham tot va 4 san pham xau. Chon ngau nhién ti 16 (I) hai sdn pham bo vao 16 thi hai, sau d6
chon tir 16 (IT) 3 san pham.

(a) Tinh xdc suat chon dudc 2 san phadm tot va 1 san phim xau.

(b) Gia stf chon dudc 2 san phdm t6t va 1 san phdm xAu, tinh xdc suit 1an chon diu tién dugc
1 san phan tot va mot 1 san pham xu & 16 (1).

Hudng ddn: Pat A va B 1an lugt 12 cac bién cb can tinh xdc suit trong yéu cau (a) va yéu cau
(b).

 Pit Ay 1a bién ¢ "Chon dudc k san pham tot va 1 — & san phdm xau tir 16 ()" (k € {0, 1,2})

 Dat B; 1a bién ¢d "Chon dudc j san phiam tot va 3 — j san phim xau t 16 ()" (j €
{0,1,2,3})
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Ta phén tich mbi quan hé ctia bién c6 va phép todn trén cdc bién ¢b va sit dung céc cong thiic
tinh xdc suat:

Q == A(] + Al + Ag,
A = ByQ) = ByAg + By Ay + By Ao,
P(A) = p(Ao)p(B2|Ao) + p(A1)p(B2| A1) + p(A2)p(Ba|Az) va

B - p(A1A)  p(BaAy)  p(Ai)p(Bs|Ar)
PO =D =Sy =@ T

Yéu cau hoan toan dudc giai quyét béi

C?cQ—k .
p(Ar) = C—glva
CZ .0
p(Ba|Ax) = % (k €{0,1,2}).
12

Ban ludn: (i) O hai vi du trén, chiing ta c6 thé thiy ngay ring bai toan dudc gidi quyét bsi
nhd viéc xdc dinh bién ¢b mot cach rd rang va tir d6 sit dung cac phép todn trén cac bién cb va cubi
cung 1a sit dung cong thiic cong va nhan xdc suit.

(ii) V6i muc dich trang bi lugng tri thic ti thi€u nhung gidi quyét dudc nhiéu vin dé, nén trong
cach gidi quyét & cac vi du trén chiing toi khong dé cap dén khai niém hé diy di va cong thiic Bayes
ciing nhu cdng thic xdc suit toan phan.

4. Két luan

Bai viét cung cip mot hudng tiép can khai niém bién cb thong qua khdi niém tip hop ti d6
xdy dung cdc phép todn trén cdc bién cd dong thdi minh hoa bing cic vi du cu thé nham gitip cho
gido vién nang cao hiéu qua viéc day ndi dung xdc suit va thong ké. Chiing t6i manh dan dé xuét
ngudi day cin quan tdm dén viéc rén luyén cho ngudi hoc xac dinh bién ¢6 va ky ning thuc hién
cdc phép todn trén céc bién cb, né 1a cdi gdc dé gidi quyét cac van dé vé xdc suit.
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