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GIAl GAN PUNG BAI TOAN TRUYEN NHIET
TRONG THANH NUA VO HAN SU DUNG LUGI TUA PEU

Tran Pinh Hang’, Bui Thé Hiung, Lé Quang Ninh
Truwong Pai hoc Suw Pham — DH Thai Nguyén

TOM TAT

Mot s6 nha toan hoc Nga gan day da dé xuat mot cach xir Iy mai, sir dung ludi tinh toan tya déu
giai cac bai toan trong mién vo han. Phuong phéap nay dya trén viéc bién ddi toa do, anh xa mién
khong giGi ndi téi mién gisi ndi. Theo ludi tua déu, didu kién bién tai vo cung duoc xir Iy mot
cach dé dang. Trong bai bao nay, ching toi sir dung Iudi tinh toan tya déu giai gin ding bai toan
truyén nhiét trong thanh nira v6 han. Chung t6i ciing dua ra cac vi du minh hoa cho hi¢u qua cia
phuong phap.
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NUMERICAL METHOD FOR THE PROBLEM OF HEAT
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ABSTRACT

Recently, a few of Russian mathematicians proposed a new method, using quasi-uniform grids for
problems in unbounded domains. This method is based on the coordinate transforms, which map
unbounded domains into bounded ones. Due to this grid the condition on infinity is easily taken
into account. In this paper, we will use quasi-uniform grids for solving the problem of heat
conductivity in a semi-infinite bar. Some examples demonstrate the applicability of the proposed
method.
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1. Gi6i thiéu

Nhiéu bai toan vat 1y, co hoc, moi truong, ...
dugc dit ra trong cac mién khong gidi nodi
(hay con goi 1a cac mién vo han). Dé giai
quyét cac bai toan nay, nhiéu nha toan hoc st
dung phuong phap diéu kién bién nhéan tao
[1], [2]. Tuy nhién dé ap dung dugc thi trong
chc gia thiét cua bai toan gdc, ham vé phai va
cic diéu kién bién ban dau phai co gia
compact trong khong gian.

Gan day mot s6 nha toan hoc Nga da dé xuét
mot cach xir Iy méi cac bai toan trong mién
v0 han, d6 1a sir dung ludi tinh todn tya déu.
Phuong phap nay dua trén viéc bién ddi toa
d6, anh xa mién khong gidi ndi téi mién gidi
ndi. Mot lugi déu trong mién bi chin anh xa
téi mot ludi khong déu duoc goi la ludi tua
déu trong mién vo han. Theo ludi tua déu,
diéu kién bién tai vo ciung dugc xur ly mot
cach dé dang. Y tuong cua phuong phap nay
xudt hién tir nhitng ndm bay muoi cua thé ky
truée nhung viée sir dung nd dé giai cac bai
toan trong mién khong gidi ndi chi méi cach
day hon mot thap ky. Fazio va Jannelli [3] xét
luge dd sai phan hitu han trén ludi tya déu,
xac dinh béi viée bién dbi toa do, ap dung cho
nghiém sb cua bai toan gia tri bién trén cac
khoang vo han. Cac tac gid ap dung phuong
phap trén cho hai bai toan kiém tra. Bai toan
dau tién 1a mo hinh Falkner-Skan cua ly
thuyét 16p bién. Bai toan thtr hai 1a mot van
dé dugc quan tim trong k¥ thuat nén mong.
Ngoai ra, cac tac gia da ap dung ngoai suy
Richardson dé cai tién d0 chinh xéac cua cac
két qua thu dwuoc. Dong thoi chi ra mot cach
mé rong bai toan trén toan b truc thuc.
Koleva [3] str dung luéi tira déu cho cac bai
toan truyén nhiét 1D va 2D véi cac diéu kién
bién phi tuyén don gian. Thuét toan duoc dé
xuét hiéu qua ddi voi nghiém bung nd do st
dung budc thoi gian giam, tuong Gng voi su
phat trién ciia nghiém.

Trong bai bdo nay, ching t6i su dung ludi
tinh toan twa déu giai gin dung bai toadn
truyén nhiét mot chidu trong thanh nta vo

han. Chung t6i ciing dua ra cac vi du ¢é minh
hoa cho hi¢u qua ctia phuong phép.
2. Lwéi twa déu
Cho x(&) 1a ham tron, don diéu chit cua bién
£ €[0,1]. Luéi khong déu

ay, ={x, = x(i/N), i=01,..,N}

vai x(0) =0, x(1) =+ dugc goi la ludi tya
déu trén [0, +x]. Trong do, diém cubi Xy cua
ludi dugc dat tai vo cung.

pé xay duyng cac ludi tya déu, nguoi ta
thuong xét 3 ham

x(&) =—cIn(1-2),
_ctan”
x(&)=ctan X

_e S
x(f)_cl_g.

Khi d6 ta dugc 3 lu6i tya déu tuong tng:
Ludi logarithm:

o, ={x, :—cln(l—ﬁ), i=0,1,..,N}.
Ludi tangent:
o
oy, ={x =ctan—,i1=0,1,...,N}.
N { i 2N }
Lud6i hyperbol:

i .
o, ={X =c——, i
N {I N -

=0,1,...,N}.

Trong d6 ¢ >0 la tham sb diéu khién. Viéc
chon tham s6 ¢>0 dua trén mot s6 nhan xét:
khoang hai phan ba sd diém ludi nam trong
khoang (0,c) trén ludi logarithm, mot nira sé
diém ludi nam trong khoang (0,c) trén ludi
tangent va hyperbol, hon nira:

trén ludi logarithm: x , =cInN,
. iy Vs
trén ludi tangent: X, , =c/ tan(m),

trén ludi hyperbol: x, , =CN.

Péi voi 3 anh xa, cac ludi twong duong trong
X; khong déu va tang nhanh khi ¢ < X; . Ludi
logarithm cho nghiém tot nhét gz:;m 0, ludi
tangent va hyperbol cho nghi¢m t6t hon khi
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X; — oo, ludi tangent cho nghiém t6t hon ludi
hyperbol & gan ¢ . D& dang suy ra dugc:

—cln(1—§)<cé, £e(0.0),

—cln(1-¢)< ctan%g, £e€(0,1),

TS S 1
ctan 5 2c1_§,§e[0,2],
75 ¢

ctan—=<c——,¢ ¢ (3,1).
2 1-¢& 2

Khoang cudi [Xy 1» Xy ] vO han nhung diém
q q

Xy_y, hitu han vi cac nut khong nguyén dugc
. i+a s

cho boi x,, = X(T),|a|< 1. Do d6 ludi

tya déu bién d6i mién vo han thanh hiru han

cac khoang va xac dinh diéu kién bién goc

truc tiep tai vo cung.

Str dung cac xap xi dao ham sau

ou Ui,y — U,
). ~— 1
(a X)Hl/z 2(Xi+3/4 - Xi+1/4) ( )
o%u 1 U, —U
(= = ( o -
OX Xisw2 — Xi2 2(Xi+3/4 - Xi+1/4) (2)
L Tl )

2(Xi—ll4 - Xi—3/4)
Xap xi gia tri ciia U tai diém giita cua ludi:
Xisa — X u + Xiswz =% u

i+1/2 ~ i i+1"

X — X, Xy — X

Cac cong thirc trén choa uy =u, nhung
khong chira x, =oco. Cac xap xi sai phan hiru
han trén c6 bac chinh xac O(N ).
3. Bai toan truyén nhiét dirng trong nira
thanh v6 han
Xét bai toan truyén nhiét dimg trong nira
thanh v6 han:

—(ku") +du=f(x), x>0, (3)

u(0) = 4, U(+0) =0, (4)
v6i gia thiét cac ham k(x),d(x), f (x) lién tuc
va
0<K,<k(x)<K,0<D,<d(x)<D,,

f(X) > oo khi X — .
Ki hiéu v,1a gia ti xp xi cia u(x,),
d, =d(x) va
i—1/2
a, =kK[x(——)1.
=KX
St dung cong thirc x4p xi dao ham (2), ta c6
cong thirc x4p xi dao ham (ku’) nhu sau:
1 V., —V

(ku'(x;))" ~ (a;, T
iz — Xicw2 ' 2(Xi+3/4 - Xi+1/4)
_a Vi—Via )
' 2(Xi_yy — Xi—3{4)
Tu @6 ta thu dugc luge d6 sai phan cho bai
toan vi phén (3), (4):

-Av,,+Cv,—Byv,, =f,,i=12,..,N-1 (5

Vo = th, Vy =0, (6)
trong do
fi=1(x),
g
A= ,
2(Xi172 = % 172) (Xi_11a — Xi_314)
Bi — a'i+1 ,
2(Xi+1/2 - Xi—l/Z)(Xi+3/4 - Xi+1/4)
C=A+B+d,
i=12,...,N-1.

Lugc d6 sai phan (5), (6) co6 dang hé phuong
trinh dai sb tuyén tinh ba diém va duoc giai
bang phuong phép chit cut [5].

Ching t6i thuc hién mot s vi du sb trén 3
ludi twa déu logarithm, tangent va hyperbol,
s6 niit lugi 1a N, tham sé diéu khién c. Trong
bang két qua max |v, —u(x;)| biéu dién sai s6
giita nghiém xap xi va nghiém diing.

Vi du 1. Véi cac dir liéu nhu trong bai bao
[6], chon

1 1 - 5
U=——,k(X)=1+——,d(x) =1+sin"x.
X“+1 1+x
Khi do
(x) = (2+x)(2 —6x2)§1+ x)2—32x(1+ x?) N
(1+x)"(1+x9)

1+sin’ x
+——".
1+x
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Két qua tinh toan trén ludi tua déu duoc cho
trong Bang 1:
Bang 1. Két qua tinh todn trong Vi du 1

N ( Sai s
logarithm tangent  hyperbol
50 1 0,0332 210 210
100 1 0,0229 5.10°° 6.10°°

Trong [6], st dung ludi déu, véi sai s6 dat
dugc g véi sd nat ludi 650 1a 9.10 . Nhu
vay ta co thé thay st dung ludi tya déu cho
két qua v6i do chinh xéc kha cao.

Hinh 1. 6 thi nghiém xép xi s dung lwoi tua déu
tangent voi N = 50, ¢ = 1

Vi du 2. Vi cac dit li€u nhu trong bai bao

[7], chon

u:w K(x) =1, d(x) =1+sin?x.
X+1
Khi d6
f(X)ZZSmx sinXx 2C0SX

(x+1)° x+1 x+1

sinx(sin®x+1)
 x+1
Két qua tinh toan dugc cho trong Bang 2:
Bang 2. Két qua tinh todn trong Vi du 2

N c Sai s
logarithm tangent hyperbol
50 1 0,0757 0,0301 0,0217
100 1 0,0678 0,0177 0,0169
100 3 0,0169 0,0178 0,0159
200 3 0,0041 0,0101 0,0088

Tir Hinh 2 ta thiy rang mic du st dung ludi
tua déu cho két qua kha t6t, nhung khi giai
cac phuong trinh dang dao dong tat dan, dbi
v6i cac diém & xa khi khoang cach giira céc

nut thua dan s& khéng phan anh duoc tét nhat
nghiém cua bai toan. Tuy nhién dé y rang
trong truong hop nay tai cac diém ¢ cang xa
thi gia tri ham u s€ cang tién dan vé 0, do do
viée tim gan dung cac gia tri cua u § gan diém
ban dau van c¢6 ¥ nghia hon. Khi can cac gia
tri ¢ xa, ta c6 thé diéu chinh tang tham sé diéu
khién ¢ dé thu dugc tét hon cac gia tri do.

Hinh 2. 6 thi nghiém xcfp X1 sw dung lwoi tua déu
hyperbol voi N = 200, ¢ = 3

4. Bai toin truyén nhiét trong nira thanh

v6 han (Phwong trinh Parabolic)

Xét bai toan truyén nhiét moét chiéu voi hé sb

hing k. ,k,>0:

ou , du
klE_kzyz f(x,1),0<x<+00,t>0, (7)
u(x,0) = ¢(x), u(0,t) =y (t), u(+e,t) =0. (8)
Pé giai bai toan (7), (8) ta sir dung ludi tua
déu theo bién khong gian x va luéi déu theo
bién thoi gian t: t;=jr,J=012,.., trong
do 7 1a budce ludi thoi gian.
Ki hi¢u v} 1a gia tri xap xi cia u(x,t i)
fil=1(x.t).
St dung cong thiic xap xi dao ham (2) va

cong thirc xap xi dao hém (XI ) voi cap

xap xi O(T) :

(X.i )~—, )
T

ta thu duogc luqc do sai phan 4n c6 dang hé
phuong trinh ba diém tai moi budc thoi gian
j nhu sau:

-Av), +CV/ -Bv), =F/, (10)

i+l
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= l//(t,-), v, =0, (11) Vi du 4. chon
R . —t
i=12,.,N-1j=12,., u=—""+te* k =2k =3
. X+1
trong do K, o a . .
‘ Keét qua tinh todn dugc cho trong Bang 4:
A= 2 , Bang 4. Két qua tinh todn trong Vi du 4
2(Xi,12 = Xi272) (Ki_yya — Xi_g14) pm N Saish
K, logarith  tangen  hyperbol
i = 1 50 0.0817 0.0887 0.0886
2(X 0 — X X ag — X
( i+1/2 |—1/2)( i+3/4 |+1/4) 011 75 0.0124 0.0101 0.0101
k ; : kvi™ 0,01 100 0.0044 -4 -4
Ci:A_’_Bi_'__l,FiJ:fij—l_'_L, 310 310
T T
i=12,..,N-1 j=12,.
Do 9 Chi c6 cip x4p xi bac 1 dbi v6i 7 nén
cip xip xi cua lwoc d6 (10), (11) la
O(r+N7?).
Chung t6i thuc hién mot s6 vi du sb trén 3 |
ludi tua deu logarithm, tangent va hyperbol
v6i tham s6 diéu khién ¢ = 1, s6 nit ludi 1a N.
Trong bang két qua max |v! —u(x, ) biéu

dién sai so giita nghiém xdp xi va nghiém
ding.
Vi du 3. Vi cac dit li€u nhu trong bai bao
[7], chon
1 1
=7 k=Lk =~
X“+t°+1 2
Két qua tinh toan dugc cho trong Bang 3:
Bang 3. Két qua tinh todn trong Vi du 3

T N Sai sO
logarith tangen  hyperbol
1 50 0.0237 10,0234 0,0234
0,1 50 0,0082 0,0082 0,0081
001 100 710* 510° @ 4.10°

Hinh 3. 6 thi nghiém xcfp Xt sw dung lwoi tua déu
hyperbol véi N = 50, 7=0,1

Hinh 4. 6 thi nghiém xcfp xI sw dung lwoi tua déu
tangent voi N =50, 7 =1
Luoc d6 sai phan (10), (11) ch1 co cap Xap
xi bac 1 d6i véi 7, do d6 sai s6 chii yéu anh
huong boi 7 khi sd nat cua ludi twa déu
tang lén.
4. Két luan
Trong bai bao ndy, ching toi da trinh bay
phuong phap s6 st dung ludi tya déu giai bai
toan truyén nhiét dimg va khong dimg mot
chiéu trong nira thanh v6 han. Chung t6i ciing
dwa ra mot s6 vi du minh hoa cho phuong phap.
Phat trién phuong phap trén ludi twa déu gidi
bai toan elliptic 2 chiéu trong nira dai 1a
hudng nghién ctru tiép theo ciia chung toi.
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