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TOM TAT
Cho fo, ..., fy 1a cac ham chinh hinh doc 1p tuyén tinh trén mot truong dong dai s6 va L 1a tap hop
tat ca cdc t0 hop tuyen tinh khong tam thuong cua fo, ..., fr. Trong bai bao nay chung t6i s& ching
minh mét két qua vé quan hé gilta bac khéng diém cua Wronskian cta cac ham fy, ..., f, vai bac
khong diém co thé c6 cta cac ham thude L
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ABSTRACT
Let fo, ..., f, be p—adic holomorphic functions and L is the set of all of non-trivial linear
combinations of fy, ..., f,. In this paper we will prove a result of relationship between the degree of
zeros of Wronskian of the functions fy, ..., f, with the possible orders of zeros of functions in L.
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1. G161 THIEU

Ki hieu K 13 mot truong déng dai s6, c6 dac s6 khong, day du véi gia tri tuyet doi

LL‘ |77

khong Acsimet . Cho ¢ 13 mot ham nguyeén trén K va z 1a mot diém tiy ¥ trén
K. Khi d6 trong lan can clia 25, ham g(z) c¢6 biéu dién dudi dang chudi liy thita hoi

tu

9(2) = Y an(z—2)", (m >0, ay #0),

n=m

khi d6 ta ki hieu g*(zp) = am, ord,(z9) = m va goi 1a bac khong diém cia g tai z.
Truong hop g(z0) # 0 ta ki hi¢u ord,(z) = 0.
Cho fo,..., f, la cdc ham nguyen trén K khong c6 khong diém chung va it nhét

mot trong ching khéc hing. Wronskian ctia cac ham fo, ..., f,, dinh nghia béi
fO s fn

fo o
W=W(fo,n fu)=1| " . "

ORI

Ki hisu £ = L(fy,..., f,) 1 tap hop tat cd cac to hop tuyén tinh khong tam

thuong cta cac ham fy, ..., f,. Tit Ménh dé 1 ta thiy, tai mdi diem z, € K, cac bac
khong diém c6 thé co tai zy clia cac ham thuoc £ tao nén mot day dy, dy, . . ., d, thoa
min dy = 0 < d; < -+ < d, vd dudc goi 1a diy céc s mii dac trung clia cdc ham

fo, ., fn tai 2.

Trong bai bdo nay ching toi sé chiing minh mot quan hé gitta bac khong diém cia
Wronskian cdc ham fy, ..., f, v6i cac s6 mil ddc trung clia cac ham fo, ..., f, tai 2.
Két qué cua ching toi nhu sau:

Dinh 1y 1. Cho fo,..., f, la cic ham nguyén doc lap tuyén tinh trén K khong
¢6 khong diém chung va it nhat mot trong ching khic hing. Véi moi 2z € K, goi
do,di, ..., dy la day cic so ma ddac trung cia fo, ..., fn tai zo. Khi dé

i) Neu W(z) #0 thidy=0<d; <---<d, =n;

i) Néu W(z) =0 thidy =0 < dy < -+ < d, phu thuoc vao 2y, hon nita, trong
truong hop nay bac khong diém cia W tai zy bing

~ 1
S 4, - n(n+1)
’ 2

Jj=1

Cht ¥ ring, Anderson va Hinkkanen ([1]) dd c6 két luan tuong tu trong trudng
hop phiic. 0 day ching t6i xem xét trong trudng hgp p—adic véi cic ching minh chi
tiét hon.



2. MENH DE

Trong phan nay ching t6i sé chiing minh mot bo dé can thiét cho chitng minh két
quéa chinh. Cho fo,..., f, 1a caic ham nguyén doc lap tuyén tinh trén K khong co
khong diém chung va it nhat mot trong ching khic hing. Ki hicu £ = L(fo, ..., fa)
13 tap hop tat ca cac t6 hop tuyén tinh khong tam thudng clia cac ham fo, ..., fn.
Khi d6 ta ¢6 ménh dé sau:

Meénh dé 1. Vdi mdi zy € K, cdc bac ¢ thé ¢é tai khong diém =z, cia cic ham

thuoc L tao nén mot day do(zo),d1(20), ..., dn(20) théa man

0= dQ(Zo) < dl(Zo) < e K dn<2’0).

Ching minh. Goi 2y € K 1a mot diém tiy ¥, theo gia thiét cac ham fo, ..., f, 1a doc
1ap tuyén tinh nén ton tai jo : 0 < jo < nsao cho fj,(z0) # 0. Gid stt f;,(z0) = a # 0,
ta dat go = fj, /o va do(z0) = 0, khi d6 go(20) = 1.

V6i méi ham f; (i # jo). Ta thiét 1ap ham h;(z) nhu sau:

() = fi(2) = fi(z0)g0(2) méu fi(z0) #0
" {f’(z) néu fi(z) = 0,

khi d6 h;(z0) = 0. Dat m = ordy,(20), do hi(20) = 0 nén h; biéu dién dugce dusi dang
hi(2) = am(z — 20)™ + amy1(z — 20)" T + ...

trong lan can zp, trong d6 m > 1,a,, # 0 va m phu thugc vao ham f;. Ta thay thé
ham f; ban dau bing ham h;/a,,.

Sau khi thuc hién v6i tat cd cdc i # jo ta sé duge n + 1 ham: ham gy vd n ham
fi(i # jo) mdi ma mbi trong ching 13 ham gdc ban diu hay 14 mot td hop tuyén tinh

ctia ham dé. Hién nhién mdi ham f; déu biéu dién duge dusi dang
fi(2) = (2 — 20)™ + myg1(z — 20)™ T+ ..
trong lan can zy. Hon nita, do cdc ham f,..., f, 1a doc lap tuyén tinh va tit cach
xay dung ta suy ra cac ham n + 1 ham mdéi (ham go v n ham f;(i # j)) ciing doc
lap tuyén tinh.
bit di(z0) = rgéljn{ml} > 1 va ta chon mot trong s6 cac ham f;(i # jo) m6i ma boi
khong diém tai 2o bing d;(2), ta goi 1a ham fi- bat g1 = f;,, khi d6

(z0) dlz)+l 4

g1(2) = (2 = z)"™) + (dy (20)+1(2 — 20)

V6i mdi ham f; trong n — 1 ham con lai, ta thay thé ching boi ham S(f; — Ag1)
vGi cac s6 thich hgp 8 # 0 va A phu thudc vao f; sao cho mdi ham trong chiing c6
bac khong diém tai 2o it nhat 1a d;(2) + 1 v hé s6 ¢6 chi s6 thap nhit khéac 0 trong

khai trién chudi liiy thira tai z, bang 1.



Ta tiép tuc qua trinh cho dén khi con mot ham cubi cling ta sé dugc mot diy phan

biet cac s6 nguyen khong am d;(zg), j =0,1...,n, thoa méin
do(Z()) =0< d1<20) < dg(Zo) < <K< dn(Z()),
va cac ham doc lap tuyén tinh g;, j = 0,1,...,n, trong d6 mdi ham g; 14 mot trong
cac ham gbc fo, ..., f, ban dau hay I3 mot t6 hop tuyén tinh cia cadc ham dé, tic 1
g; € L(fo,---, fn) va théa méan
9i(2) = (2 = 20)"* + ag (zg)41 (2 = 20) T 4

trong 1an can z. Tt 1a ordy, (20) = d;(20).

Bay gid gid stt g € £ tuy ¥, do cdc ham g, = 0,1,...,n, la cac t6 hgp tuyén tinh
clia cac ham fo,..., fn, do d6 ham ¢ c6 thé bicu dién ducc dusi dang mot to hop

tuyén tinh clia cac ham g, ..., g,, tic la
n
9=">_ a9,
=0
trong d6 cac a; khong dong thoi bang 0. Dat

= i 2 a; # 0f.
" et 0

Khi dé g ¢6 khong diém boi d,,(2) tai 2o (néu g(20) # 0 thi m = 0). Do mot trong
cac a; can phai khac khong nén néu g(zg) = 0 thi bac cia g tai zp 1a mot trong céc
$6 di(20),---,dn(20) va néu g(zg) # 0 thi bac clia g tai 2o bang do(z0) = 0. O

3. CHUNG MINH DINH LY 1

Goi go, g1, - - -, gn 12 cdc ham duge xay dung trong chitng minh ctia Ménh dé 1. Ki
hieu G = W(go,91,---,9n), theo tinh chat cia Wronskian ta c¢6

W90, 91, -, 9n) = CW(fo, f1,. ., fa), (3.1)
trong d6 C' 1a mot hing s6 khac khong.
Trude hét ta ching minh néu W(fo, f1,..., fa)(20) # 0 thi dj(z0) = j v6i moi
j=0,1,...,n. That vay, do W(fo, f1,..., fn)(20) # 0 ta c6

W (g0, 91 - - - gn)(20) # 0.

Bay gio ta sé chitng minh v6i méi k£ € {0,1,...,n} ton tai ham g € L(fo, ..., fn),
sao cho ord,(z9) = k. Hién nhién, v6i k = 0 ta chi can chon ham go(2) € £ théa man

yéu cau. V6i k > 0, ta ki hieu



Do W(go, 91, ---,9n)(20) # 0 ta c6 det A # 0, suy ra hang clia ma tran A béng n + 1.
Diéu nay kéo theo k dong bat ky trong ma tran A déu doc lap tuyén tinh. Diac bieét,
k dong dau tien ctia ma tran A la doc lap tuyén tinh. Xét hé phuong trinh

géj)(zo)ao + gij)(zo)al +o g (0)an =0, j=0,1,... k-1 (3.2)

va diéu kien

gék)(zo)ao + 9@(20)@1 + et ggf)(zo)an # 0. (3.3)

Do k dong dau tién ctia ma tran A la doc 1ap tuyén tinh nén he (3.2) ¢6 nghiém khong
tam thuong, trong s6 cac nghiém &y, sé c6 nghiem thoa man (3.3). Goi (ag, a1, . . ., a,)
1 mot nghiém ciia he (3.2) théa mén (3.3), dat
9(z) = aogo + a191 + - + angn.
Khi d6 g(z) € L(fo, f1,--, fn) va ordy(z0) = k. Nhu vay, véi méi k& € {0,1,...,n}
ton tai ham g € L(fo, ..., fa), sao cho ord,(zp) = k. Két hop v6i Méenh dé 1 ta suy
ra dj(z) = j v6i moi j = 0,1,...,n. Tit d6 suy ra khing dinh (i) ctia dinh 1.
Bay gio ta xét truong hop néu W(zg) = 0. T (3.1) ta co
ordw (zo) = ordg(20),
do d6 khong mat tinh tdng quat ta thay thé cac ham f; béi cac ham g; tuong tng.
Khi do
ordy, (20) = d;(20); f;‘(zo) =1
v6i j = 0,1,...,n. Ta ki hieu d; = d;(2),7 = 0,1,...,n, khi d6 f; biéu dién dugc
dudi dang
() = (= = 20)459) + O((z = 2g) ()
Kéo theo, v6i moéi £k =0,1,...,n,
£9() = dy(dy = 1) (dy = R+ 1)z = 20)% 7+ O((z = 20) ),
Chti ¥ réng cdch biéu dién nay ding ngay ca khi k > d;, vi khi d6, mot trong cac s6
(dj—1),...,(dj — k+1) s& bang 0. Do céc ham fj(k)(z) déu bidu dién duge dudi dang
chudi liy thira clia (2 — 20), do d6 sau khi tinh toan tric tiép, dinh thitc Wronskian
W duge biéu dién dusi dang chudi liiy thita ctia (2 — zp) nhu sau:

W(z) =c(z—20)" + O((z — 2)™), (3.4)

& day, m = ordy (2o).

Bay gio ta di tinh ¢ va m, tit biéu dién ctia cdc ham f;k)(z) ta dé dang suy ra

W = Z sgn(o) H

n
o 7=0

o)

J



trong do tong 1ay qua tit ca cac phép hodn vi o ctia tap {0,1,...,n}. D& thay

F(=) = dj(dy = 1) - (d; = 0 (5) + 1)(z = 20) 577D 4+ O((z = 2) 5T 77D).

Kéo theo

1 1
d; d,
c= di(dy — 1) dn(d, — 1)
di(di —1)...(di —n+1) ... dy(d,—1)...(dp —n+1)

Lay dong thit 2 cong vao dong thit 3 ta duge dong thit 3 la cac d. Tuong tu cic dong
khéc ta sé cong vao mot to hop tuyén tinh thich hop ciia cac dong trén, ta sé dugc
dong thit k 1a cdc db~'. Do d6

1 1
dy dy,
ol ... &
ano..dn

Suy ra gid tri clia ¢ bang véi dinh thitc Vandermonde, nén ¢ = [[ (d; —d;) #0

1<i<j<n
do d; 1a cac sb phan biet. Ngoai ra

3
3

Dinh Iy duge ching minh.
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