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] PHUONG PHAP KHONG LUGI RBF-FD ‘
GIAI PHUONG TRINH POISSON TRONG KHONG GIAN BA CHIEU
VOI K- PIEM GAN NHAT

Ng6 Manh Twéng”, Nguyén Thi Thanh Giang, Nguyé&n Thi Nhung
Truong Pai hoc Cong nghé thong tin va Truyén thong — DH Thai Nguyén

TOM TAT

Trong nhitng niam gan ddy, phuong phap khong luwéi RBF-FD (Radial Basis Function -Finite
Difference) gidi phuong trinh dao ham riéng da nhén dugc sy quan tam cua nhiéu nha khoa hoc.
Tuy nhién, cac két qua nghién ctru theo huéng nay dang dung lai trong khong gian 2 chiéu. Bai
b4o nay trinh bay két qua nghién ctu viéc chon k-diém gan nhat lam tap cac tdm hd tro cho
phuong phap RBF-FD giai phuong trinh Poisson trong khong gian 3 chiéu. Két qua thir nghiém sé
cho thay nghiém ciia phuong phap khong ludi RBF-FD sir dung k-diém gan nhét c6 d¢ chinh xéac
cao hon nghiém cua phuong phéap phan tir hiru han (FEM - Finite Element Method). )
Tir khéa: Phwong phdp khéng luéi; phirong phdp RBF-FD; thudt todn chon tim hé tro; K-diém
gan nhat; phuong phap phan ti hitu han

Ngay nhdn bai: 10/5/2019; Ngay hoadn thién: 27/6/2019; Ngay ddang: 16/7/2019

THE RBF-FD METHOD TO SOLVE THE POISSON EQUATION IN 3D
WITH THE K-NEAREST POINTS

Ngo Manh Tuong’, Nguyen Thi Thanh Giang, Nguyen Thi Nhung
TNU - University of Information and Communication Technology

ABSTRACT

In recent years, the meshless finite difference method based on radial basis functions (RBF-FD) of
solving partial differential equation has been studied by many scientists. However, the research
results of this method are limited in 2D. This paper presents results of a new method, using the
selection of k-nearest points to be a set of centers, which supports the RBF-FD method to solve
Poisson's equation in 3D. The numerical experiments showed that the solution of the RBF-FD
method using k-nearest points has higher accuracy than the solution of the finite element method.
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1. Gi6i thiéu

Phuong phap RBF-FD la phuong phép khong
ludi st dung ndi suy ham co sé ban kinh RBF
vO1 cach tiép can dia phuong, dya trén sy roi
rac héa gidng nhu phuong phép sai phan hiru
han, dé tinh xép xi nghiém tai mot s6 diém roi
rac trong mién xac dinh. Khi sir dung phuong
phap RBF-FD giai bai toan trong khong gian
d chiéu, voi d 16n tiy v, thay vi phai lam viéc
v6i ham d bién, ta chi can lam viéc voi ham
mot bién. Mot loi thé cia k¥ thuat roi rac
khong Iudi 1a chi can dua trén tap diém doc
lap phéan bd bét ky, khong can tao ra céu tric
lu6i. Do d6, khong con can chi phi danh cho
sinh ludi, duy tri ludi va cap nhap luoi.
Phuong phiap RBF-FD dugc Tolstykh va
Shirobokov giGi thiéu 1an dau tién vao niam
2003 bang viéc sir dung ndi suy ham co s
ban kinh duya trén ciu tric diém cia phuong
phap phan tir hitu han giai bai toan elliptic
[1]. Nam 2006, Wright va Fornberg dé xuat
phuong phap khong luéi RBF-FD st dung
ndi suy Hermite [2]. Nam 2011, Oleg
Davydov va Dang Thi Oanh cong bd phuong
phap RBF-FD duya trén ndi suy don diém va
da diém, thuat toan chon tdm hd trg phuong
phap khong ludi, thuét todn lam min thich
nghi [3] va thudt toan u6c lugng tham s hinh
dang t6i wu cho ndi suy ham RBF [4]. Nam
2017, Pang Thi Oanh, Oleg Davydov va
Hoang Xuén Phu tiép tuc phét trién thuét toan
chon tdm hd trg phuong phap khong ludi,
thuat toan lam min thich nghi trén cac bai
toan c¢6 hinh hoc phuc tap, ham c6 d6 dao
dong lon [5].

Do chinh xac cua phuong phap RBF-FD phu
thudc rat nhidu vao cach chon bd tdm hd tro
tinh toan véc to trong sb. Trong [3, 5, 6, 7]
chc tac gia di cong bd va chi ra sy hidu qua
cac thuat toan k-lang giéng cho phuong phap
RBF-FD giai phuong trinh Poisson trong
khong gian 2 chidu. Muyc tiéu ciia cac thuat
toan nay 1a véi mdi tim £ nam trong mién,
chon duge b tam =, ={§,§1,§2,...,§k} xung
quanh goc ¢ thod man 2 diéu kién:

a) Cac goc a;, i=12,...,k déu nhat, trong
d6 «;, 1=12,....k 1a goc gitta 2 tia & va
¢&.., theo chiéu nguoc chiéu kim ddng ho véi
chutrinh &, =¢.

b) Khoang cach [¢—¢&), i=12...,k gin
nhét c6 thé.
Pé dat duge muc tiéu nay, cac thuat toan hoic
chi dung diéu kién dung vé goc [3] hodc st
dung két hop diéu kién ding trung binh cia
khoéang cach véi diéu kién ding vé goc [3, 6,
7]. Céc thuat toan bit dau voi k -diém gan
nhit, sau d6 tim va thay thé diém gan vé goc
(diém x4u), tic 1a diém thudc tia nam giita hai
goc ¢o d6 16n chénh 1éch nhau, bﬁng diém co
khoang cach dén ¢ xa hon nhung thudc tia
nam gitta 2 goc c¢6 d6 16n déu nhau hon (diém
tt). Tuy nhién, trong khong gian 3 chiéu diéu
kién vé& goc khong con ding nén khong thé ap
dung cac thudt toan nay. Trong bai bdo nay,
chung t61 s€ nghién ctru viéc ap dung va thu
nghiém chon k-diém gan nhit 1am tap tdm hd
trg tinh véc to trong s6 cho phuong phap
RBF-FD trong khong gian 3 chiéu.
Bai bao gdm 5 phan: Sau Phan gi6i thiéu l1a
Phan 2, miéu ta phuong phap RBF-FD giai
phuong trinh Poisson trong khong gian 3
chiéu; Phan 3, gidi thiéu thuat toan chon tam;
Phan 4, trinh bay cac két qua thir nghiém s
va Phan 5 1a Két luan.
2. Phuong phap RBF-FD
Xét phuong trinh Poisson véi diéu kién bién
Derichlet trong khong gian 3 chieéu nhu sau:
Cho mién mé QcR® va cac ham s6 f Xéc
dinh trén Q, g xac dinh trén &Q . Tim ham
u:Q-—>R théa min

Au=f trong Q,

1
u=g trén 0Q, 1)
voi A 1a toan tur Laplace trong khong gian 3
chi€u. trén
Bai toan (1) duoc roi rac hoa boi phuong phap
sai phan thanh hé phuong trinh tuyén tinh
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DwW . 0 =f(S), (B
= @
u=g($), &eds
trong d6
e =cQ latap cac tAm roi rac;
o 0=:==N0Q lacac tAm ndm trén bién;

e E.,=ENQ la cic thm ndm trong

1
mién;
e (0 langhiém xap xi cua U;

o W, . el lavéctotrong so.

¢S
D6 chinh xac cua nghiém xdp xi 0 trong hé
phuong trinh (2) phu thudc vao ba cong doan
chinh
a) Cach sinh ra bo tAm roi rac Z phu
hop véi phuong phap RBF-FD;
b) Phwong phap lya chon tip hd tro
Egv ¢ €Bins
¢) Cach tinh véc to trong s6 W e €R.
Trong khong gian 2 chiéu, cac tic gia da su
dung bo tdm = cta FEM [1, 2] va gidi thiéu
cac thuat toan sinh tadm thich nghi cho phuong
phdp RBF-FD [3, 5]. Trong khong gian 3
chiéu, ching t6i cling st dung dung bd tdm
= cua FEM duoc tao béi PDE’ Toolbox cua
MATLAB cho céc thir nghiém s0.

Véc to trong s6 W, . € R dugc tinh dua vao

13
ndi suy ham co s& ban kinh RBF tuong tu
nhu trong khong gian 2 chiéu [1, 3, 5, 6, 7].

Cho ham xé4c dinh duong ¢:[0,0) >R va
ham co s& ban kinh @:R* >R thoa man
®(x) ::(p(||x||2),XERd,

, 1a chuin Euclide, (xem chi tiét

trong (8, 9, 10]). Goi
2, ={&,5,...& <R 1a bo tim doi mot

phan biét va ham u:R® - R lién tuc. Khi d6
ham ndi suy co s6 ban kinh s ctia ham u xac
dinh boi cong thuc

s(x):jznl:ajd)(x—fj), xeR?,
s(&)=u(&), i=12...n,

trong do

@)

trong d6 a;, j=12,...,n la cac hé s6 noi suy

va duogc chon sao cho thoa man diéu kién ndi
suy (3), trc la

s(.»;):ilajcb(gi —&)=u(&),i=12,...,n

hay dang ma trén

o, a=,.
voi
3 u(é)
a=| & Ul = u(?") :
, u(&,)
D(&-4) (& -¢)
ol = CD(s“z:—é?l) q)(fz:—ffn)
(¢, -¢) - (6 -4)

:[d)(é‘i -4 ):|in,j:l.

Do @ la ham xac dinh duong nén ma trén
¢)|:y la xac dinh duong véi bo tim =, , suy

ra a duoc xac dinh duy nhat

@

oy
¢

a=|®

T (3) ta xap xi toan tir vi phan Au(x) boi

cong thirc

Au(x):As(x):jZ;:ajAcD(x—gj)

=a' . AD(Xx—.)_

=¢

()

Thay (4) va (5) ta duoc
Au(x)=> wu(&),
i=1
trong do véc to

et [0, ] aota)

3

duogc goi la véc to trong s6 va
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AD(x-&) 1) bat
AD(x—&,) tempD: = D;
AD(X—.)_ = . .
(x )|5; : ii=1;
AD(x—£,) 2) While i<=k
Vay voi mdi bo tim =, ta tinh duge vée to For J =2 to length (tempD)
, - P | Min: = tempD(1);
t 0 W, tuong Ung. Tap =, dugc goi la . .

rong o ¢ B Ung. 14p =, CHOC ,g('n 4 If tempD(j) < Min
bo tam ho tro tinh toan véc to trong so. Cau . .

. ’ : . Min: = tempD());
hoi dét ra 1a chon bo tdm nay nhu thé nao? PD({)
Trong phan tiép theo chung t6i s& gidi thidu End
thudt toan chon bd tdm nay cho phuong phap End
RBF-FD trong khong gian 3 chiéu. idx: = find(D == Min);

3. Thuit toan chon tam B, =5, U M(idx) :

biac trung ctia phuong phap RBF-FD la tép L . L
diém trong midn = dugc phan bd bit ky va tempD: = setdiff(tempD, Min);
khong sir dung duong lién két giita cac diém =i+

(ludi), nén muc ti€u cua thuat toan tuong tu End

nhu trong khong gian 2 chiéu [3, 5,6, 7], do
la: V&1 moi tam & € &, , ta chon duoc tap

B, :={& &, m & B, V6 &, =,
xung quanh gbc ¢ gan va déu nhét co thé. Pé
dat duoc muc tiéu nay thuét toan bat dau voi
m (m > k) diém &,¢&,,...,&, xung quanh ¢
va sap xép m diém the(? thir ty ting dan V’é
mat mat khoang cach dén ¢, thuat toan ket
thic khi chon k diém dau tién.
Thuét toan: Chon k-diém gan nhat
Input: B6 tam roirac E, .
Output: Tap tdm ho trg =
Cdc tham so: k (s6 tam dugc chon) va m
(m>k, sb tAm Gmg vién ban dau).
I Tim m tam M:={&,... &} € E\{}
xung quang ¢ . Khoi tao E, :={s7}.
II. Tinh cac khoang cach

D={|¢-&|,: i=12...m}.

I1l. Tim k tdm trong m tam &,¢&,,...,&, sao
cho khoang cach tir cac diém d6 dén ¢ la
nho nhat:

Hinh 1, biéu dién két qua cua thuat toan chon
k-diém gan nhat trong truong hgp mién roi
rac = la hinh hop c6 155 tam, voi hai truong
hop tap céc tm hd trg 2, c6 14 diém (dau
“+” mau nau) gan ¢ (ddu “»” do) khi k=15
va E, c6 16 diém (dau “+” mau xanh) khi

k=17.

_—
-
+ +
° +
+ .
v &
+ +

Hinh 1. Tép cdc tam hé tro E,

4. Thir nghiém s6

Muc tiéu cta thir nghiém s6 1a danh gia hiéu
qua cua phuong phap RBF-FD khi su dung
chon k-diém gan nhat thong qua viéc so sanh
v6i FEM dya trén cac ham tuyén tinh, do d6
chung t6i 101 rac mién = 1a tdp gdm céc dinh
cua cac t¢ dién duoc tao bdéi ham
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generateMesh trong PDE Toolbox cua
Matlab. V&i mdi bai toan thir nghiém, chung
toi chon d0 dai canh lu6i tdi da Hmax cho
phép tao ra cac tam giac ludi thd nhat, sau do
tao cac tam giac ludi min hon bang cach giam

Hmax nhidu 14n véi hé s6 2% va duge gin
gip d6i s6 dinh. SO lugng dinh trong mién
cua bai toan ky hi¢u la #Z, , tuong ung trong
céc bang ghi két qua thir nghiém s ciia mdi
bai toan.

DPé danh gia sy hiéu qua cua phwong phap
RBF-FD khi st dung chon k-diém gan nht,
chung t6i so sanh gia tri sai s6 trung binh binh
phuong twong ddi rrms (relative root mean
square) va coi nd nhu thudc do do chinh xéc
gita nghiém xap xi 0 cua hé (2) véi nghiém
chinh xac u cua hé (1) tai cac diém trong
mién. Saisb rrms duoc tinh boi cong thic

Y (@(¢)-u(@) )

¢ € it

> (@)

CE€Eint

rrms =

Ngoai sai s6 rrms, chiing t6i con so sanh mat
d6 cta ma tran hé sé cua hé phuong trinh (2)
cua phuong phap RBF-FD v&i mét d§ cua ma
trdn cung cia FEM. Mat d¢ ctia ma tran
) nnz(A
AcR™ dugc tinh boi cong thire L,
n
trong d6 nnz(A) 1a téng sd dau vao khac
khong trén n hang cta A.
Trong cac thir nghiém sd, khi tinh véc to
trong s6 chung toi sir dung ham ndi suy RBF
Power (xem [9, 10])
p(r)=r®, r=||x||2,de3.
Céc tham sb str dung trong thudt toan chon k-
diém gan nhéat 1a m=100 va k lan luot bing
cac gia tri 15, 17, 21.
Bai toan 1: Xét phuong trinh Poisson
Au =-37°sin rxsin zrysin zz
trén mién hinh hop Q=[0,1]° véi diéu kién
bién Dirichlet dugc chon théa man nghi€ém
chinh xac cua bai toan la

u(xy,z)=sinzxsinzysinzz.

Bo tdim = cua bai toan dugc tao boi PDE
Toolbox cia MATLAB véi ludi thd nhit co
33 tam trong mién ng v&i Hmax = 0,3969.
Két qua thtr nghiém sb cua bai toan duoc biéu
dién trong Bang 1, Hinh 2 va Hinh 3.

Bang 1. Két qua thir nghiém s6 ciia Bai todn 1

Sai s6 rrms

HE, RBF-FD
FEM k=15 k=17 k=21

33 9,19e-2 9,58e-2 6,55e-2 2,34e-2
80 7,19e-2 513e-2 3,36e-2 1,54e-2
179 4,64e-2 450e-2 3,42e-2 7,32e-3
479 2,19e-2 191e-2 1,3le-2 6,73e-3
1008 1,31e-2 1,50e-2 1,03e-2 2,51e-3
2213 7,58e-3 8,91e-3 6,01e-3 1,59-3
4633  4,72e-3 5,46e-3 3,49e-3 7,04e-4
9684  3,12e-3 3,53e-3 2,19e-3 4,08e-4
19776  2,02e-3 2,11e-3 1,04e-3 3,29e-4
41409 1,06e-3 1,29e-3 5,74e-4 3,24e-4

Bang 1 va Hinh 2 biéu dién sai s6 rrms cua
FEM va cta phuong phap RBF-FD sir dung
thuat toan chon k-diém gin nhét. Hinh 3 biéu
dién mat do6 cta ma tran cing cua FEM va
mat do cta ma tran hé sé cua hé phuong trinh
(2) cua phuong phap RBF-FD.

Vi k=15, sai s6 sai s& rrms va mat do cua
ma tran hé s6 cua phuong phiap RBF-FD
(dudong c6 nhdn RBF-FD k=15) xép xi sai sd
rrms va mat do ctia ma tran cung cuia FEM
(dudng c6 nhan FEM).

s srvor by FEM and RBFFD

@ -riM
—t— REE-FD k=] 2
—8=ROF-FD k=17
FORBE-FD kw21

ms ereor

Hinh 2. Sai sé rms trén cdc tam ciia Bdi todn 1
Khi k=17 thi sai s rrms ctia phuwong phap
RBF-FD (duong c6 nhan RBF-FD k=17) luén
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nho hon sai s6 rrms cua FEM, con mat do cia
ma tran hé sd ctia phuong phap RBF-FD (x4p
xi 16) cao hon khong déng ké mat do ctia ma
tran cimg cia FEM (bang 14).

denstty of the FEM anct ROFFD system matris
|=®~-FiM

e REE-FD k=15
! | REEFD k=17
w REEFD k2

density

number of Infenor nodes

Hinh 3. Mét dé ciia ma trén hé sé ciia Bai toan 1
Véi k=21, sai s6 rrms cta phuong phap
RBF-FD (duong c6 nhan RBF-FD k=21) nho
hon 3 14n sai s6 rrms cia FEM nhung mat do
clia ma tran hé s6 ciia phuong phap RBF-FD
(xép xi 20) cao hon gén 1,5 1an mat d6 cua
ma trén cung ctia FEM.

Bai todn 2: Xét phuong trinh Poisson
AU — 3eX+y+Z
trén mién hinh cau don vi
Q:{(x,y,z)eR3 X2+ y2 + 22 sl}
véi didu kién bién Dirichlet théa man nghiém
chinh xac cuda bai toan la
U(X, Y, Z) — gty .

Bang 2. Két qua thir nghiém so ciia Bai todn 2

Sai s6 rrms

#E, RBF-FD
FEM /15 k=17 k=21

349 420e-3 1,72e-3 1,64e-3 1,78e-3

650 2,61le-3 8,27e-4 8,95e-4 7,06e-4
1318 1,66e-3 7,70e-4 7,33e-4 5,60e-4
2559  1,02e-3 5,30e-4 4,94e-4 5,28e-4
5254  6,04e-4 3,23e-4 2,7le-4 2,69e-4
10662 3,80e-4 1,87e-4 1,79e-4 1,57e-4
21777 2,38e-4 1,22e-4 1,04e-4 8,22e-5
43813 1,45e-4 7,26e-5 6,07e-5 3,65e-5

B6 tam = cua bai toan duogc roi rac tuong tu
nhu Bai toan 1, v6i ludi tho nhat ung véi
Hmax = 0,3969 c6 349 tam trong mién. Két

qua thir nghiém s6 cua bai toan duogc biéu
dién trong Bang 2, Hinh 4 va Hinh 5.

Sai sb rrms cia phuong phap RBF-FD thay
d6i khong dang ké khi k ting va luén ludn
nho hon 2 1an sai s6 rrms cua FEM.

s areor by FEM and REFFD

“o. e RHEFD) b 4

. el —— REE-FD km1 7
w F—REF-FD k=2]

s error

Hinh 4. Sai 56 rms trén cdc tam ciia Bai todn 2
Mat dd cta ma tran hé s ctia hé phuong trinh
(2) ctia phuong phap RBF-FD ting khi K tang,
tir 14 (bang mat d6 ciia ma tran ctimg ciia FEM)
véi k = 15 dén 16n hon 20 khi k =21, 16n hon
1,5 1an mat d6 ctia ma tran ctig ctia FEM.

Céc két qua thir nghiém s cho thy, nghiém
cua phuong phap RBF-FD sir dung thuét toan
chon k-diém gan nhat co6 do chinh xac cao
hon nghiém ciia FEM khi s6 tAm cua tap tim
ho tro = , dugc chon 16n hon 15, tuy nhién

thoi gian tinh cua phuong phap RBF-FD cao
hon ciia FEM. Pé nghiém cta phuong phap
RBF-FD vira dat duoc do chinh xéac tdt, vira
khong ting dang ké vé thoi gian tinh toan, thi
gia tri k=17 1a phu hop nhit.

i density of the FEM and REF-FD system matrix

derity

‘ ® -FEM
o R D k=14
{1 FD) k17

o REFSD kw21

number of inlenar nodes

Hinh 5. Mét do ciia ma trén hé sé ciia Bai todn 2
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5. Két lugn

Nghiém cua phap khong ludi RBF-FD giai
phuong trinh Poisson trong khong gian 3
chiéu vai k-diém gan nhat c6 do chinh xac t6t
trén mién khoi cau. Tuy nhién, trén mién khoi
hinh hop, dé ting d6 chinh xac cta nghiém cia
phuong phép ta ciling can ting thoi gian tinh
toan. Hy vong day 1a két qua tao tién dé cho
nhém tic gia tiép tuc nghién ciru vé phwong
phéap RBF-FD trong khong gian 3 chiéu.
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