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BAT PHUONG TRINH HAM CHUYEN TIEP TU TRUNG BINH CONG
THANH TRUNG BINHBACk>1TUYY

Pham Thi Linh", Nguyén Thi Thu Hiing
Truong Pai hoc Kinh té va Quan tri Kinh doanh — PH Thdi Nguyén

TOM TAT

Phuong trinh va bat phuong trinh ham la mot ndi dung kho. Noi dung nay thu hat dugc sy quan
tam clia nhiéu nha nghién ciru. Ly thuyét vé phuong trinh va bét phuong trinh ham ¢o mat & hau
hét cac linh vyc va cé nhiéu tng dung trong doi song ciing nhu trong k¥ thuat. Su phat trién cua nd
dong gbp rat nhidu cho sy phat trién cta toan hoc va anh hudng rat nhiéu dén cac linh vuc khac
nhu kinh té hoc, sinh thai hoc, 1y thuyét thong tin, théng ké,.... Trong bai bao nay ching toi s&
nghién ciru vé bat phuong trinh ham chuyén tiép tir trung binh cong thanh trung binh cdng, trung
binh bac hai va trung binh bac k > 1 tily y va mot sb dang toan lién quan.

Keywords: Ham, phuong trinh ham, bdt phwong trinh ham, trung binh céng, trung binh
bdc hai.
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FUNCTIONAL INEQUALITIES INDUCED BY ARITHMETIC MEAN TO
MEAN OF DEGREE k > 1

Pham Thi Linh", Nguyen Thi Thu Hang
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ABSTRACT

Functional equalities and inequalities are difficult. Many authors studied functional equa- tions and
inequalities. The development used to application in several areas - not only in mathematics but
also in other disciplines. Functional equalities and inequalities are applied computers, econimics,
polynomials, engineering, infermation theory, reporducing scoring system, taxation, etc. In this
paper, we establish some functional inequalities induced by arithmetic mean to arithmetic mean,
quadratic mean and mean of degree k > 1 with K is a positive interger and their related problems.
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1. Mot sb kién thic bb trg

Trong bai bao nay, ching téi khao sat
cac dang todn bat phuong trinh ham chuyén
tiép tu
Trung binh cong ctia cac dbi s6 (xem [1, 2])

r+y

sz, y € R;
Trung binh binh phuong clia cac doi sb
(xem [1, 2])

2 2
cx,y € RT.

Trung binh bac & (k > 1) cla cac dbi sd

<:vk+yk

B €R+'
2 ) 7m7y )

thanh céc dai lugng
Trung binh cong ctia cac ham s6 (xem [1, 2])

f@)+ 1)
2 Y

Trung binh binh phuong ctia cdc ham s6
(xem [1, 2))

2 9

\/ @2 + )2

Trung binh bac k (k > 1) ctia cdc ham s6

k k1
([f( )] ;—[f(y)] >

Dé gidi mot s6 bai todn lien quan dén
bat phuong trinh ham, ching toi di st dung
phuong phap quy nap, phuong phap thé,...

Chu y 1. Dé sit dung phuong phap thé, ta
thuong thay céc gia tri dic biét:

+) Vi du thay = a sao cho f(a) xuét hién
nhiéu trong phuong trinh.

+) z = a, y = b 16i hoan vi, thay doi di dé
tim lién hé gita f(a) va f(b).

+) bat f(0) =0, f(1) =0, ...

+) Néu f 1a toan anh, ton tai a: f(a) = 0
(dung trong phuong trinh cong), con néu ton
tai a: f(a) = 1 (néu trong phuong trinh c6
nhan). Chon x,y phit hgp dé triét tieu di
f(g(z,y)) c6 trong phuong trinh. Ham c6 x
bén ngoai thi c6 gang chi ra né 1a don anh
hoac toan anh.

+) Lam xuat hien f(z).

+) f(z) = f(y) v6i moi z,y € A suy ra
f(z) = const véi moi x € A.

2. BAt phuong trinh ham
chuyén tiép tor trung binh
cong thanh trung binh bac
tuy y

Trong muc nay, ching téi xét cac dang
toan vé bat phuong trinh ham chuyén tiép tit
cac dai lugng trung binh cong ciia cac doi s
vao cac dai lugng trung binh cong, trung binh
cong bac hai va trung binh bac tuy ¥ cua cac
ham s6. Mot s6 truong hop don gian da duge
xét trong tai lieu [3].

Bai toan 1 (Trung binh cong thanh trung
binh cong). Cho céc s6 thuc a,b. Xac dinh
cac ham s6 f(z) thoa man dong thoi cac dicu
kién sau:

f<x+y) > f(ﬂf)+f(y)’ VryeR (1)

2 2
va
F0)=b, f(t)=at+b, VteR. (2)
Loi gidgi. Thé z = t, y = —t vao (1), ta
thu duge
b= f(0)
Lt (1)
N f( 2 )
ft) + f(=t)
- 2
(at +b) + (—at +b)
- 2
=,



v6imoi t € R. Suy ra f(t) = at+0b. Thi lai, ta
thay ham nay théa man cic dieu kien (1)-(2).
Vay nghiém cua bai toan da cho la

fit)=at +b.
T day, ta c6 hé qua sau.

Hé qua 1 (xem [3]). Céc ham s6 f(x) thoa
méan dong thoi cac dieu kién sau:

f<:1:%2—y) > f($)‘2|'f(y), Vz,y € R. (3)

1a ham s6 f(z) = 0.

Bai toan 2 (Trung binh cong thanh trung
binh bac hai). Tim cdc ham s6 f(z) x4c dinh,
lien tuc trén R va thod mén céc dicu kién

f(x + y) > \/[f(:v)]2 + [f(y)]?

R
5 5 , Vo,y €

(5)
va f(0) = 0.

Lot giai. Tu gia thiét suy ra
f(z) >0, Yz eR.

Do do

(5) & [f(x;—y)r S F@P —; WP

véi moi z,y € R hay

g(x+y> 5 g(w)+g(y)7 Wi,y € R,

2 2

Vi g(x) = [f(2)]* > 0.

Theo két qua ciia He qua 1 thi g(z) = 0. Suy
ra f(x) =0.

Thit lai ta thdy ham nay théa man dicu kién
bai ra.

Vay

Bai toan 3 (Trung binh cong thanh trung
binh bac tiy ¥). Cho s6 k > 1. Tim cac ham
s6 f(x) xac dinh, lien tuc trén R va thod méan
cac diéu kien

f(er y) > (/[f(ﬂf)]k + [f ()]

R
5 5 , Vo ,y €
(6)
va £(0) = 0.
Loi gidi. Tu gia thiét suy ra
f(z) >0, Yz eR.
Do dé
k k k
(6) & [f(w +y>} s V@I +FWF
2 2
véi Vx,y € R. Hay
g(m—gy) 5 9(@) —gg(y)7 i,y € R,

voi g(x) = [f(x)]" > 0.

Theo két qua ctia He qua 1 thi g(z) = 0. Suy
ra f(x) = 0.

Thit lai ta thidy ham nay théa man diéu kién
bai ra.

Két luan:

3. Mot s6 dang toan lién quan

Trong muc nay, ta xét mot s6 bai toan cu
thé lien quan dén bat phuong trinh ham. Cac
bai todn nay dugce tham khao chinh tir cac tai
ligu s6 [1,4,5].

Bai toan 4. Xac dinh cac ham s f(t) thoa
man dong thoi cac diéu kién sau:
f(t) >0, vVt eR, (7)

fl@+y) = fx)+ fy), Yo,y eR. (8)
Loi gidi. Thé z = 0,y = 0 vao (8), ta thu
duge f(0) > 2£(0), suy ra f(0) < 0. Két hop
véi (7) ta duge f(0) = 0.

Tiép theo, thé z = t,y = —t vao (8), ta c
0=/(0)=ft+(=t) = f(t) + f(-t) =
v6i moi t € R. Suy ra f(t) = 0.

Thtt lai, ta thay ham nay théa man cac diéu
kién (7) va (8).

Vay nghiém ciia bai toan la f(t) = 0.

0
0



Bai toan 5. Cho ham s6 h(t) = at, a € R.
Xac dinh ham s6 f(t) théa man dong thoi cac
diéu kién saw:

(i) f(t) = h(t), VtER

(i) flz+y) = f(2) + f(y), Yo,y eR

Loi gidi. Dé y ring h(z+vy) = h(z) + h(y).
Dat f(t) = h(t)+g(t). Khi do ta thu dugc céac
diéu kien

(i) g(t) >0, VteR

(i) g(z +y) 2 g(x) + 9(y), Yo,y €R

Lap lai cach giai ctia Bai toén 4, thay ¢ = 0
vao diéu kién dau bai, ta thu dugc

0)>0
{ggog <o ©90)=0
Vay nén
0=g(0)
=g(z+(-x))
> g(x) + g(—x)
> 0.

Diéu nay kéo theo g(t) = 0 hay f(t) = at. Thi
lai, ta thay ham s6 f(t) = at théa man dicu
kien dau bai.

Bai toan 6. Cho s6 duong a. Xac dinh cac
ham s6 f(t) théa man dong thoi cic dieu
kién sau:

(i) f(t) >at, VtER
(ii) fz+y) > f(z)f(y), Vo,y eR

Loi gigi. Déy rang f(t) > 0, Vt € R. Vay
ta c6 thé logarit héa hai vé cac bat ding thiic
ctia diéu kien da cho:

(i) Inf(t) > (Ina)t, Vt€R

(ii) In f(x+y) > Inf(z)+In f(y), Vo,y €R
Dat In f(t) = ¢(t), ta thu duge

(i) ¢(t) >Inat, VteR

(ii) ¢(z+y) = ¢(z) +¢(y), Vz,y €R

Ta nhan duge Bai toan 5. Nhu vay
o(t) = (Ina)t.

Suy ra f(t) = a'. Thi lai ta thiay ham s6
f(t) = a® théa man diéu kien bai ra.

Nhan xét 1.

-V6i 0 < a < 1thitacéa >1+t, véi moi
t<O0vaal <1+t Vt>0;

- Véi a > 1 thitacoa > 1+t v6i moi
t < 0; a8 <1+ t v6imoit e [0;1) va
a' > 1+t, véimoit > 1.

Mot cau hoi tu nhién duge dat ra: Trong Bai
toan 6, c6 thé thay ham s6 g(t) = a' bdi ham
s6 nao dé bai toan ciing c6 nghiém khong tam
thuong?
T Nhan xét 1, ta xét ham s6 g(t) = ¢ + 1.
Khi dé ta cé bai toan sau.
Bai toan 7. Xac dinh cac ham s6 f(t) thoa
man dong thoi cac diéu kién sau:

(i) flz+y) > f(@)f(y), Vo, y e R;

(i) f(t)>1+¢t, VteR.

Loi giai. Ta co

i =1(5+35)2(5) 20 ver

Néu f(zg) = 0, thi

o=t =i+ 5) 2(3),

Do do f(%) = 0. Bang phuong phap quy

nap, ta cé f(
duong n.

Tuy nhién, tir dieu kién thit hai ctia bai toan
suy ra rang f(z) > 0 v6i  gan 0. Do d6 diéu
gid thiét trén 1a mau thuan.

Vay f(z) >0, z € R.

Tiép theo, ta chiing minh ring f kha vi tai
moi diem z € R va f/(z) = f(z).

That vay, ti (i) va (ii), v6i h > 0 dia nhd, ta ¢

fl@+h) = f(z) = f(@)f(h) - f(z)

= (f(h) = 1) f(x)
> hf(z).

Zo

27) = 0 v6i mdi s6 nguyéen



Do do

Mt khae, cang tu (i) va (i), v6i b > 0 du
nho, ta cé

f()=fz+h—h)
> f(x+h)f(=h)
> (1—h)f(z + h).

Suy ra
(L=h)f(z)+hf(x) = (L= h)f(z+h).
Do d¢

hf(z) = (L= h)(f(z+h) - f(z))
hay

Vay, v6i h > 0 di nhd, ta co

flz+h) - f(x)

fla) <

Tuong tu, bat dang thic trén ciing dang doi
v6i chieu nguge lai, véi h < 0 di nho.
Do do, ta c6

Fa) — tim LT = @)

h—0 h

ton tai va bang f(x), véi z € R.
T do, v6i x € R, ta co

(M) _ f(x) = f(=)

er er

=0.

Do d6 f(x) = C.e®, C la hing sb.

Hon nita, tit (i) ta c6 f(0) > f2(0) hay
£(0) < 1 va tir (ii) ta c6 £(0) > 1.

Do d6 C = f(0) =

Thtt lai, ham f(z) = €* thoéa méan cac diéu
kien (i) va (ii).

Nhu vay, v6i g(x) = a® hoic g(x) =1+ z (6)
va (7) déu giai dugc.
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