ISSN: 1859-2171

e-1SSN: 2615-9562 TNU Journal of Science and Technology 225(06): 298 - 302

DINH LY DIEM BAT PONG POI VOI ANH XA CO KIEU KANNAN
TRONG KHONG GIAN METRIC NON
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TOM TAT

Nhiéu bai toan quan trong trong toan ho ¢ ndi riéng va khoa ho ¢ k¥ thuat néi chung dan dén
viéc nghién ciru sy ton tai diém bat dong cua anh xa. Chinh vi vy ma Iy thuyét dlem bét dong
duo ¢ nhiéu nha toan ho c trén thé giéi quan tim. Gia sir X la mot tap hop khac rong. Piém
x 0 € X dugc goi la diém bat dong cia anh xa T : X —» X néu T x 0 = x 0. Nam 1922 Banach
dd ching minh: "moi 4nh xa co T tir mot khong gian metric day du X vao ban than nd déu c6
mot diém bat dong duy nhat." D& mé rong nguyén 1y anh xa co cua Banach, trong bai bdo nay
ching toi xay dung cac khai niém khong gian metric non compact bi chédn, khong gian metric
non compact theo quy dao va chimg minh cac két qua vé diém bat dong kiéu Kannan trong cdc
khong gian nay. Bang cach md rong khong gian, két qua cua chung toi giai quyét cac van dé:
Trong khong gian metric néon compact bi chan va khong gian metric nébn compact theo quy dao,
moi 4nh xa co kiéu Kannan ton tai duy nhit diém bat dong.

Tir khoa: Piém bdt dong, kiéu Kannan, khong gian metric nén, dnh xa co, noén chinh qui.
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ABSTRACT

Many important problems in mathematics in particular and in science and technology in general
led to the study of the existence of a fixed point of mapping. That is why fixed point theory
is concerned by many mathematicians in the world. Let X be a nonempty. A point x 0 € X
is called the fixed point of the mapping T : X — X if T x 0 = x 0. In 1922 Banach proved:
"Every contractive mappings of T from a complete metric space X into itself has a unique fixed
point." To generalize the Banach contraction priciple, in this paper, we consider the concepts
of boundedly compact cone metric space and orbitally compact cone metric space. Moreover,
we prove the results of Kannan-type fixed point in these spaces. By expanding the space, our
results solve the problems: In the compact cone metric space and compact cone metric space in
orbit every Kannan-type contraction map has a unique fixed point.
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1 Giéi thigu

Dinh 1y diém bat dong Banach hay con goi
la nguyén 1y 4nh xa co Banach dugc gidi thiéu
nam 1922 béi nha toan hoc Stefan Banach 1
mot cong cu quan trong dé nghién ciiu cac hién
tugng phi tuyén. N6 c6 nhiéu tng dung trong
nhiéu linh vuc khac nhau ctia Toan hoc nhu
sy ton tai nghiém ctia phuong trinh vi phan,
hé phuong trinh tuyén tinh, phuong trinh tich
phan, .... Tru6c tién ta nhic lai nguyén 1y nay.

Dinh 1y 1. [1] Gia st (X,d) la khong gian
metric day di va anh xa T : X — X thdéa man
diéu kién co sau

d(Tz,Ty) < rd(x,y), v6i moi z,y € X,

trong d6 r € [0, 1) 14 hiing s6. Khi d6 T c6 diém
bat dong duy nhat z* € X. Hon nita, véi mdi
ze X, lim T"x = x*.

n—oo

Co6 rat nhiéu nha toan hoc trong va ngoai
nude dd mé rong va cai tién nguyén 1y anh xa
co Banach trén theo hai huéng chinh sau day:

1) Thay thé diéu kién co béi dieu kién co
téng quat hon.

2) Thay thé khong gian metric (X, d) boi
khong gian metric tdng quat hon.

Theo huéng thi nhat, nam 1968 Kannan
cong bd két qua nhu sau:

Dinh 1y 2. 2] Gia st (X,d) la khong gian
metric day di vd 4nh xa T : X — X thdéa man
diéu kien

d(Tz,Ty) < k{d(z,Tx) + d(y, Ty)}

véi moi z,y € X va k € [0,3). Khi d6, T ¢6
diém bat dong duy nhat z* € X. Hon nita, véi
modi xz € X, lim T"x = z*.
n—oo

Anh xa théa man didu kién co ctia dinh
Iy trén dugc goi la 4nh xa Kannan. Mot y
nghia quan trong khéac ctia danh xa Kannan 1a
c6 thé mo ta tinh chat day du ctia khong gian
trong diéu kién ctia tinh duy nhat diém bat
dong ciia anh xa d6. Diéu nady duge Subrah-
manyam ching minh nam 1975: "Khong gian
metric (X, d) 1a day da khi va chi khi moi 4nh
xa Kannan c6 mot diém bat dong duy nhat".

Thoi gian gan day, Gornicki [3] d&a chiing
minh két qua sau:

Dinh 1y 3. [3] Gia st (X, d) 1a khong gian met-
ric compact va T : X — X la anh xa lién tuc
théa man dieu kien

d(Tz, Ty) < %{d(ﬂ?,TﬂS) +d(y, Ty)}

v6i moi x,y € X, x # y. Khi d6, T c6 diém bat
dong duy nhat. Hon nita, v6i mdi = € X, day
T"z hoi tu dén diém bat dong.

Theo huéng thit hai, c6 rat nhiéu tac gia
da dé xuat cac dinh ly diém bat dong déi véi
cac anh xa co trén nhing 16p khong gian cé
cau tric tugng ti, ching han Gahler véi khong
gian 2- metric nam 1963, Matthews v6i khong
gian metric thi ty nam 1992, Mustafa va Sims
véi khong gian G- metric nam 2006 va nhiéu
khong gian khac... Dac biét, nam 2007 Huang
va Zhang [4] lan dau tién gi6i thieu khong gian
metric nén bang cach thay tap sé thuc R trong
dinh nghia metric thong thuong bang mot nén
dinh huéng trong khong gian Banach. Trong
bai bao nay, ching toi két hop hai huéng mé
rong nguyén ly anh xa co Banach néi & trén.
Tiic 1a chitng minh dinh 1y diém bat dong kiéu
Kannan trong khong gian metric nén. Trudc
tien ching to6i nhic lai mot s6 khai niem va két
qud vé khong gian metric nén.

Cho FE la mot khong gian Banach thuc, 6
la vecto khong va P C E. Ta néi, tap P la nén
ctia F néu

(i) P la tap dong, khac rong, P # 0,

(ii) ax 4+ by € P v6i moi x,y € P, a,b la cac
s6 khong am,

(iii) P (—P) = {0}.

Cho P 1a mot nén trong E, ta dinh nghia
=< la quan hé tht ty bo phan trén khong
gian Banach E sinh bdi nén P xéac dinh bdéi:
r,y € E;x <ykhivachiy—x € P.Néuz <y
va z # y thi ta viét x < y. Néu y —z € intP thi
ta viét z < y, intP 14 phan trong ctia nén P.
P dudc goi 1a noén chuan tic néu ton tai hing
s6 K > 0 sao cho véi moi z,y € E,0 <z <y
kéo theo ||z|| < K|ly||. S6 thuc duong nhd nhat
théa man bat ding thiic trén duge goi 1a hing
s6 chuan tic clia P.

P dugce goi 1a nén chinh quy néu moi day
don diéu tang ma bi chan trén déu hoi tu. Nghia
la, néu day {z,} théoa man r; < a9 < ... <

Tp = ... 2y v6iy € E. Khi do, ton tai x € E
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sao cho ||z, — x| — 6 (n — o). Tuong tyu, P
duge goi 1a nén chinh quy khi va chi khi moi
day gidm ma bi chan dué6i déu hoi tu.

Ménh dé 1. [5] Moi nén chinh quy la nén
chuén tic.

Dinh nghia 1. [4] Gia st X 1a tap khac réng.
Anh xa d: X x X — F dudc goi 1a metric nén
trén X néu

(dl) 0 = d(z,y) véi moi z,y € X va
d(x,y) = 0 néu va chi néu z = y;

(d2) d(z,y) = d(y,x) v6i moi x,y € X;

(d3) d(z,y) = d(z,z) + d(z,y) v6i moi
x,y,z € X.
Khi d6 (X,d) duge goi la khong gian metric
non.

Dinh nghia 2. [4] Gid st (X, d) la khong gian
metric nén. {x,} 1& mot day cac phan tit cia
X. Ta néi rang

(i) day {z,} c6 gi6i han 1a x néu véi moi e €
E,0 < e ton tai s6 ng sao cho d(x,,z) < e véi

moi n > ng. Ki hiéu x,, — = hodc lim z, = z.
n—o0

(i) {zn} 1a day Cauchy néu véi moi e €
E,0 < e ton tai 86 ng sao cho d(x,,xy,) < e
v6i moi n, m > ng.

(iii) (X, d) 1a khong gian metric nén day du
néu moi day Cauchy déu hoi tu.

Ménh dé 2. [4] Gia st (X,d) 1a khong gian
metric nén va {z, } 132 mot day cic phan ti ctia
X. Khi do, ta cé

(i) Néu day {x,} hoi tu t6i z € X thi {z,}
la day Cauchy.

(ii) Néu day {z,} hoi tu t6i z € X va {z,}
hoi tu t6i y € X thi x = y.

Ménh dé 3. [4] Gid sit (X,d) 14 khong gian
metric nén, P 1a nén chuan tic va {z,}, {yn}
la hai day trong X. Khi do

(i) lim , = 2 € X khi va chi khi

n—o0

lim d(z,,z)=0.

n—oo
(ii) {xn} la day Cauchy khi va chi khi

lim d(zp,xm) = 6.
n,m—00

(iii) Néu lim z, =z € X, lim y, =y € X

thi li_>m d(xn, yn) = d(z,y).

Dinh nghia 3. [4] Gid st (X, d) la khong gian
metric nén. Néu v6i mdi day {z,} trong X déu

c6 mot day con {x,,} cia {x,} sao cho {zp,}
hoi tu trong X thi (X,d) dugc goi la khong
gian metric n6n compact day.

Dinh nghia 4. Khong gian metric nén (X, d)
dude goi 1a compact bi chin néu moi day bi
chin trong X ¢6 mot day con hoi tu.

Dinh nghia 5. Gid st (X,d) 1a khong gian
metric nén va anh xa T : X — X. Khi do6, quy
dao cua T tai x € X duge xac dinh béi

0.(T) = {z,Tx, T?z,...}.

Dinh nghia 6. Giad st (X,d) la khong gian
metric nén va anh xa T : X — X. Khi do,
(X, d) dugc goi 1a khong gian metric nén com-
pact theo quy dao néu moi day trong O.(T)
déu chita mot day con hoi tu véi moi x € X.

Remark 1. Khai niém compact bi chan va
compact theo quy dao ctia khong gian metric
noén 1a hoan toan khac biét. Vi du sau minh hoa
cho diéu do.

Vidu 1. Xét £ =R, P =R,. V6i khong gian
metric nén thong thuong (X, d), § day X = Ry
vad(z,y) = |r—y|, xét anh xa T : X — X béi
Tz = 2z. Khi d6 (X,d) la khong gian metric
nén compact bi chan nhung khong la khong
gian metric nén compact theo quy dao.

Dinh nghia 7. Gid st (X,d) la khong gian
metric nén. Anh xa T : X — X dugc goi 1a
lien tuc theo quy dao néu véi méi x € X va
day {z,} trong O, (T) théa man x, -z € X
thi Tz, — TZ.

2 Dinh 1y diém bat dong kiéu
Kannan trong khong gian
metric nén

Trong phan nay, ching t6i chitng minh mot
s6 dinh Iy diém bat dong kiéu Kannan trong
khong gian metric nén compact bi chan va
khong gian metric né6n compact theo quy dao.
Dinh ly 4. Gid st (X,d) la khong gian metric
non compact bi chan, P la non chinh quy va
T :X — X la dnh xa lién tuc theo quy dao
théa man diéu kién

A(Te, Ty) < 3 [d(z, Tx) + d(y, Ty)]
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vdi moi x,y € X,x #y. Khi do, T c6 diém bat Cho n,m — oo ta thu dugc

dong duy nhat trong X.

Chitng minh. V6i moéi xg € X, ta xay dung day
{zy} béi cong thic x,11 = Tzy, v6i moi n > 0.
Néu ton tai s6 n sao cho z,11 = x,, khi d6
z, la diém bat dong ctia T. Gia sit, v6i moi
n > 0,zp41 # xn. Dat d, = d(xy, xpt1), khi
do

dn+1 d(xn—f—l; xn+2)

= d(Tzn, Txni1)

[d(zn, Tap) + d(@n41, TTns1)]
[d(2n, ny1) + d(Tng1, Toy2)]

- [dn + dn+1] .

NN NCN NCR

Béat ding thic trén ching té dpy1 < d, Véi
moi n. Vay day {d,} don diéu gidm va bi chan
duéi béi 6. Do P 1a nén chinh quy nén ton tai
d* € E,0 < d* sao cho d,, — d* (n — o0). Mat
khéc, v6i m,n € N*, ta c6

d(xp, xm) = d(Txp—1,TTm—1)
1
= i{d(xn—la l'n) + d(l‘m—lv xm)}
1
= *(dn—l + dm—l)

2
< dp. (1)
Vay day {z,} bi chdn trong X. Vi X la com-
pact bi chin nén ton tai day con {z,,} cia
{zn} va z € X sao cho z,, — 2z (i — o0).
Béi tinh lién tuc theo quy dao cta T nén
d* = d(2,Tz) = d(Tz,T?z). Ta chiing minh
d* = 6. That vay, gidst 6 < d*. Khi d6 z # T'z.
Theo gia thiét ta c6

d(z,Tz) < %{d(z,Tz) +d(Tz,T%2)}.
Diéu nay kéo theo
d(z,Tz) < d(Tz,T?z).
Bat dang thifc nay mau thuin véi d(z,Tz) =

d(Tz,T?2). Vay d* = #. Ching té ring
lim d,, = 6. Mat khéc theo (1), ta c6

n—oo

1
d(Xp, Tm) < §(dn_1+dm_1) v6i moin, m € N*.

lim d(xy, zm) = 0.
n,M—00

Vay day {z,} la Cauchy trong X. Vi day

Cauchy {z,} chta day con {z,,} hoi tu vé z

nén ta khéng dinh lim z, = z. Mat khéc ta
n—oo

lai ¢c6
d(Z, TZ) = d(Z, x'thl) + d($n+1, TZ)
=d(z,xpy1) +d(Tzy, T2)

< d(z,Zpy1) + %{d(:cn,Ta:n) +d(z,Tz)}
=d(z,xnt1) + %{d((]ﬁn,l'yH_l) +d(z,Tz)}
v6i moi n € N. Tw d6 suy ra
d(z,Tz) < 2d(z,xp41) + d(Tp, Tni1)

v6i moi n € N. Cho n — oo ta thu dudc
d(z,Tz) = 6. Diéu nay kéo theo z = T'z. Chiing
t6 z 1a diém bat dong ciia T. Bay gio ta chi ra
z la diém bat dong duy nhat ctia 7. That vay,
gia sit 2* # z la diém bat dong ctia T. Khi d6
theo gia thiét ta co

d(z,2") =d(Tz,Tz")
=< %{d(z,Tz) +d(2",T2")}
=4.

Diéu nay khong thé xay ra. Vay z la diém bat
dong duy nhat cta 7. O

Ching minh hoan toan twong tu nhu Dinh
Iy 4 ta thu dugc dinh 1y diém bat dong kiéu
Kannan cho khong gian metric nén compact
theo quj dao dudi day.

Dinh ly 5. Gid si (X,d) la khong gian metric
non compact theo quy dao, P la non chinh quy
vaT : X — X la dnh xa lién tuc theo quy dao
théa man diéu kién

(T, Ty) < % (d(x, Tx) + d(y, Ty)]

vdi moi x,y € X, x #vy. Khi d6, T c6 diém bat
dong duy nhat trong X.
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Chitng minh. V61 mdi xg € X, ta xay dung
day {x,} bdi cong thic z,41 = Tz, v6i moi
n > 0. Chiing minh hoan toan tuong tu nhu
Dinh ly 4, ta dugc d,, — d* (n — o), v6i d, =
d(p, Tps1). Vi X 1a compact theo quy dao nén
ton tai day con {z,,} cta {z,} va z € X sao
cho x,, = z (i — o00). Bdi tinh lién tuc theo
qui dao ctia T nén d* = d(z,Tz) = d(Tz,T?z).
Bing lap luan hoan toan nhu Dinh 1y 4, ta chi
ra d* = 0 v T c6 duy nhat diém bat dong. [
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