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MOI QUAN HE GIUA NGUYEN LY CUC TRI VOI BO PE FARKAS
TRONG KHONG GIAN BANACH VO HAN CHIEU

Nguyén Vin Manh
Truong Pai hoc Cong nghiép Ha Ngi

TOM TAT

Trong bai béo trudc (Nguyén Van Manh-2016) da gidi thiéu khai niém non phap tuyén khong 16i
va ba nguyén Iy cuc tri trong Giai tich bién phan, tim hiéu mdi quan hé ciia cac nguyén 1y cyc tri
va B6 dé Farkas. Béng viéc st dung tinh chét dic biét cua khong gian Asplund 1a moi h¢ cuc tri
luén thoa mén nguyén 1y cuc tri chinh x4c cing vé6i viée dua ra cac Ménh dé 3.1-3.2 va cac Dinh
ly 3.1-3.2, tir @6 chiing t6i dura ra cach chig minh B dé Farkas trong khong gian Asplund vé han
chidu. Trong khong gian Banach tdng quat tinh chat moi hé cuc trj luén théa mén nguyén 1y cuc tri
chinh xac khong con duoc nghiém dung, chung t6i da dwa ra Ménh d& 3.3 qua d6 mé rong Dinh Iy
3.1 trong khong gian Banach, tir d6 dwa ra cach chimg minh B dé Farkas trong khong gian
Banach thuc v han chiéu.

Tir khéa: Khong gian Banach; khéng gian Asplund; hé cuwc tri; nguyén Iy ciee tri; diém cuc tri dia
phirong; bé dé Farkas.
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THE RELATIONSHIP BETWEEN EXTREMAL PRINCIPLE WITH FARKAS
LEMMA IN INFINITE DIMENSONS BANACH SPACE

Nguyen Van Manh
Hanoi University of Industry

ABSTRACT

In the previous article (Nguyen Van Manh-2016), we introduced the concept of non-convex
normal cone and three extremal principles of variational analysis, researched the relationship of
extremal principles and Farkas lemma. By using the fact that in Asplund space, all extremal
systems always satisfy exact extremal principle and by introducing of Propositon 3.1-3.2 and
Theorem 3.1-3.2, we gave the method to prove Farkas lemma in infinite dimensions Asplund
space. In the general Banach space, the fact that all extremal systems always satisfy the exact
extremal principle is not hold. Therefore, in this article, we propose Proposition 3.3 thereby
extending Theorem 3.1 in Banach space, thereby giving method to prove Farkas's Lemma in
infinite dimensions Banach space.
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1. Cuec tri dia phuwong cia hé tip, khong
gian Asplund
Trong phan nay ching t6i nhic lai mot sé khai
niém cua giai tich bién phan (Xem [1], [2]).
Pinh nghia 1. Xét F: X — X 1a 4nh xa da
tri gitra khong gian Banach X va khéng gian
d6ingdu X" ctia n6 khi d6 ta co :
Limsup F (x) ={x* e X*‘H X, —> X,
X ——>X

X, — %", % e F(x,), vk eNJ
dugc dung dé chi giéi han trén theo diy theo
nghia Painlevé-Kuratowski
trong topd chudn cia X va topd yéu* (dugc
ki hi¢u bang chit W) ciia X .
Pinh nghia 2. (Phap tuyén suy rong). Xét Q
1a tap con khac rong cua X .
i) XeQ cho trudc, khi d6 tap phap tuyén &
cia Q tai diém X duoc dinh nghia:

<x*,u—x>
—<e

limsup <
[lu—x|l

u—25x

N, (x; Q)=s%x eX

Khi & =0cac phan tir cua N, (X; Q) duoc
goi 14 phap tuyén Fréchet, tap hop cac phap
tuyén Fréchet goi 12 non so chuén cua Q tai
X, ki hiéu N (X; Q). Néu X ¢ Qta quy udc
N, (x; Q)=2.
i) Cho xeQ. Khi d6 X e X'la phap
tuyén co ban hay phap tuyén qua gidi han cua
Qtai xnéu voi moi day &, ¥ 0,x, —2—X
va X, — > x"sa0 cho x; € Ny, (%;Q)véi
moi K € . Tap hop céc phap tuyén trén duoc
ki hiéu :
N (?(;Q): LimsupF (x) =N, (%;Q)
XX
va dugc goi 1a non phap tuyén co ban hay nén
phép tuyén qua gidi han) (basic/limiting) cua
Q tai X. Tuong ty nhu trén néu X g Q thi
N(xQ)=@.

Dinh nghia 3. Cho Q,,...,Q)  Ia nhiing tap
con khéc rong trong khong gian Banach X
véi m>2, X la diém chung cua cac tip
hgp trén. Ta n6i X la diém cuyc tri dia
phuong cua hé {Ql,...,Q } néu ton tai céac

day {a, }< X (i=1...,m)sao cho a, —0
khi K —> o0 valan cidn U cua X thoa min
diéu kién:

m

(2 —a,)NU =D véimoi k e Ix dilon.

i=1
Khi d6 {Q,...,Q,,, X} duoc goi 1 hé cuc tri
trong khong gian X .

C6 thé hiéu rang mot hé tap 13 hé cuc tri tai
mot diém chung cua ching néu ta c6 thé tach
101 dia phuong cac tap dé bang cach lam
nhidu nho theo kiéu tinh tién cac tap da cho,
v6i cac phuong tinh tién 14 nhimg vécto co
chuin bé hon mét s duong tuy ¥ cho trude.
DPinh nghia 4. (Khong gian Asplund)

Khong gian Banach X dugc goi la Asplund
hay ¢ tinh chdt Asplund, néu moi ham 10i
lién tuc ¢:U >R véi U X
mo 1a kha vi Fréchet trén mot tap con tru
mat cua U.

1a tap 16i

2. Cac nguyén ly cwe tri

Pinh nghia 5. Cho {Ql,...,Qm,Y} 1a h¢ cuc
tri trong khong gian Banach X . Ta noi:

(i) Hé cuc tri {Ql,...,Qm,Y} dugc goi la
thoa man nguyén Iy &-cuc tri néu véi moi
e>0 ton tai xeQN(X+eB) va

X, € X", sao cho
X eN:(x;Q),i=1...m, (2a)
X +..+X,=0, (2b)

[+t =1 (20)

(i) HE cuc tri {Ql,...,Qm,Y} dugc goi 1a

théa man nguyén Iy cuc tri xap xi néu voi moi
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e>0 ton tai xeQN(X+eB) va

X e N:(x;9Q)+eB"i=1..,m, sao cho
cac diéu kién (2b), (2¢) dugc théa méan.

(iii) He cue tri {Q,..,Q,,X}duoc goi la
théa mén nguyén Iy cuc tri chinh xdc néu ton
tai cac vécto phap tuyén qua giéi han
X e N(x;€),i=1..,m, théa min cic
diéu kién (2b), (2¢).

3. M‘éi quan hé gitra nguyén ly cwc tri véi
bo de Farkas

3.1. Ba ménh dé bé tro

Trong muyc nay, ching t61 nhic lai hai Ménh
dé 3.1-3.2 da duoc chung t61 dua ra va ching
minh trong [3], va dug ra ménh dé mo1 Ménh
de 3.3 nham giai quyét tinh thoa man nguyén
1y cuc tri chinh xac cho mot hé cuc tri trong
khong gian Banach thuec.
Ménh dé 3.1. Cho X la khong gian Banach
thyc va a; € X" \{0},i =0,...,m.

Q, = {xe X |(a,,x)>0} {0},
Dat )

Q, Z{XE X |<ai,x>so},| =1,..,m.

Taco

N(0;Q,)=1{-4a,|1 >0},
N(O;Qi‘):{,uai |,uZO} (i :1,...,m).
Ménh dé 3.2. Cho hé tap

Q, ={xe X |(a,,x)>0} {0}, (3.3)
O, ={xeX|(a,x)<0},i=1..,m (34)

voi X la khong gian Banach va
g, 8, € X'. Gia sir rang a, =0 va bat

(3.1)

(32)

ding thirc (8,,X)<0 la hé qua ciia hé bat
ding thire (8;,X)<01i=1,...,m. Khi d6 ta c6
{Q,....Q,,,0} la mét hé cuec tri.
Ménh dé 3.3. Cho

Q, ={xe X |(a,,x) >0} {0},

Q, I{XE X |<ai,x>£0},i =1..,m.
X la

(35)
(36)
thuc va

khong  gian  Banach

a,...,a,€X. Gia st a,#0 va
(a5,X) <0 la h¢ qua ciia hé bdt ddng thirc
(a,x)<0i=1,..m.

Ta co:

() Hé cuc tri {Ql,...,Qm,O} théa man
nguyén ly cyc tri chinh xdc.

(1) {9, N..nQ, 1,00} la hé cuc
tri va thoa man nguyén Iy cuc tri chinh xdc.
Chirng minh. bat

A, :{(x,x,...,x)e Xm|XEQO},

A= x.xQ,,2=(0,0,..,0)c X"

m-17

Ta chung minh
1) {A, A2} 1 hé cye tri.

2) {AO,AI,E} thoa méan nguyén 1y cuc tri
chinh x&c

1) Xét day u, =—¢ (U,
& ¥ 0 khi k —o0,u; € X va (ay,u,)>0.

,...,uo)e XM véi

Ta co:
(A -z )NA =D véi kdulén
That vay, gia st tdn tai

Z E(A\)_uk)ﬁAi

Turz, € A, —U, do do ton tai

Zoe = (Xois -+ Xor ) € Ay (X €€ ) sa0 cho

Z, = Zoy + & (UgyeonsUg )

(3.7)

Ta thu duoc

Z, = Zo + & (Ug,ens Ug) (3.8)
= (Xor + &gy Xo +EUg )

Két hop (3.11) v6i z, € A tacod

Xox € Qg X +EUy €Y, 1 =1,...,m. (3.10)

Lam hoan toan twong tuy Ménh d& 3.2 ta co
diéu phai ching minh.
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2)TaCé B :{Z*:(XI’“_,X;)e(X*)m|
ANA =z} ) )
That vy, gid sir ring <x1 ,x>+...+<xm ,X>SO,VX€QO} (3.15)
Jze ANA (3.11)

T z € A, suyra

Mat khac z € A do do

xeQ,(i=1...,m)
theo gia thiét (a,,X) <0 1a hé qua cla hé bét
déng thirc

(a,x)<0i=1,..,m,

suyra Xx=0 dods z=2z.Tu

4 cac tap 10i c6 iNtQ, # & va theo tinh chat
ctia khong gian tich X", ta thu dugc A, A
14 cac thp 16i, Z €bdA,int A # &.

Két hop cac két qua thu duoc & trén clng voi
AANA = {E} :

suy ra A, A tach yéu dugc. Do do, ton tai
,eN(zA).2 eN(z;A), (312a)
(3.12b)
(3.12c)

z,+2, =0,
iz -2
Mait khac ta lai co:
N(E;AO):{Z*:(x;,...,x;)e(x*)m|
X +...4+ %, € N(0,Q,)]

(3.13)

That vy, theo Dinh nghia 1.1 [1] (p.4) vé non
phap tuyen qua gidi han. Ta co:

N(zA)={2 = (<) (X))
<z*, z> <0,vVze A)}
(3.14)

(X +.+x0,X) <0, vx e Q, | (3.16)
Do d6 (3.13) duoc nghi€ém dung. Theo
Ménh dé 1.2 [1] (p.6). Ta c6:
N (E; Al)z {z* =(x11* ..... xlm*)e (X*)m |
X eN(0;Q)i=1,..,m}
Tu (3.14b) suy ra
(xf*,...,x,?f)+(x1 ,...,xm):O
<:>((xf*+x11*)( r?:+xﬁ:)):0

(3.17)

1* 1*

dodo x” +x =0,(i=1..,m)
theo (3.17) suy ra

(X ot X))+ (X +.+ X5 ) =0 (3.18)
Ap dung dinh nghia vé chuan trong khong
gian tich, ta thu duoc

= fo’”++

1*

5= )

Tir (3.12b) va (3.12¢) thu duoc sz H;to, ta

1*
Xm

suy ra rang 3Ji e{l,...,m} sao cho Xil* #0.
Két hop diéu vira thu dugc véi (3.18) suy ra
hé cuc tri {QO N 0} thoa man nguyén ly
cuec tri chinh xac.

(11). Lam hoan toan tuong ty Ménh dé 3.2, ta
o {Q, Q N..nQ,,,Q,,0} 1a hé cye tri.

B=Q,Nn..nQ, ,, (3.19)
bit B,=Q,xQ_, (3.20)
B, :{(x,x)e X?%|xe B} (3.22)
Xét  day

& 4 0 khi k —>o0,u; € X va (ag,Uy)>0.

U ==& (Ug, .- Up ) € X i
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Ta thu duoc
(Bo—uk)m B, =4, (3.22)
voi K du 1on. That vay, gia sir
(By—u,)NB, =
khi d6 ton tai
z,€(B,-u,)NB,.
Tir 7, € B, do d6 7, =(%, % ),(X €B).
Mit khac z, €(B, —u, )suyra
Xy, €€y, X, €€2,, sao cho
Z, = (X + Elgs Xy )
< (% % ) = (Xox + &g X )
Tir cac két qua trén ta thu duoc
X € N..NQ X =X, +&U,, vOi
Xox € Qp, tuong tu Ménh dé (3.2) ta co
{By,B,,(0,0)} 1a hé cye tri.
Mat  khac theo  (3.5), (3.6) ta
Qi,(i =0,.., m) la  cac tap 161 voi
intQ, #,(i=1..,m) va 0ebdQ,. D&
dang ta ching minh dugc B, B, cling la cac
tap 16i, co intB, =, va (0,0)ehdB,.
Lam tuong tu (1), ta c6 h¢ cuc tri
{BO, Bl,(0,0)} théa man nguyén 1y cuc tri
chinh xac.
3.2 Dang mé réng ciia Bé dé Farkas trong
khoéng gian Banach
Pinh 1y 3.1. (N6n phap tuyén cua tap nghiém

ctia hé bat ding thic tuyén tinh thudn nhét)
Cho X la khdng gian Banach thuc va

O, ={xeX|(a,x)<0},i=1..,m, (3.23)

V6iad,,...,a, € X . Khi dé ta cé

Chirng minh. Ta quy nap theo m. Véi

m= 1 hién nhién N (0;Q,)=N(0;Q,).

G‘ié st rang (3.24) ) nghiém dung véi cac hé
gom m—1 (m > 2) tap & dang (3.25), c6 nghia
N(0;N..nQ ,)=N(0;Q)+..

+N(0;Q,,)

2

la

& dé
O, ={xeX|(a,x)<0},i=1..,m-1, va
a,..,a, ,€ X  dugc ldy ty y. Ta can

chimg minh ring (3.24) ciing dung véi cac hé
gém m> 2 tap & dang (3.23). Dé thay rang

N(0;Q N..nQ,)>D
N(0;Q,)+..+ N(0; Q).

Ta can ching minh bao ham thirc nguoc lai.
Nhan xét thdy, N(0;Q N..n Q) la tap
tit ca cic vécto Uy € X ma bt ding thic
(Ug, X)<0 1a hé qua cua hé bt ding thic
(a,x)<0 (i=1..m). Lay ty vy
Uy € N(0;Q, M. Q). Khi d6, bat ding
thirc <UO,X> <0la hé qua cioa hé bit dang
thie (8;,x)<0,i=1..,m. Néu u,=0 thi
hién nhién U, thudc vao tap hop vé phai ciia
(3.24). Do d6 ta co thé gia st rang U, = 0.
Q, = {xe X |{uy, x) >0} U {0},
B=QnNn..nQ, ,A=BnQ

bat
m-1!
Theo Ménh @ 3.2, ta c6 {Qy,B,Q,,,0} lahé
cuc tri.. Ap dung Ménh dé3.3 (1) cho hé cuc
tri {QO, B,Qm,O} , ta suy ra ton tai
X5, X5, X € X~ thoa man

X, € N(0;€,),%; € N(0;B),x;, e N(0;Q,)

X, + X5 +X =0 (3.25a)
N(0; 9 N..n Q)= N(0;Q)+...+N(0;Q,) HX;HJrHX;HJFHX;Hzl (3.25b)
(3.24) Theo Ménh d 3.1,
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N (0:92) = {~Aoy | ¥4, 20},
N(0;Q,) = {4, | V4, >0},

Vi véy ton tai 4, >0 va A >0 sao cho

X; =~y X; = Anay
Khi d6 dang thic (3.27a) tuong dwong vai
AU, =X5 + A a_. (3.26)
Xét cac truong hop sau:
(i) 4, #0. Tur (3.28) ta cod
u, =ix;+l—”‘am. (3.27)

Do X; €N (O; B) theo gia thiét quy nap ta co
N(0;B)=N(0;Q)+..+N(0;Q,,). Vi
vay, ton tai 4> >0,...,4°, >0 sao cho

* B B
Xg=Aa+..+4 a ..

Thay biéu thirc ctia X5 vao (3.29), ta thu dugc
1.5 5 A

U, = _(ﬂ‘l a +..+ ﬁ’m—la‘m—l)—i— _mam’
Ay A

B B
=ia1+...+ Ay am_1+/1—mam.
ﬂ’O /10 /10

Do d6 U, thudc vao tap hop & vé phai ctia (3.24).

(i) 4,=0. Khi d6 ta c6 X =-X; hay
* 1 *
A8, =—Xg. Suyra a, :—TXB.

m
a) Néu Q, N B ={0} thi
{uy,X) <0 Vx eB.
Do dé ton tai cac sb i, >0,i=1..m-1
sao cho

Up=Aa, +..+ 4 a
=Aa +..+A ,a ,+0a,.

Suyra u; € N(0;€,)+...+ N (0;Q,,).

b) Ton tai X € (€, M B)\{0}. Khi d¢ ta c6
X¢Q . That vy, gia st phan chimg rang
XeQ . Vi

XeBNQ, =0, N..nQ, (U, X) <O0.
suy ra X ¢ Q,\{0}, din dén méu thudn. Tur

nhing diéu di noi ¢ trén ta thu duoc

(3.28)

Ta xét hai truong hop sau:
1) Bét déng thire (Ug,X) <0 1a hé qua ciia he
bét dang thire (a/,x) <0,i=1,..,m-1.
Ap dung gia thiét quy nap ddi voi hé vécto
a,...,a, ,, ta tim dugc A4/ 20,..,4" , >0
sao cho

U =Aa +..+ A4 ,a

Két hop ding thirc cudi véi (3.29) va (3.30),
ta thu dugc

Tur (3.30) ta suy ra
Wo®) o (8%) giiq.

(@n %) (an %)

Vi vay

m-1

Up = Z/?ﬁ'ai +pa,,

i=1
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6d6 u= <”°'i~> —MA.’ <a“i~> >0,
<am’x> i=1 <am’x>

A >0,i=1.,m

2) Bét dang thire (U, X) <0 khong 1 hé qua
clia hé bét dang thirc
(a,x)<0,i=1,...,m—-1. Khi d6 ton tai
X" e X sao cho

{(a{,x'}so, i=1,..,m-1,

A (3.31)

X= x'——<am’ X) X.

(%)
Do (3.29), (3.30) va cach chon X taco
(up, X)=0, (a,,x)=0, (3.32)

(a/,x)=0,i=1..,m-1. (3.33)

Chon

Hién nhién (a,,,X)=0. Tir (3.33) va do céch
chon X tacé

(a/,x)=(a/,x}, i=1,..,m-1.
T (3.31) suy ra

<ai" X> - <ai ’ X>_ <ai’

(@,

(3.34)

2

)
)

(@ %) = (@, %)

(3.35)
Két hop (3.31), (3.34) va (3.35) ta thu duoc

(a,x)=(a/,x)<0, i=1..,m-1.
Mit khac, tir (3.32) va (3.31) ta ¢6

u’x:u’x’—Mu’i
(0)= X))

=(ug, x') > 0.

>

Lai c6
O . )

Do d6, (Uy, X) = (Ug, X) > 0. Tom lai ta c6

mau thuin véi diéu gia dinh ¢ dau chung
minh bat déng thirc 1a hé qua cua hé bit dang
thte (a,X) <0,i =1,...m-1.

Trong cach chung minh cua dinh ly trén
chung t61 da su dung ki thuat 1ap luan cua
Bartl [4].

Pinh 1y 3.2 (B6 d¢ Farkas trong khong gian
Banach thuc) Cho X la khéng gian Banach,

Va a,,..,a,, € X . Khi do, bat ding thiic
(a5, X) <0 1a hé qua ciia hé bat dang thirc
(a,x)<0, i=1,...,m,

Khi va chi khi ton tai 4, >0, ..., 4, > 0 sao cho

a, = ii,ai.
i=1

i
Chirng minh. bat

Q, ={xeX|(a,x)<0} (i=1..,m). D&
thdy rang bt diang thuc <a0, X) <0 1a hé qua
cia hé bat ding thuc (3.38) khi va chi
a,eN(0,Q N..NnQ,).

Ap dyng Pinh 1y 3.1 cho hé tap Q,..,Q ,ta
c6 8, N(0;Q,)+...+ N (0;Q,).

Tlr d6, do Ménh @ 3.1, ton tai

2, 20,..., 4, >0saocho a, = Y Aa,.
i=1

m
Ngugc lai néu co %:Zi,ai,véri
i=1

4>0,..,A4,>0hién  nhién ta  ¢o
a,eN(0;Q)+...+N(0;Q,).Ta co diéu

phai chimg minh.
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