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NGHIEN CUU THUAT TOAN DUA TREN CAC GOC KHOI
CHO PHUONG PHAP KHONG LUOI RBF-FD GIAI PHUONG TRINH
POISSON TREN MIEN PHUC TAP TRONG KHONG GIAN 3 CHIEU

Ngbé Manh Tuéng’, Nguyén Thi Thanh Giang, Nguyén Thi Nhung
Truong Pai hoc Cong nghé thong tin va Truyéen thong — PH Thdi Nguyén

TOM TAT

Thuat toan chon tdm dya trén cac goc khodi cho phuwong phap khéng lugi RBF-FD (Radial Basis
Function - Finite Difference) giai phuong trinh Poisson trong khong gian 3 chiéu di duoc gidi
thiéu boi cac tac gia Oleg Davydov, Pang Thi Oanh va Ng6 Manh Tuong (2020). Thuét toan néy
rat hidu qua trén cac bai toan c6 mién hinh hoc 1a khdi hinh hop hodc khdi cau. Trong bai béo nay,
chung toi s€ trinh bay thuat toan cai tién tir thudt toan dua trén cac goc khdi cho phuong phap
RBF-FD trén bai toan c6 mién hinh hoc phtrc tap. Két qua thur nghiém s6 cho thdy nghiém xép xi
cia phuong phap khong ludi RBF-FD sir dung thuét toan cai tién c6 su 6n dinh va do chinh xac
cao hon nghi€m xap xi cua phuong phap phan ttr hitu han va cac két qua da cong bo

Tir khéa: Thudt todn diea trén cde géc khoi; thudt todn chon gid véc to trong sé; thudt todn chon
tam; phwong phap RBF-FD; phuong phdap khong ludi.
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ABSTRACT

The algorithm of the octant-based stencil selection for the Radial Basis Function -Finite Difference
(RBFFD) method for solving the Poisson equations in 3D was introduced by Oleg Davydov, Thi
Oanh Dang, and Manh Tuong Ngo (2020). This algorithm is very effective for testing problems on
geometrical domains which are cubes or spheres. In this paper, we presents an algorithm improved
from the algorithm of the octant-based stencil selection for the problem on complicated geometric
domains. The numerical experiments showed that the approximate solution of the RBF-FD method
using the improved algorithm had higher stability and accuracy than the approximation solution of
FEM and the published results.
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1. Giéi thiéu
Xét bai todn: Cho mién md Q ¢ R3. Tim ham
u: Q — R thda man
Du=f

u = g

trong €Q;

1.1
trén 09, (1)

trong d6 f xac dinh trén €, g xac dinh trén
0 va

Pu  0*u  *u

pu=24, 0 U
“ 8x2+8y2 022

Phuong phap khong luséi RBF-FD giai bai
toan (1.1) la phuong phap st dung noi suy
ham co s6 ban kinh RBF véi cach tiép can
dia phuong, dya trén sy rdi rac héa gidng nhu
phuong phép sai phan, dé tinh xap xi nghiem
tai mot s6 diém rdji rac trong mién xac dinh [1],
[2]. Phuong phéap nay dugc gidi thigu lan dau
tién nim 2003 bdi Tolstykh va Shirobokov,
bang viéc st dung noi suy ham co sé ban kinh
RBF tinh véc to trong s6 dya trén cau tric clia
phuong phap sai phan hitu han gidi phuong
trinh dao ham riéng elliptic trong khong gian
2 chiéu [3]. Nam 2006, Wright va Fornberg tiép
tuc gidi thieu phuong phap trong khong gian
2 chiéu nho st dung noi suy Hermite [4]. Nam
2011 va nam 2017, cac tac gia Oleg Davydov,
Ding Thi Oanh va Hoang Xuan Phu gidi thiéu
phuong phap RBF-FD véi noi suy don diém,
noi suy da diém, dé xuét cac thuat toan chon
tap cac tdm hé tr¢g phuong phap khong ludi
tinh véc to trong s6, thuat toan sinh tam thich
nghi [5], thuat toan tim tham s6 hinh dang t6i
uu cho nodi suy ham co s6 ban kinh [6] va phat
trién thuat todn chon tam, thuat toan sinh
tam thich nghi trén cac bai todn c¢6 hinh hoc
phitc tap, ham f c6 ky di hoac do dao dong 16n
[7]. Gan day thuat toan chon tam cho phuong
phép khong lusi RBF-FD da dugc gidi thieu
trong khong gian 3 chiéu [1], [2], d6 1a thuat
toan chon k— diém gan nhét [2] v& cac thuat
toan chon tam duya trén cac goc khdi [1]. Cac
thuat toan nay rat hiéu qua trén cic bai toan
c6 mién Q la khéi hinh hop ho#c khéi hinh
cau, tuy nhién véi bai toan c6 mién hinh hoc
phiic tap (Bai toan 3, [1]) thi do chinh xac cua
nghiém xap xi ctia phuong phap RBF-FD chua

tot, vi vay trong bai bao nay, ching toi tiép
tuc cai tién thuat toan dua trén géc khoi dé
cai thién do chinh xac ctia nghiém ctia phuong
phép khong luwsi RBF-FD cho bai todn ¢6 mién
hinh hoc phtc tap.

Bai bao gom 5 phan: Sau Phan 1 gidi thieu
1a Phan 2 miéu t& cach roi rac bai toan (1.1)
ctia phuong phap RBF-FD; Phan 3, gi6i thieu
thuat toan chon tam hd tr¢ dya trén céc goc
khéi da dude cai tién; Phan 4, trinh bay két
qué thit nghiem s6 dbi sanh vdi cac thuat toan
da dugc gi6i thieu trong [1], [2] vA Phan 5 1a
Két luan.

2. Rdi rac bai toan

Dac trung ctia phuong phap RBF-FD la tinh
véc t6 trong s6 béi noi suy ham co s§ ban kinh
RBF [1]-[7]. Trong phan nay chiing toi sé gi6i
thieu cong thic tinh véc to trong s6 va rdi rac
bai toan (1.1) cho trudng hop téng quat trén
R

Cho ® : RY — R la ham co s6 ban kinh
xac dinh duong, ® (z) = ¢ (||z|), = € RY, véi
¢ : R, — R la ham lien tuc va || - || 14 chuan
Euclide trong R?, xem chi tiét trong [8]-[10].

Gia st tap X = {z1, 22, ..., zn} C Q C R?
la tap cac tam rdi rac. Ky hieu Xt : = X NQ
13 tap cac tam ndm trong mieén va 90X : =
X NON 1a tap cac tam nam trén bién. Vi moi
tam x; € Xin, ta chon dudc tdp cdc tam ho
trg phuong phap khong luéi

X, = {:p((]i), xgi), ce x,(;)} C X, x(()i) = x;.

Khi d6 ham noi suy RBF s ctia ham lién tuc
u:RY =R I3

(

trong do6 d 13 hing s6 va cjz) 13 cac hé s6 noi
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suy théa man diéu kién noi suy (2.2), suy ra

hay
CI)X,- 1 C(l) . u\Xl.
T e
trongdo 17 :=[1 1 ... 1],
N————
k+1
Oy, =
® (0) ) (1:(()2) — m,@)
o (a:,(;) - a;(()i)) ® (0)
- (4)
L
(2) i
0 cl' ol = u
Cl(cl) u (x](;))

Vi ¢ la ham xac dinh duong trén X; nén @y,
14 ma tran déi xing xac dinh duong, do d6
gidi phuong trinh (2.3) ta luon tim duge duy
nhat hé s6 tuong tng 1a

<))

Cho D la toan tt vi phan. Ta xap xi Du(x;)

béi cong thic

7=0
[T D@ (s - ) Ix,
o d 0
Cfulx ] [ex 1] [ DR (@i )y,
0 1T o 0
T
_ | ulx, w
-5
k .
=3 wlu(l?), (2.4)
=0
v6i
Do xi—x(()i)
Do xi—xgi)
Do (z; — )|y, =

Do (x, — 33,(;))

va w dude goi 14 vée to trong s6 thda man
phuong trinh

(][

(2.5)
Ap dung cong thitc (2.4) khi d = 3, ta dugc
bai toan rdi rac ciia bai toan (1.1) la

k
() 5 .(3)
E wi'u(xy) = f(zi), zi € Xint;
= J J (2.6)

u(zy) = g(x;) z; € 0X,

trong d6 4 1a nghiém xap xi clia nghiém u trén
Xint .

Dé gidi bai toan (2.6), ta can tim dugc céc
véc to trong s6 béi cong thitc (2.5) véi moi
x; € Xint. DO chinh x4c ctia mdi véc to trong
s6 w® véi x; € Xing, phu thudc vao viec chon
tap cac tam hd trg X; C X tuong ung. Trong
phan tiép theo, bai bdo sé gidi thieu thuat toan
chon bd tam nay cho phuong phap khong ludi
RBF-FD.
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3. Thuat toan dua trén cac géc khoi

V6i moi z; € Xiny muc tiéu cta thuat toan la
chon dugc tap tam hd trg gdm k diém

Xi:{ @ 20 .., x}j} C X,

xung quanh goc x; théa méan diéu kién via
gan vé mat khoadng cach dén tam z;, vita déu
vé mit goc.

Trong khong gian 3 chiéu, cac tac gid da gidi
thiéu thuat toan chon tap tdm hd trg 1la k—
diém gan nhat trong [2], thuat todn nay dam
bdo diéu kién vé mat khodng cach, nhung
khong dam béo diéu kién vé mat géc. Dé dam
bado cd 2 muc tiéu, cac tac gia da gisi thiéu
thuat toan duya trén 8- goc khoi (Thuat toan 1,
[1]) va thuat toan dya trén 16-g6c khoéi (Thuat
toan 2, [1]). Cac thuat toan bat dau véi viec
phan hoach m diém {xgi), :Egi), ceey x%)} C
X\{z;} gan x; nhat vao 8-géc khdi hodc 16-
goc khoi diya trén d?M;la cac thanh phan

@ _ .06 _.

toa do cua véc to rixy = ;) — @

(aéz),bgl),cgl)), j=12,...,m, (m > k) nhu
Bang 1 va s6 diém dugc chon cho tap tam hd
trg X; 1a k = 16 dé mat do ma tran heé s6 clia
he phuong (2.6) xap xi mat do clia ma tran
cling ctia phuong phap phan ti hitu han.

Thuat toan 8-géc khoi sé chon 2 diém gan nhat
trén mdi goc khoi, con thuat toan 16-goc khoi
chon 1 diém gan nhét trén mdi géc khoi. Tuy
nhién, véi cac bai toan c¢6 mién hinh hoc phiic
tap, viéc chon 2 diém gan nhat trén mot géc
khéi hodc mot diém trén mot géc khoi sé ¢6 thé
chon duge diém cé khodng cach rat xa so véi
tam z;, hosic 2 diém trén cting mot géc khéi
c6 thé & rat gan nhau vé mit géc. Dé khic
phuc nhiing khuyét diém nay, trong phan nay
chiing toi sé gidi thieu thuat toan cai tién cla
thuat toan dya trén 16-géc khdi. Ching toi
chon thuat toan nay vi nghiém cta phuong
phéap RFD-FD khi sit dung thuat todn 16-goc
khéi c6 do chinh xac cao nhat so véi cac thuat
toan khac dugce gidi thiéu trong [1], hon nita
thuat toan 8-géc khoi ciing c6 thé lam hoan
toan tuong tu.

Bang 1. Bdng chia 16 - géc khoi

Goc khéi al” b7 0 diéu kien
O1 +  +  + agi) > bg.i)
O2 +  +  + ay) < bg-i)
03 + o+ = d?>p)
O4 + + - agi) < bg-i)
Os + -+ d>d)
Os + -+ a§-i) < Cy)
O~ + — — —bgi) > —cg.i)
Os + - — —b§i) < —cg-i)
Oy -+ o+ B>
O10 - 4+ 4+ bg-i) < cg-i)
O1 -+ - —ay) > —cy)
O12 -+ - —ay) < —c§i)
O13 e —aéi) > —bgi)
O14 - - 4+ —agi) < —bgi)
O15 - - = —agi) > ,CE?)
O16 - - - —ag-i) < —c§i)

Thuat toan cai tién dugc chia lam hai cong
doan, cong doan tién xit Iy va cong doan chon
diém t6t. Thuat toan ciing bat dau véi m diém
gan x; nhat, cong doan tién xit 1y sé thay thé
diém khong thudc mién bing diém trén bien
gan hon, loai di cadc diém qua gan nhau va
diém qua xa tam x;. Cong doan thit 2 sé phan
hoach céac diém con lai vdo 16-géc khéi nhu
trong Bang 1 va chon mot diém gan nhat trén
mdi goc khdi.

Thuat toan:

Input: X, x; € Xint.

Output: X;, X].

Cdc tham s6: m > 16 (s6 tam ban dau gan
z;), 7 he s6 khodng cach nhé nhat, p he s
khodng cach 16n nhat.

Khdi tao: X; := {x;}, X'; := 0.

I. Cong doan tién xtt Iy

1. Tim tapmdiém X; = {xgi)wéi)’ 3 wx%)} c
X\ {zi} gan ;.
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2. V6i mdi mgi) € X7, néu doan thang

(wz, 51)) N o 7£ @ thi XI — X[\{.CU(Z)} U

(%) (@)
Y j)ﬁaﬂva

gan x; nhat. X'; := X’l U {xj }.

{ } trong d6 2';” 1a (z;,

, | ¢ (i
3. Timh dj := ¢ > |z — x|,

(@) 2
; T € X7 thoa

j=1
man
i — 27| < [l — 2| < -+ < i — 2.
4. Khin < #X;
a) Tinh dy, = min{||;p$f) _ xl(i)” : $l(i) c

X\{zs,2})
b) Néu dim < v.d; hodc ||z; — ar,(f)H > p.d;
thi 4
X7 = X\{zV}.

I1. Cong doan chon tap tam ho tr¢ X;

1. Phan hoach tap diém X; = {1:1 ,:cz), .
vao 16 goc khoi O; {93]1, ]2,. Si=
1,2,...,16, tng v6i Bang 1, sao cho

s — &) < Jlai — 2]l < -

2. Véij=1,2, ..., 16.

Sau khi két thuc thuat toan v6i moi z; € Xin,

ta cap nhat tap X bdi cong thiic
X=xu |J x/

;€ Xint

(3.1)

Trong thit nghiém s6, cac tham s6 duge chon
lam=99, v=0.3, p=10.

Budc 1.2 ctia thuat toan kiém tra vi thay thé
diém xg-z)
x; nhat néu diém nay ndm ngodi mién dia

phuong. Trong trudng hop phai thay thé sé

béi diém x’y) trén bién gan tam

xuat hien them diém 2’ jl nam trén bién, nén
sau khi két thic thuat toan ta phai cap nhat
lai tap céc tam roi rac X bdi cong thite (3.1).

Budc 1.3 ctia thuat toan la tinh khoang cach
trung binh ctia 6 diém gan nhat, st dung gia tri

nay dé loai di cac diém qué gan nhau hoiic qua
xa tam x; trong budc 1.4 (loai di cac diém toi).
Sau khi loai di diém tdi, s6 tam con lai sé dugc
phan hoach vao 16-goc khoi va thuat toan két
thic tai bude 1.2 khi chon mot diém gan nhat
trén moi goc khoi, khi d6 tap X; nhiéu nhat
c6 16 diém (néu tat ca cac goc khéi déu chira
it nhat mot diém), thong thuong 14 nhé hon
16.

4. Thw nghiém sé

Tuong tu trong [1], [2], dé danh gid do chinh
xac clia cidc nghiém ching to6i sit dung sai s6
trung binh binh phuong tuong déi duge tinh
béi cong thiic

> [ () — u@)]?

;€ Xint

> [u(@)?

;€ Xint

RRMS :=

L (41

trong d6 4 14 nghiém xap xi clia nghiém giai
tich u. Dé tinh véc to trong s6, chiing toi ciing
st dung ham co s ban kinh RBF la ham
Power ¢(r) := r°.

Trong thit nghiém s6, ching t6i sé so sanh
sai s6 RRMS ctia phuong phap RBF-FD sit
dung thuat toan cai tién (RBF-FD I) véi két
qua st dung thuat toan 16-goc khoi (RBF-
FD O) (Thuat toan 2, [1]), cing vé6i két qua
clia phuong phap phan tit hitu han (FEM) va
phuong phap RBF-FD sit dung cau tric diém
ctia phan t hitu han (RBF-FD T). Véi méi
z; € Xint, RBF-FD T la phuong phap lira chon
tap X; 1a tap hop tat ci cac dinh ctia khéi
da dién c6 mot dinh 1a z;. Dé thuc hién duge
viéc so sanh nay, ching t6i ciing sit dung cach
roi rac mién € ctia bai toan béi PDE Toolbox
MATLAB nhu trong [1], [2].

Bai toan: [[11, Section 3|, Forearm Link|

Xét phuong trinh Poisson Au = —10 trén
mién  trong Hinh 1(a) v6i diéu kién bien
Dirichlet dong nhat u = 0 trén 09.

Mién ) ciia bai toan 1a mot chi tiét may cong
nghiép dugc xuat ti file ‘ForearmLink.stl’
trong Matlab, c6 kich thuéc daixrongxcao la
135%35x61cm.
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Bang 2. Két qud sai s6 RRMS trén cic tam va trén ludi cia bai todn.

Sai s6 RRMS trén cic tam

Sai s6 RRMS trén luéi

Xin
#Xine FEM RBF-FD O RBF-FDI RBF-FDT FEM RBF-FD O RBF-FDI RBF-FDT
816 3,54e-02 3,37e-02 2,98e-02 3,28e-02 7,50e-02 8,12e-02 7,19e-02 1,02e-01
1254 2,39e-02 2,79e-02 2,06e-02 2,36e-02 5,07e-02 6,03e-02 5,16e-02 5,77e-02
2414 1,86e-02 1,90e-02 1,49e-02 2,95e-02 3,66e-02 4,16e-02 3,66e-02 3,96e-02
4423 1,24e-02 1,47e-02 1,14e-02 1,25e-02 2,41e-02 2,80e-02 2,43e-02 2,66e-02
8401 8,69e-03 9,97e-03 7,97e-03 9,67e-03 1,70e-02 1,92e-02 1,73e-02 1,90e-02
16437 6,25e-03 7,89e-03 6,02e-03 6,68e-03 1,16e-02 1,35e-02 1,16e-02 1,21e-02
33030 4,49e-03 6,00e-03 4,25e-03 4,79e-03 7,50e-03 9,06e-03 7,55e-03 8,11e-03
65652 3,40e-03 4,47e-03 2,81e-03 3,76e-03 5,02e-03 6,11e-03 4,63e-03 5,45e-03
Error by FEM and RBF-FD on center
& P ‘ - e -FEM
g RBF-FD O
AN A —8—RBF-FD I
b \"..‘-' g RBF-FD T
S 2l N
w10 J&
S N
":--:..:W
~0
10° 10
number of interior nodes
(a) Mién Q (b) Sai s6 trén tam
| Error by FEM and RBF-FD on grid density of the FEM and RBF-FD system matrix
10307 ‘ - -FEM 5l
RBF-FD O
—&—RBF-FD I N
-<4-RBE-FDT| | T g
5 >13} =
o @
0 & 12}
E © T
102} 17,7 - e -FEM
RBF-FD O
10 —8—RBF-FD I
< RBF-FD T

108

104

number of interior nodes

(c) Sai s6 tréen ludgi

e

10*
number of interior nodes

) Mat do ctia ma tran

Hinh 1. Két qud thi nghiém s6 cia bai todan: (a) Mién Q dugc tao bdi MATLAB PDE Toolboz.
(b)—(c) Do thi sai s6 RRMS trén tam va trén ludi déu cia cic nghiém nhu trong Bdng 2. (d) Mat
do ma tran cing cia FEM va mat do ma tran hé s6 cia RBF-FD O, RBF-FD I, RBF-FD T.
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60 z-contour slices of FEM solution 0 60 z-contour slices of RBF-FD solution 0
40 -200 40 -200
N N
20 -400 20 -400
0. S -600 0. -600
40 =D 40
20 20
-800 -800
0 0 50 100 150 0 150
y « y
(a) Dudng déng miic theo z nghiem FEM (b) Dudng ddong miic theo z nghiem RBF-FD I
y-contour slices of FEM solution y-contour slices of RBF-FD solution
-200 -200
-400 -400
-600 -600
-800 -800
(c) Dudng ddong miic theo y nghiem FEM (d) Dudng ddong miic theo y nghiem RBF-FD I
Contour Plot on Tilted Plane of the FEM solution Contour Plot on Tilted Plane of the RBF-FD solution
, , 0 : ‘
30 30
-200 -200
2,20 ‘ 2,20
-400 -400
10 ’ 10
-600 -600
0 0
0 20 40 60 80 100 120 0 20 40 60 80 100 120
X X
40 Colored Plot on Tilted Plane of the FEM solution " Colored Plot on Tilted Plane of the RBF-FD solution0
200 -200
>20 -400 >20 400
600 -600
0 . - ! 0 R —
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
X X

(e) Dudng ddng mic trong mit phing nghiem FEM (f) Dudng ddng mic trong mit phing nghiem RBF-
FDI

Hinh 2. Do thi duong dong matc theo cic bién cia cdc nghiém: Dudng dong matc nghiém cia FEM
(bén trdi) va duong dong miic nghieém cia RBF-FD I (bén phdi), trén mién roi rac c6 65652 tam &
trong miéen.
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Do bai toan khong c6 nghiém giai tich, nén khi
tinh sai s6 RRMS béng cong thiic (4.1) chiing
toi stt dung nghiém tham chiéu dugc gidi thieu
trong [1] thay cho nghiém u, dong thoi so sanh
gia tri RRMS ctia cac phuong phap trén cac
tam ctia mién rdi rac X C € va trén luéi.

Két qua thit nghiem s6 ciia bai toan dugc biéu
dién trong Bang 2, Hinh 1 va Hinh 2. Cot 2
5 clia Bang 2 va Hinh 1(b) biéu dién sai s6
RRMS trén cac tam trong mien X C Q, ky
hiéu 1a # X, Gng véi cot 1 cha Bang 2. Tw
két qua nay ta thay, sai s6 RRMS ctia RBF-FD
I nhé hon ctia RBF-FD T, nhé hon ciia FEM
va nhé hon tir 1,3 1an dén 1,6 lan sai s6 RRMS
cuia RBF-FD O. Tw Cot 6-9 cia Bang 2 va
Hinh 1(c) ciing cho thay, sai s6 RRMS trén
lu6i deu, véi bude luéi 0,4, dat 1984548 nut
lu6i, cia RBF-FD 1 nhé hon tit 1,1 lan dén
1,3 lan sai s6 RRMS ctia RBF-FD O, nh6 hon
cua FEM va RBF-FD T.

Hon nita Hinh 1(d) cho thiay mat do cia ma
tran hé s6 cia RBF-FD O 1a 16n nhat, xap
xi 16, trong khi mat do ma tran hé sd cia
RBF-FD I xap xi 14, nhé hon mat do ma tran
cung cia FEM, d6 ciing 14 mat do ma tran
hé s6 ciia RBF-FD T. Dic biét, nghiém cta
phuong phap RBF-FD I va nghiém cia FEM
hoan toan gidng nhau khi vé cic duong dong
mic va bang mau gia tri clia cac nghiém FEM,
RBF-FD I trén mién roi rac v6i Xine c6 65652
diém, theo cac bién z,y va trong mit phang &
Hinh 2.

5. Két luan

Két qua thit nghiém s6 cho thiy nghiém cta
phuong phap RBF-FD st dung thuét toan cai
tién giadi phuong trinh Poisson vdi diéu kién
bien Dirichlet trén mién hinh hoc phic tap
trong khong gian 3 chiéu, c¢6 do chinh xac tot
so v6i phuong phap phan ti hitu han ca trén
tam va trén lu6i déu, v6i mat do ma tran he
s6 thap.
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