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VE MOT LOP MA CYCLIC

Nguyén Thi Lan Hwong®", Hoang Phwong Khénh? Nguyén Thi Nhung?
Truong Dai hoc Kinh té va Quan tri kinh doanh — DH Thai Nguyén,
2Truong Dai hoc Cong nghé théng tin va Truyén théng — DH Thdi Nguyén

TOM TAT
Véi s6 nguyén t6 p 1é sao cho p™ = 1 (mod 8),p™ = 5 (mod 8) cau tric va ddi ngau cia cac mi
. . R F m[u] . : . ,
cyclic c6 d6 dai 8p® trén R = puzu hoan toan dugc xac dinh bang céc da thuc sinh cua chiing.

Mi dbi ngu cua tit ca cac cyclic c6 do dai 8p° trén R ciing dugc dua ra. Hon nita, ching t6i dwa
ra sO cac tir M trong mdi trudng hop cia cac ma cyclic nay. Ching t6i ciing thu dugc sé cic ma
cyclic ¢6 do dai 8p® trén R.
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ABSTRACT
For any odd prime p such that p™ = 1 (mod 8),p™ = 5 (inod 8) the structures and duals of
F. omlu
cyclic codes of length 8p° over R = ”uz[ ]are completely determined in term of their generator

polynomials. Dual codes of all cyclic of length 8ps over R are also investigated. Furthermore, we
give the number of codewords in each of those cyclic codes. We also obtain the number of cyclic
codes of length 8p° over R.

Keywords: cyclic codes; dual codes; repeated-root codes; chain rings; local rings.

Received: 25/9/2020; Revised: 03/11/2020; Published: 30/11/2020

* Corresponding author. Email: lanhuong@tueba.edu.vn

http://jst.tnu.edu.vn; Email: jst@tnu.edu.vn 101


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn

Nguyén Thi Lan Huong va Prg  Tap chi KHOA HQOC & CONG NGHE PHTN

225(14): 101 - 105

1. Gidi thiéu

Ly thuyét ma hoa 1a mot trong nhing linh vuc
quan trong cua toan hoc, c6 anh huong dén
rat nhiéu linh vuc khoa hoc - cong ngh¢ va
kinh té - xd hoi. Thoi nay, v6i sy phat trién rat
nhanh cua cong nghé thong tin va mang
internet thi ma hoa théng tin cang dong vai
tro quan trong. Ma hoa la mot phuong phap
bao vé thong tin, bang cach chuyén dbi thong
tin tir dang rd (thong tin c6 thé dé dang doc
hiéu duoc) sang dang mo (thong tin di bi che
di, nén khong thé doc hiéu duoc, dé doc duoc
ta cAn phai giai ma nd). N6 gitp ta c6 thé bao
vé thong tin, dé nhimg ké danh cip thong tin, du
¢6 duoc thong tin clia chung ta, ciing khong thé
hiéu duoc ndi dung ctia n6. Ma hoda s€ mang lai
tinh an toan cao hon cho thong tin, dic biét la
trong thoi dai internet ngay nay, khi ma thong
tin phai di qua nhiéu tram trung chuyén trudc
khi dén duoc dich.

Trong céc loai ma thi 16p ma quan trong nhét
Ia ma cyclic. Nhiéu ma ndi tiéng nhu BCH,
Kerdock, Golay, Reed-Muller, Preparata,
Justesen va ma nhi phan Hamming la ma
cyclic hodc dugc xay dung tr ma cyclic.

Néu do dai n ciia ma chia hét cho dic sb p cua
truong thi ma dugc goi la ma nghiém lap.
Néu d6 dai n ciia ma khong chia hét cho p thi
ma d6 dugc goi la ma nghiém don. Ma
nghiém ldp duoc nghién ctru lan dau tién vao
nam 1967 bai S. D. Berman [1]. Sau d6 nhiéu
nha Toan hoc khac nhu J. L. Massey [2], G.
Falkner [3], R. M. Roth va G. Seroussi [4],...
cling quan tAm nghién ctru vé loai ma nay.

Ma nghiém ldp dugc nghién ciru trong trudong
hop téng quat vao nam 1991 boi G.
Castagnoli [5] va J. H. van Lint [6]. Trong cac
cong trinh [5] va [6] da chi ra ring ma cyclic
nghiém ldp c6 cau triic rang budc nhau. Viéc
tim thém céc tinh chit tha vi khic vé mai
cyclic nghiém lip 1a mot didu kha thi va ciing
chinh 1a dong lyc thac déy cac nha toan hoc
khac nghién ciru nhiéu hon nita vé van dé nay

(7], [8]-

Trong bai bao nay, ching toi xac dinh tat ca
cac ma cyclic ¢c6 do dai 8p“trén & vai $6
nguyén t6 p 1& thoa min p™=
1 (mod 8),p™ =5 Qmod 8). Phan 2 cua bai
bao dua ra mot so kién thirc co s6. Phan 3 dua
ra cu triic cua cac ma cyclic c6 do dai 8p°
trén 7. Trong phﬁq nay, chﬁn’g toi cling xem
cac ma cyclic ty doi ngau. SO cac ma cyclic
c6 do dai 8p’trén 7 cling hoan toan dugc
xac dinh.
2. Kién thirc chuén bi
Mot idgal ‘I cua vanh R duoc goi la ideal
chinh néu ton tai mot phan tir a cia R sao cho
I=aR = {af:r € R}. Mot vanh R goi 1a
ideal chinh néu tat ca cac ideal ciia no 1a ideal
chinh. Mot Véll’lll gi,ao hoan V(’)'i’ don vi duoc
goi 1a vanh chuoi néu tap hop tat ca cac ideal
cua n6 1a mot chuoi sap tha ty theo quan hé
bao ham.
Véi A kha nghich trong R, phép nang 7, trén
R™ dugc dinh nghia nhu sau:
T2 (X0, X1, Xp1) = (AXpoq, X9, -0, Xn—z)-
Mot md C duoc goi 1 A-constacylic néu
7,(C) = (C), nghia la C déng vai phép néng
A - constacylic 7;. Néu A=1, thi C duoc goi la
ma cyclic.
Termic= (Co,Cy---,~Cn—1) dugc twong ung
1-1 véi da thirc biéu dién dang
c(x) = ¢y + c1x+...+cp_x™ L
Tich trong cua vecto x = (...),y = (...) € R
x = (X, X1, Xn-1)y ¥ = o Y,..,¥) €
R™ duoc dinh nghia nhu sau

Xy =xoYotX1y1t... +Xn_1Yn-1.
Mai d6i ngau cua C 1a tap

Ct={x|x-y=0,vy€eC}

M4 C duoc goi 1a tu triec giao néu € € €L, va
C dwoc goi la ti doi ngau néu € = C*.
3. Ma cyclic d¢ dai 8p® trén R
Piu tién, chling ta chi ra cac dic trung cua
vanh chuoi nhu sau.
M¢nh d@é 3.1. Cho R la vanh giao hodn hitu
han. Khi do cdc phat biéu sau la tuwong duong:
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i) R la vanh dia phiong va ideal téi dai M
cua R la vanh chinh, nghia la M = (y) voi
Y €R.

ii) R la vanh ideal chinh dia phuong.

iii)R la vanh chudi c6 cdc ideal dang
(¥'),0 < i <@ véi @ la chi sé luj linh cia y.
Chirng minh:

(i) = (ii): Goi I la mot idéan cua vanh R.

- Néu I =R thi I dugc sinh boi phén tir 1.
-Néu I € Rthil < M. Theo (i) M duoc sinh
bai mot phan tir, ta dat M = (y). Khido I =
(v¥) véi k 1a s6 nguyén duong nao do. Suy ra
R 1a vanh idéan chinh dia phuong.

(if) = (iii) Gia str R la vanh idéan chinh dia
phuong véi idéan téi dai M = (y) va A, B la
hai idéan thuc su cia R. Taco A,B € M. Khi
d6 t6n tai cac sd nguyén k, | sao cho A =
¥*), B = (*) (I, k nho hon chi sb liy linh
cua a). Suy ra A € B hoac B € A. Vay R la
vanh chudi.

(iii) = (i) Gia sir R 1a vanh chudi giao hoan
hitu han, rd rang R 14 vanh dia phuong (vi ton
tai duy nhat mét idéan tbi dai theo quan h¢
bao ham). Pé chi ra rang idéan ti dai cia R
la chinh, ching ta gia s nguoc lai, M dugc
sinh béi nhidu hon mot phan tir va b, ¢ |4 hai
phﬁn tor sinh cua M, voi b khong thude cR
ddng thoi ¢ ciing khong thugc bR. Khi do
(by ¢ (c)va(c) ¢ (b) mau thuin véi gia
thiét R 1a vanh chudi. Vay M 1a idéan chinh.
Tiép theo, chung toi chi ra mét tinh chéat quan
trong cta ma cyclic.

Ménh d@é 3.2. Mét ma tuyén tinh C c6 dg dai
n la cylic trén R khi va chi khi C la mét ideal

, R[x]
cia T
Chtng minh:

biéu kién can:
Gia sir C la mot ma cyclic trén R. Chiang ta

can chang minh € < % 1a mot idéan.
Xét  fGO+ ("—1) € S vack) €

C voi

f(x) =ap + arx + ... + an-1X"1, ¢(X) = co + C1X
+ ..+ epx™

Taco

ao(Co + C1x + ... + Cp-1X™) = apCo + AgCax + ...
+ aoCn-1X"t = agtc(x) € C,

aoX(Co + C1x + ... + Cn-1X™1) = Cpt + Q10X + ...
+a1Cn- X" = ay7c(x) € C,

anaX"(co + cix +
an-17" H(c(x)) € C.
Suy raf(x)c(x) + (x"—1) e C.
Pidu kign du: Gia sit € € -
idean. Chung ta can chiing minh (C) = C.
Xétc(X) =co+Cix+ ... +cn.1X™ eC. Suy ra
7(c(x)) =Cn1 + CoX + ... + Cp2X"?

= X(Co + C1X + ... + Cn- 2X"2 + Cp. 1X™?

+ Cn- an-l) =

la mot

eC

R[x]
(xm-1)’
str¢(X) = Co+ C1x + ... + ¢cn.1X"! e C. Khi do

c(x) =7(17%c(x)).
R[x]

Do c(x) EC < D)

rac(x) € 7(C).

Vay C la ma cyclic trén R.

(do C la moét idéan cua Nguoc lai, gia

nén 1 1c(x) € C, suy

T‘ié'p theo, chung ta dua ra mot sd dic trung
vé ma cyclic c6 do dai 8p® trén R.
Khi  p™ =1 (mod 8),p™ =5 (mmod 8) da
thirc x8P° — 1 dugc phén tich thanh cac da
thirc don bat kha quy nhu sau:
X8 — 1 = (28 — )P’
= (x?" = 1)(x?" + 1)(x?
+1)(x*° +1)
Theo Pinh li Thang du Trung Hoa, ta co:

R[x] _ Rlx] R[x]
(8P — 1) ~ (xP° —1) ~ (xP* + 1)
R[x] R[x]
® (x2P° + 1) ® (x*P° + 1)

Tu déng cAu trén, ta c6 thé xac dinh cAu tric
dai so cha tat ca cac mi cyclic c6 do dai
8p* trén R. Hon nita, s6 cac tir ma cia cac mi
nay ciing dugc dua ra.
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binh ly 3.3. Cho Cla ma cycic c6 do dai Trwong hop 1: p™ = 1 (mod 8). Ta co:
8pS trén R. Khi do ta co: 2

m_, pM-1
NC=C®C,DC;DC,,  v6iC,C, (5 * ) =¢ =1
4

Cs3,Cy lan heot  cdc ideal cua cdc vanh pM-1 pM-1
Rlx]  R[x] R[x] R[x] Suy ra (E 8 ) =¢ =—1
(xP*=1)" (xP*+1)" (x2P°+1) (x4P°+1) pMo1 pMo1
ii) |C| = |C111C,11C5]1C4l. Bty =¢ 5 5a=¢ "+ . Dodé x*+1=
iii) Péi ngau cua C 1a (x —a)(x + a). w
ct=ctociociock Tir y,¥>,¥% v’ 1a phan biét, ta co thé chimg
,.CJ_I‘ Nd,;. x a C Cll‘ Nd;. minhréng:
Vo'l a ma aol ngau cua a ma aoi
i 1= =) -y -y =),
ngau cua C,,C3 la ma doi ngau cua C,, Theo Dinh 1i Thing du Trung Hoa, ta ¢ :
C+ la ma doi ngau ciia Cy,.
Rlx] _  Rlx] @ R[x] @ R[x] @ R[x]
(8 = 1) " {(x + DP°) T+ DP°) T A —y2P) T {(x —yO)P°)
R[x] R[x] R[x] R[x]
@ S @ 3 S @ 5 S 7 Sy\"
(x=pP) " (G —y3)P) “{x—y®)P) “{(x—yP)

Diéu nay cho thiy rang moi ma cyclic do dai 8p° trén R c6 thé duoc biéu dién dudi dang tong truc
tiép cua ma cyclic, ma negacyclic, ma a-constacyclic, ma -a-constacyclic, ma y-constacyclic, ma y3-
constacyclic, y *-constacyclic ma, mé y 7 -constacyclic d6 dai p® trén R. Chiing ta c6 két qué sau.
Dinh Iy 3.4. Néu C la md cyclic ¢é dé dai 8p® trén R thi C ¢6 thé duwoc biéu dién duwdi dang
C=CLPC,DC;DC, D Cs D Cx @ C; @ Cg, trong do €, la ma cyclic, C, la ma cyclic, C5 la
md a-constacyclic ,C, 1a ma -a-constacyclic, Cs 1a ma y -constacyclic, Cq 1a ma y3-constacyclic, C,
la ma y5-constacyclic va Cg 1a ma y 7 -constacyclic ma cé dé dai p° trén R. Hon nita,

IC] = [CL G GSIIC4ICs G611 C7 1 Gl
Ap dung Ménh dé 3.2, chling ta c6 thé tim dugc ciu tric cia ma cyclic do dai 8pStrén R nhu sau.
Pinhly35.ChoC=C, P, DC;DC, D Cs D Ce D C; @ Cg, 1a ma cyclic do dai 8p® trén
R, trong dé C; la ma cyclic, C, la ma negacyclic, C3 la ma a-constacyclic, C, la md -a-
constacyclic, Cs 1a ma y -constacyclic, Cg 1a ma y3-constacyclic, C, 1a ma y>-constacyclic va Cg
1a ma y7-constacyclic ma cé dé dai pS trén R. Khi dé Ci- 1a méa cyclic, C4 1a ma negacyclic,
Cyla ma o-constacyclic, C; la ma-a-constacyclic, Cz la ma y”-constacyclic, C& la ma y>-
constacyclic, C31a ma y3-constacyclic va Cg 1a ma y -constacyclic ma cé do dai p® trén R.
S6 lwong ma cyclic do dai 8p* trén R dugc dua ra trong két qua sau.
Dinh Iy 3.6. S6 lwong ma cyclic ¢é do dai 8pStrén R 1a

s s 8
pS—1 -1
2™+ DE™) zZ —22m—2 (2p™+3)p™) z —-2p°—1 p°-1
@™+ D™ L@+ 3™ LM 7 +2
(™ —1)? pm -1
Truwong hop 2: p™ =5 (mod 8) tuc 1a 4|(p™ — 1) va 8|(p™ — 1).
m_q

14 ‘
Trong trudng hop nay x> +1 = (x —n)(x + 1), trong d6n =& =+ . Vin, —n khong phai 13 s6
chinh phuong nén x2 + 1 va x? — n 1a bat kha quy trén R[x]. Ta cé:

xt+1= (- +n)
Dodo, x8+1=(x—1)(x+1)(x —1n)

(x + ) =) (x? + ).
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Theo Pinh li Thang du Trung Hoa, ta c

Rlx] __  Rlx] R[x] R[x]
or—) = [arnr) @ [amor) @ Gmmr) @
R[x] R[x] R[x]
(Ce+m)P®) © (Gx2-m)P°) © (Gx2+m)P°)

Vay moi mé C cyclic d6 dai 8p° trén R duoc
biéu dién dudi dang
C=C0DCDGDC O Cs® C,
trong d6 C; 1a ma cyclic, C, la m& negacyclic,
C; la ma n -constacyclic, C,la md —n -
constacyclic ¢6 do dai p® trén R, Cs vaCy la
ma n -constacyclic va ma —n -constacyclic cé
d6 dai 2p® trén R. Céc ciu trac dai sb cua tat
ca ma constacyclic co d dai p®va 2p® trén R
dugc nghién ctu trong [9] va [10]. Ching ta
¢ thé xac dinh céu tric dai sb cua tat ca cac
mé cyclic c6 do dai 8p® trén R trong truong
hop nay. Vi s6 luong tir ma trong mdi ma
constacyclic do daipsva 2p° trénR dugc
nghién ctru trong [9] va [10], chiing t6i c6 thé
thu duogc sé lwong tir ma trong mdi ma c6 do
dai 8p“ trén R.
Dinh Iy 3.7. Néu C la md cyclic dé dai 8p° dai
8pStrén R thi C ¢6 thé dwoc biéu dién dudi
dang

C=CLDC,DC;:DC, D Cs D Cg,
trong dé C; la mé cyclic, C, la ma negacyclic,
C; la md& n -constacyclic,C,la ma eta-
constacyclic do dai p® trén 2, Cs va Cg la ma
n -constacyclic va ma —n-constacyclic ¢6 do
dai 2p° trén R. Hon nita, |C|=
|C111C211C511Cal1C5 1 -
Ap dung Ménh dé 3.2, ma d6i ngau cia ma
cyclic c6 do dai 8p® trén R dugc xac dinh
bang dinh Iy sau.
Pinh1y38.ChoC=C,®CACGDC, @
Cs @ Cq,
la ma cyclic ¢6 do dai 8p® trén R, trong do
C; la méa cyclic, C, 1a ma negacyclic, C;3 la
man -constacyclic, C, 1a m& —n -constacyclic
c6 do dai p® trén R,CsvaCg la ma n -
constacyclic va ma —nconstacyclic ¢6 do dai
2p° trén R. Khi dé C{+ la ma tuan hodn, C5
la ma negacyclic, €3, C; la nhing ma n -
constacyclic va ma —n-constacyclic ¢6 do dai

pS trén R, va C&,CF la nhiing ma n -
constacyclic va ma —n -constacyclic c6 do
dai 2p® trén R.

4. Két luan

Bai bio dua ra cu trac ctia mot 16p ma
cyclic. Ma tu doi ngau cling dugc xac dinh.
Hon nira, chiing t6i cling dua ra cong thuc
tinh s6 cac ma cyclic c6 d6 dai 8pStrén R

Khi p™ = 1 (mod 8),p™ =5 (mmod 8).

Lo&i cdm on

Bai bao nay 1 san pham cua d& tai B2019 —
TNA-02.T, tac gia xin dugc cam on sy ho trg
cua Bo Giao duc va Pao tao Viét Nam.
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