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Value distribution theory for holomorphic curves which also known
as Nevanlinna-Cartan theory was originated by the work of H. Cartan
in 1933. Since that time, it had attracted the attention of many
mathematicians and had many important publications and it had many
applications in different areas of mathematics. Recently, J. M.
Anderson and A. Hinkkanen introduced the integrated reduced
counting functions for holomorphic curves and proved an improved
version of second main theorem for holomorphic curves with
integrated reduced counting functions in the complex case. Our idea
here is to consider the Anderson and A. Hinkkanen's result for the
case of holomorphic curves into a linear projective subspace. The
main result in this paper is Main Theorem, which is an improved of
second main theorem for holomorphic curves with reduced counting
functions.
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TU KHOA

Duong cong chinh hinh

Ly thuyét Nevanlinna-Cartan
Dinh 1y co ban thi hai
Khong gian con

Ham dém rat gon

Ly thuyét phan b gia tri cho dwong cong chinh hinh hay con goi
1a ly thuyét Nevanlinna-Cartan khoi ngudn béi céc cong viéc cua H.
Cartan vao nam 1933. Tir 46 dén nay ly thuyét nay da nhan dwoc su
quan tdm cua nhiéu nha toan hoc trén thé gigi va cé nhiéu cong trinh
cong bd quan trong va cé nhiéu ung dung trong cac linh vuc khéc
nhau ciia todn hoc. Gan day J. M. Anderson va A. Hinkkanen gidi
thiéu ham dém rat gon cho dwong cong chinh hinh va chang minh
maot phién ban méi cua dinh 1y co ban thir hai cho duong cong chinh
hinh véi ham dém méi trong truong hop phire. Y tuong caa ching toi
& day 1a xem xét két qua cua Anderson va A. Hinkkanen cho truong
hop duong cong chinh hinh vao mét khéng gian con tuyén tinh xa
anh. Két qua chinh ciia chung toi 13 Main Theorem, dinh ly nay la
mot dang dinh 1y co ban thir hai cho duong cong chinh hinh véi ham
dém mai.
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1. INTRODUCTION

Let f : C — P*(C) be a holomorphic map and let f = (fo:---: f,) be a reduced
representative of f, where fy, ..., f, are entire functions on C without common zeros.
The Nevanlinna-Cartan characteristic function 7(r) is defined by

2

7y(r) = 5 [ log 5o, (1.1)

0
where ||£(=)]| = max{|fo(2)], ., | fu(2)]}-

Let H be a hyperplane in P"(C) and let L be the linear form defining H. Let
ng(r, H) be the number of zeros of Lo f in the disk |z| < r, counting multiplicity, and
n%(r, L) be the number of zeros of Lo f in the disk |z| < r, truncated multiplicity
by a positive integer A. The counting function and truncated counting function are
defined by

Ny(r, H) = / ny(t, H) . O H) 4y (0, HY log (1.2)

0

g - [P

dt +n7(0,H)logr. (1.3)
0

Let X be a k-dimensional linear projective subspace of P"(C),1 < k < n. A

collection of hypersurfaces {Hy,..., H, (¢ > k+ 1)} in P*(C), which are defined by

linear forms L;, 1 < j < g, is said to be in general position with X if for any subset

{io,...,ix} of {1,..., ¢} of cardinality k + 1,
{freX:Lj(x)=0,j=0,...,k} =0. (1.4)

When k = n, we call the collection of hypersurfaces {Hy, ..., H,} in general position.
Nam 1933, in [1], H. Cartan showed the following
Theorem A ([1]). Let f : C — P"(C) be an linearly non-degenerate holomorphic
map, and let {Hy, ..., H,} be a collection of hyperplanes in P"(C) in general position.
Then we have for any € > 0,

q
(q—n—1—¢)T¢(r) < ZN}L(T, H;)+0(1) (1.5)
j=1
for all enough large r > 0, outside a set of Lebesgue finite measure.

In 1983, Nochka (|2]) established a truncated defect relation for a linearly non-
degenerate holomorphic map intersecting hyperplanes. In 2004, M.Ru ([3]) established
a defect relation for algebraically non-degenerate holomorphic map intersecting hy-
persurfaces. The other results of the value distributions theory of for holomorphic
curves with counting functions can be found in [4], [5], [6], [7], [8]- In 2014, J. M.
Anderson and A. Hinkkanen (|9]) improved of Cartan’s result and proved a version
of second main theorem for holomorphic curves with integrated reduced counting
functions in the complex case. Now we introduce this result.
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Let go, . .., g, be are entire functions on C without common zeros and linearly inde-
pendent over C, we denote by W(go, ..., g,) the Wronskian determinant of go, ..., g,
and denote by L(go, . . ., gp) the set of all of non-trivial linear combinations of g, . . ., g,.

Let X be a k-dimensional linear projective subspace of P*(C),1 < k < n, and let
f=o:-: fun): C— X be a linear non-degenerate holomorphic map, where
fo,..., fn have no common zeros. Then there are k + 1 functions f, ..., fs,, which
are linearly independent, and f; can be written as a linear form of fy,..., f,, for
any s ¢ {so,...,sr}. We denote Wy =W (f,, ..., fs,) the Wronskian determinant of
fsos -+ fs- And it is easy to check from definition L(fo, ..., fn) = L(fsos- -+ fs)-

For any 2z € C, from Lemma 1, we have the possible orders of the zeros of the

functions in L(f,, ..., fs,) form the sequence

{0=dp(2) < di(z) < - < dp(2)}. (1.6)
The integer numbers dy(2), dq(2), . .., dk(2) are said to be the characteristic exponents
of fe,---y fs, at z. Since L(fo,..., fn) = L(fsys---, fs.), the possible orders of the
zeros of the functions in L(fo, ..., f,) also form the sequence dy(z),d1(z),...,dx(2),
which also are said to be the characteristic exponents of fy,..., f, at z. From Lemma
2, this characteristic exponents does not depend on the choice of fs,,...,fs, €

{fo,..., fn} as long as fs,,..., fs, are linearly independent.

Now let H be hyperplane in P"(C), which is defined by a linear form L, obviously
L(f) € L(fo,---sfn) = L(fsgs---, [s,). So for any z € C, there is an integer number
j € {0,1,...,k} such that d;(z) is the order of L(f) at z, here do(2),...,dx(2)
are the characteristic exponents of fo,..., f, at zo. We say v(H,z) = j the reduced
multiplicity of zero of L(f) at z and e(H, z) = d;(z) — j is the excess of L(f) at z. It
is easy to see that

v(H,z) < min{d;(2), k}, (1.7)

and ¢(H,z) > 0, e(H, z) = 0 when Wy(z) # 0 from Lemma 1.
We denote the new non-integrated counting function of zeros of L(f) by

vp(r,H) =Y v(H,z2). (1.8)
|z|<r
The integrated reduced counting function of f is defined by
[ vp(t H) — vp(0, H
Nf(r,H):/Vf(’ ) tyf<0’ >dt+1/f((),H)logr. (1.9)
0

Now let H = {H,,...,H,} be a collection of ¢ > k + 1 hyperplanes in P"(C) and
let L; is the linear form defining H; for j = 1,2,...,q. We set

Li(f)La(f) - - - Lo(f)
Wy '

H = (1.10)
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And for any 2z € C, we set
q
V(H,z) = ordy, () — Y _e(Hj, 2), (1.11)
j=1
here ordy, (z) is order of Wy at z. Tt is easy to see that if W, has a zero of order
m > 1 at z € C, then V(#,z) > 0 by Lemma 3 and if Wy(z) # 0 then V(#,z) =0
by Lemma 2.
For r > 0, we set Vy(r,H) = >_, ., V(H, 2) and call

Up(r, 1) = / Vit H) ; ViOH) gy V4(0,H) log 7 (1.12)

the counting function of the unrealized excesses for H.
In the case of £ = n, nim 2014, J. M. Anderson and A. Hinkkanen showed
Theorem B (|9]). Let f: C — P*(C) be a linearly non-degenerate holomorphic
curve, and let H = {Hy,...,H,} be a collection of ¢ = n+ 1 hyperplanes in P"(C)
in general position. Then we have

(q—n—1)T(r) ZNfrH —Up(r,H) — N(r,H)

+O(log7‘) + O(log T (f)), (1.13)

as r — 0o outside a set of finite linear measure.

In this paper, we will prove an improved version of Theorem B in the case of f is
holomorphic curve into a linear projective subspace of P"(C). Our result is stated as
follows:

Main Theorem. Let X be a k-dimension linear projective subspace of P"(C) and
let f: C— X be a linearly non-degenerate holomorphic map. Let H = {Hy,..., H,}
be a collection of ¢ = k + 1 hyperplanes in P"(C) in general position with X. Then
we have

(q—Fk —1)Ty(r ZNf r, H) — U (r,H) — N(r, H)

+ O(log r) 4+ O(log T¢(r)), (1.14)

as r — oo outside a set of finite linear measure.

Note that, when X = P"(C) then k = n, f : C — P"(C) is a linearly non-degenerate
holomorphic map and hyperplanes H;, j =1,...,q are in general position in P"(C).
Hence Theorem B is a special case of Main Theorem when k& = n.

2. SOME PREPARATIONS

Let fo,..., fp are entire functions on C without common zeros and linearly inde-
pendent over C. Set W = W (fo, ..., f,) is wronskian of the functions fy,..., f,. And
let L(fo, ..., f,) be the set of all of non-trivial linear combinations of fo, ..., f,. In 9],
Anderson and Hinkkanen showed a relationship between the wronskian of fy,..., f,
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and the possible orders of zeros of functions in L(fy,..., f,) in the complex case as
followings:

Lemma 1 ([9]). For zy € C, the possible orders of zeros of functions in L(fo, ..., fp)
at zo form the sequence {dy(20),d1(20), - .., dp(20)} such that

i) If W(zo) # 0 then do(zo) =0 < di(20) < -+ < dp(20) = p;

i) If W(zo) = 0 then do(20) =0 < di(20) < -+ < d,(20) depend on zy, furthermore
the order of the zero of W at zy is equal to

p

1
Zdj_p(p+ )
, 2
J=1

Lemma 2. Let X be a k-dimension linear projective subspace of P*(C) and let
f=Uo::fu): C— X be a linearly non-degenerate holomorphic map. Assume
that fsy, ..., fs, and fi,..., ft, are two subset of {fo,..., fn}, which are linearly
independent. Let dy(z),dy(z),...,dx(2) are characteristic exponents of the functions
fsos-- s fsp at z and to(2),t1(2), ..., tx(2) are characteristic exponents of the functions
ftos - Jro at z. Then we have

W (fsgs--os [sr) = CW(frgs--s frr),

where C is a non-zero constant, and

[do(2), dr(2), ..., dx(2)} = {to(2), 11 (2), ..., tu(2)}.

Proof. Since f is a linearly non-degenerate holomorphic map, we have the functions

fs can be written as a linear form of fy,,..., fs, for any s ¢ {so,...,sx} and the
functions f; can be written as a linear form of fi,..., fi, for any s ¢ {to,...,tx}.
Obviously

‘C(fsoa cee 7fsk) = E(fO? .- 7fn) = 'C(ftoa cee 7.ftk>-

This implies that from properties of Wronskian

W (fsos--s fs) = CW (frgs-o s fro)s
here C'is a non-zero constant.
Now we prove t;(z9) € {do(2),d1(2),...,dx(2)} for any 7 € {0,...,k}. Indeed
since t;(z) is characteristic exponent the functions f, ..., fi, at 2o, there is a g(z) €
L(ftys-- -, ft,) such that

ordy(z) = t;(2).
Since

L(fsos- - Js) = Lftor -5 fu),
we have ¢(z) € L(fsy,---, fs.), 50 ordy(2) € {do(z),d1(2),...,dr(z)}. This implies
that t;(2) € {do(2),d1(2),...,dk(2)}.
Similarly, we have d;(z) € {to(2),t1(2),...,tx(2)} for any j € {0,...,k}. This
implies that {do(2),d1(2),...,dx(2)} = {to(2),t1(2), ..., tk(2)}. O
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Lemma 3 ([9]). Let f = (fo,.-.,fp) : C — PP(C) be a linearly non-degenerate
holomorphic map and let H = {H,, ..., H,} be a collection of ¢ > p + 1 hyperplanes
in PP(C) in general position. Assuming that the Wronskian of fo, ..., f, has a zero of
order m > 1 at zy € C, then

Z€<Hj720> <m.

J=1

3. PROOF OF MAIN THEOREM

Let (fo : --- : fn) be a reduced representative of f, where fo,..., f, are entire
functions have no common zeros. Since f is a linear non-degenerate holomorphic map
into a k—dimension linear projective subspace, there are (k+1) functions f,,. .., fs,,
which are linearly independent, and f;, s ¢ {so,..., Sk}, can be written as a linear
form of fs,,..., fs,-

Without loss of generality, we may assume (by rearranging the indices {0,...,n})
that fo,..., fr are linearly independent, and

k
fszzbs,ifi> s=k+1,...,n.
i=0

Set f* = (fo: -+ : fr): C — P¥C), so we have f* is a linear non-degenerate
holomorphic map on P¥(C). And set

Wf - W(f(], .. 7fk)

Now let L;, j =1,...,q, be the linear forms in Clzy,...,z,] defining L;. For any
7=1,...,q, we set

k k
Lj = Lj(Z(), e ,Zk) = Lj (Z(), ceey Ry bk+1,izi, ey bnvizi) .
1=0 1=0

Then L7 is a linear form in Clzo, ..., 2]. Let H; be the hyperplane in P*(C) which
is defined by the linear form L7 for j = 1,...,¢. Next we show that the hyper-
planes HY, j = 1,...,q, are in general position with P¥(C). Assume for the sake
contradiction that there are (k + 1) hyperplanes H; ,..., H} € {H{,..., H}} and
a* = (ag,...,a;) € P*(C) such that

L;‘O(a*) =...= L;‘k (a*) =0.

Set

k k
a— <a0, vy Qg Z bk+17iai, ce Z bn,iai>,
=0 =0
then a € X and
Li(a) = -+ = L; (a) = 0.

This is a contradiction with the assumption “in general position with X” of hyper-
planes H;, 7 =1,...,q.
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Set
Li(f)L5(f) - - LZ(f)‘

Wy
Applying Theorem B to the linearly non-degenerate holomorphic map f* : C — P*(C)

H*(z) =

and collection of hyperplanes H* = {H}, j=1,...,q} we have
(g—k— )Ty (r ZNf* (r, H}) — Up-(r, H") (3.1)

- N(r, H*)+ O(logr) + O(log Ty (1))

where inequality (3.1) holds for all large positive real number r.
We now estimate both sides of the above inequality. For z € C and for any s =
k+1,...,n we have

k k k
|fs(z)| = |st,ifi Z| szfz Z| SZ| |fz
=0 =0 =0

< max{|fo(z)] - .-, !fk(Z)!}-Z [bsil = cs. max{[fo(2)], - .., [fu(2)[}-

where ¢, is a positive constant, depends only on the by; and not on z and f*. Set
¢ =max{l,Cxi1,---,Cn},
then we have, for any z € C,

[fs()] < c.cmax{[fo(2)],.. -, [fu(2)|} for any s = (k +1),...,n

Hence

IF (I = max{|fo(2)],-. ., [fo(2)[} < cmax{[fo(2)],- ., [fu(2)[} = cll (2],

where c is a positive constant, depends only on the bs; and not on z and f*. This
implies
2

1

27
7y(r) = 5= [ Yogftre")db < o [1og (e 0 + O(1)
0

27
0

=T (r) 4+ O(1).
Obviously T'y«(r) < Ty(r), so we have
Tpe(r) =Ty(r) + O(1). (3.2)
For any z € C, let dy(z),...,dx(2) are the characteristic exponents of fy, ..., f, at

z, of course it is also a characteristic exponents of fy, ..., fr at z9 by definition. For
any j € {1,...,q}, by the construction of f* and linear form L, we have

Ljo f(z) = Lj o f*(2).
So ordy,(y)(2) = ordrs(s+)(2), this implies that
v(Hj,2z) =v(H}, z)
e(Hj, z) = e(Hj, 2).
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Since (3.3) we have
Nf(?”, Hj) :Nf*(r, H]*) (35)

for any j = 1,...,¢. Furthemore, since Wy = W(fo, ..., fx) so from (3.4) we have
V(H, z) = V(H*, z) for any 2 € C. This implies that

Up(r, Hy) = Uy (r, H7) (36)
Combining (3.1), (3.2), (3.5), (3.6) we have the conclusion of the theorem.

4. CONCLUSION

In this paper, we have stated and proved a new result about second main theo-
rem for holomorphic curves from C into a linear projective subspace for the reduced
counting function intersecting hyperplanes in general position with respect to sub-
space. Obviously reduced counting functions is less than truncated counting functions
by k which is dimension of subspace, so we can replace the reduced counting functions
by truncated counting functions by k& on the right. Hence our theorem can be used
to prove of the unique problem for holomorphic curves.

REFERENCES

[1] H. CARTAN, Sur les zeros des combinaisions linearires de p fonctions holomorpes donnees, Math-
ematica (Cluj). 7, 80-103, 1933.

[2] E.I. NocHKA, On the theory of meromorphic curves, Dokl. Akad. Nauk SSSR. 269, No 3,
547-552, 1983.

[3] M. Ru, A defect relation for holomorphic curves intersecting hypersurfaces Amer. Journal of
Math. 126, 215-226, 2004.

[4] G G. GUNDERSEN AND W. K. HaymaN, The Strength of Cartan’s Version of Nevanlinna
theory, Bull. London Math. Soc. 36, p433-454 (2004).

[5] H. T. PHuoNG, L. Q. NINH AND P. INTHAVICHIT, On the Nevanlinna-Cartan Second main
theorem for non-Archimedean holomorphic curves, p-Adic Numbers, Ultrametric Analysis and
App. Vol. 11, pages 299-306, 2019.

[6] H. T. PHUONG AND M. V. Tu, On defect and truncated defect relations for holomorphic curves
into linear subspaces, East-West J. of Mathematics Vol. 9, No 1, pp. 39-36, 2007.

[7] P. VoiTa,On Cartan’s theorem and Cartan’s conjecture, American Journal of Mathematics 119,
1-17 1997.

[8] Q-M. YAN AND Z.H. CHEN, Weak Cartan-type Second Main Theorem for Holomorphic Curves,
to appear in Acta Mathematica Sinica.

[9] J. M. ANDERSON AND A. HINKKANEN, A new counting function for the zeros of holomorphic
curves, Analysis and Mathematical Physics, Vol. 4, Issu. 1-2, pp 35-62 (2014).

http://jst.tnu.edu.vn 137 Email: jst@tnu.edu.vn



	trang_1.pdf
	Phuong_ngan_2022_TNJ_cuoi.pdf

