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This article aims to present two important and nice properties for the
stability of the continuous block backward difference formula used to
solve the initial value problems for ordinary differential equations.
These results are extensions (to the step k = 2) of the observations
stated for the simple cases of the step k < 6 which was given by the
author (Dinh Van Tiep, Pham Thi Thu Hang, 2020). These extensions
are the useful junctions which enable the proof for the results in that
paper to be correct for the general case of the step k. Besides, these
extensions also provide very nice properties for a class of symmetric
polynomials established as a byproduct of the continuous block
backward difference formula. These properties are not obvious and
not easy to prove. The basis used to prove the results in this article is
from the foundation of linear algebra. This basis is even simple, but it
gives very nice proof.
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Phuong phap sai phéan Ui
Phuong phép da budc dang khdi
Phuong trinh vi phan thuong
Bac 6n dinh caa phuong phap
Dic trung cua tinh 6n dinh

Bai b4o nay trinh bay hai két qua quan trong vé tinh 6n dinh cho ho
cac phuong phap sai phan lui dang khéi lién tuc dé giai bai toan xap
xi nghiém phuong trinh vi phan thuong véi diéu kién ban dau. Pay la
nhitng ma rong (vé6i s6 bude k > 2) céc khang dinh da timg duge dé
cap boi cung tac gia (Pinh Van Tiép, Pham Thi Thu Hang, 2020) véi
s6 budc k < 6. Ngoai tao ra cau ndi gitra cac két qua mo rong nay
V6i céc két qua & bai bao do, cac mé rong nay dwa cac chung minh &
bai bao do diing cho truong hop tong quat cua k. Bén canh do, sy mo
rong nay tao ra nhirng két qua thi vi vé tinh chat mot 16p cac da thic
dic biét dugc xay dung ma viéc ching minh tryuc tiép céc tinh chat
cua chung la khong don gian.
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1. Gioi thigu
Ta xem xét phuong trinh vi phan thuong véi diéu kién ban dau:
y =fty)ast<by(a)=a ) (1)
Phuong phép giai tich so bang ho cac cong thuc sai phan Ui (BDF) dang khai lién tuc dugc
trinh bay trong cac bai bao [1]-[3]. Ho cac phuong phép nay the hién tinh hiéu qua vuot troi ddc
biét trong viéc xap xi nghiém cho I6p cac bai toan stiff [4]-[6]. Tuy nhién, cac nghién ctu nay chi
dua ra cac nhan dinh cho truong hop k <6 hOéC khong cc’)’chl’rng minh cu thé cac két qua sé
duogc dé cap sau day. Cong thirc BDF dang khoi lién tuc véi s6 budc k = 2 dugce dua ra trong [2],
[3] 1a:
A(l)Yn+1 = A(O)Yn + hB(l)Fn+1' 2)
Voi:
Ynie1 = Ont1 Ynszs ---:yn+k)T' Yn = OUn-kt1 Ynrko ---'Yn)Tr
Fn+1 = (fn+1;fn+2' ---'fn+k)T;yj = Y(tj)rfj =~ f (tj' y(tj)) ) Vj = 1'2' R

AW, A® B 13 c4c ma tran cip k x k. O day, phuong phap BDF cho bai cong thuc:

k-1
hfuvi = Z a;jyn+j + hbifprp, Vi=1,.. k-1,
—
S 3)
Yn+k = Z AjYn+j + hby frsk
j=0
—a11 —Q12 —Q1 k-1 0
’ 0 0 a
—azq —dzz —dz k-1 0 : ;e
AQD = : : - : : | 40 = a, =1
) : ak—lo ) )
—Qg-11 —Qkg-12 ° —Qg-1k-1 0O
0o - 0 ag
- —az —Qg—1 1
—1 0 M 0 bl
0 -1 - : b,
B® =] : o -~ 0 i |
O E .'. _1 bk—l
0 o - 0 by,

Trong bai béo [1], [2], c4c tac gia da dwa ra nhan xét bac 6n dinh r > 0 véi tiing gia tri cua
budc k = 2, ...,6 dua vao quan sat cho cac phuong phap nay. Tu d6 suy ra:

k—1
Z ajl = O,V] = 1, ,k — 1,
1=0 o1 (4),Vk = 2,...,6.

Clj =1.
j=0
Ngoai ra, trong bai bao do, cac 1ap luan vé su kha nghich cia ma tran A® dugc dua ra tir
nhitng quan sat cho truong hop budc k = 2, ... 6. Noi dung chinh caa bai bao nay la sé dua ra cac
chang minh cho hai 1ap luan nay vai gid tri k > 2 téng quét va dang phét biéu caa hai 1ap luan
nay ciing tong quat hon, thay vi xét k + 1 diém ludi véi khoang chia cach déu h 1a t,, t, +
Rty + 2h, ..., t, + kh, ta di xét bo k + 1 diém ludi tong quat: to, ty, ..., t.

1.1. Xy dung hé sé ciia phwong phdp dang ma trgn

Gia sir nghiém dung cua (1) duoc biéu dién thanh:
y(t) = ¢y + 1t + cpt%+... +ci tk.
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Dé thu dugc (3) ta can tinh gia tri cia y(t) tai cac diém ludi ty, ty, ..., t_q Va y'(t) tai t;, roi
dong nhat cac két qua twong ang VoI Y, Vna1s - » Ynak—1 V& frak- Sau do thu dugc:
k-1

YO = D 1, Onej + BOfure ©
j=0
Tu nghiém nhan dugc ¢ (5), thuc hién tinh gia tri y'(t) tai t, t,, ..., ty—1 Va y(t) tai t; ta thu
duoc (3). 7 o
Qua trinh nay cé thé duoc biéu dién dudi dang ma tran nhu sau:

1t t§ DO 7 (T Vi,
Co 1 t; t12 tf Yn+1 Yn+1
[:]= R : Eol=4l F )
Ck 1 tyoq thg - g |[Yntr—1 Yn+k-1
0 1 2ty .. kt’kf—l fotk fotk
k-1
farn o1 ki
Fraz 2 kts [C'o‘ [C_o
= o : =B 1.
|fri-1 0 1 2ty_q .. Fktkz} [lek Cie
Ytk 1t tf .t

Khi do, ta thiy rang, A € M(k + 1), B € M(k, k + 1) va néu cac diém ludi to, ty, ..., tg_1, ti
c6 cac diém chia cach déu vai budce chia h thi cac hé s6 ¢ (3) duoc cho béi dang thire:

a10 a;; aq k-1 hb,

1 1| %20 Az azr-1  hb;

EC == : : : : =BA ' e M(k, k +1). (6)
Ag-10 Qk-11 °° QAg—1k-1 hbr_q
Qo a Ar—q hbk

1.2. Dgng ma trd@n ciia cac két lugn can chiing minh

Déi véi két luan rang ma tran A 13 kha nghich, tir phan tich (6) ta thiy rang né 1a du dé két
luan nay ding néu ma tran vudng con gém k cot dau tién ciia ma tran tich BA~* kha nghich, tic
hang cua ma tran BA™! bang k.

Déi voi két luan (4), ta can chang minh rang, tong k cot dau tién caa ma tran BA™! bing
vécto co so chinh tic e, = (0,0, ...,0,1)7 € R¥. Thuc té, trong bai b4o nay ta s& chirng minh mot
két qua manh hon thé hién dic tinh cia ma tran A~%, ma tran nghich dao cua 4, d6 1a tong k
vécto cot dau tién cua A~ bang vécto co so chinh tic &, = (0,0, ...,0,1) € R¥*1,

2. Tinh kha nghich ciaa ma tran AW

Ma tran vudng cap k

—ag —Q1p —a1 k-1 0
—dzq —Azy —Aaz k-1 0
AW = : : . : !
—Qg_11 —Qg-12 *° —Ag_1p-1 O
—a —az —Qy—1 1

thu dugc & (3), 1a kha nghich néu hang bang k, rank(A®) = k. Diéu nay duoc théa man
néu trong (6) ta c6 rank(BA™1) = k. Két qua nay dugc ching minh trong Dinh 1y 1 dudi day.
Trudc hét ta xét hai bd dé sau.

B6 dé 1. Cho hai ma tran P € M(r, p), Q € M(p). Khi d6, néu Q kha nghich thi rank(P) =
rank(PQ).
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Ching minh. Gia sir {e;, ez, ...,e,} 1a co s¢ chinh tic cua RP. Vi Q kha nghich nén
{Qey,Qey, ..., Qep} 1ap thanh mot co so ctia RP. Do do:
rank(P) = dim(Im(P)) = dim (Spann({Pel,Pez, ...,Pep}))
= dim (Spann({PQel,PQez, ...,Per})) = dim(Im(PQ)) = rank(PQ),

Trong do, Im(.), Spann(.) la cac ky hi¢u cua khong gian anh ctia ma tran va bao tuyén tinh
cua tap vécto tuong tng. Chang han,

p
Im(P) = {Px|x € RP},Spann({Pey, Pey, ..., Pe,}) = {Z Aje;
2 x j=1
Bo dé 2. Xét hai ma tran A, B cho bai:

A Az, e Ay € IR}.

1ty té .tk 0 1 2t N
1 ¢ t? t{‘l \ 0 1 2t o kthl

A= + ¢ : LB=| i :
1 tyq t2q . thy 0 1 2tpq .. ktil

l o 1 2t .. kel 1t 2 ..tk

Khi d6, ma tran A 1a kha nghich va hang caa ma tran B bang k, véi moi bo diém lu6i d6i mot
phan biét ty, ty, ..., ty VA to, ty, ..., ti—; déu khac khong.

Chitng minh. Xét ma tran vuéng con A, cap k cia A gébm k hang dau tién (tir trén xudng) va k
cot cudi cuing (tur tréai qua phai),

2 k
ty t2 .tk
A=| @ wtf
H .2 .
| ¢, ti_, .. t,’§_1J
théa mén
det(4,) = toty ... ty_; det(Vandermonde(ty, ..., txy—1)) = toty - tg—1 l_[ (ti—t;) #0.

s 0<j<isk—-1
O day, Vandermonde(ty, ..., ty—1) la ma tran Vandermonde véi hang thir j dugc tao thanh tir

céc don thuc t/_,Vi = 0, ...,k — 1 sdp xép theo thi ty tang dan cua i.
Xét ma tran vudng con B, cap k — 1 cua B gom k — 1 hang dau tién (tir trén xuéng) va k — 1

cot (trai qua phai) tir cot tha 2 dén cot thu k,

1 2t (k — D)tk2 1 t t*"2111 o 0
B, = 1 Z.tz v (k —'1)15]2(_2 _ 1 oo tg-z [0 2 0
1 2tpy o (k—1)tk? 1 tgqg .. tf22 |10 0 k-1
1 0 0
— 0 2 o
= Vandermonde(ty, t, .., tg—1) | . T . 0
0 .. 0 k-1
det(B,) = (k — 1)! 1_[ (t;—t)) #0.
1sj<isk-1
Do d6, rank(B,) = k — 1,rank(B) = k. m|

Pinh ly 1. Hang cua ma tran tich BA=* bang k.
Chitng minh. Vi A kha nghich, nén A~ ton tai va kha nghich, theo B6 dé 1 va B6 d& 2 ta c6
rank(BA™Y) = rank(B) = k. O
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RO rang, két qua A kha nghich 1a rat y nghia. N6 cho phép ta c6 thé chuyén d6i phuong
trinh (2) vé dang lip nhu di trinh bay trong cong thuc (4) caa [1]. Cong thuc nay cho phép
chang ta xay dung thuat toan, trinh thyc thi va chiing minh sy hoi tu cua phuong phap BDF dang
khéi lién tuc.

Trong Bo dé 2, chung ta dit ra diéu Kién rang cac diém ludi to, tq, ..., ty—; déu khac khong.
Nhung diéu kién nay thuc su khong quéa quan trong, bang cac phuong phap don budc, ta hoan
toan c6 thé thay thé k gié tri xap xi ban dau bang k gia tri khac ma khéng chira ludi gom cd mot
diém ludi 1a 0. Sau d6, viéc sinh ra ma tran A s& théa man diéu kién cua B6 dé 2. Do do, trong
suét bai béo nay, ta ludn co thé gia sir A~ ton tai.

3. Bac 6n dinh ciia phwong phap BDF dang khéi lién tuc véi s6 buéc k > 2

Phan nay trinh bay chimg minh cac dang thiic (4) cho truong hgp budc s6 budc k tong quét.
bicu nay cho thay cac phuong phap BDF dang khoi lién tuc véi k > 2 déu co bac on dinh r > 0.

3.1. Dgng ma trgn cua (4)

Tir dang thuc (6), ta thay ring (4) trong duong véi dang thuc:
k-1
2 BA;' = e, = (0,..,0,1)T € R, (7
j=0
Vi e = (0, ...,0,1)T 12 vécto co s¢ chinh tic thir k cia R, va A7! € R¥*1 14 vécto cot thu
j+1(0<j<k)ciamatran A~1. Gia su:

Qoo (o1 -+ Qok
a a P 4
A—l = [Aal'Azl’ ---,AEl] — }0 ::ll . :lk .
Ao Ak1 - Ak
Gidasu Ajlavéctocotthirj +1 (0 <j < k)ciamatran 4, taco A = [Ay, Ay, ..., Ax] va
AAT = 25,1 = (0,..,0,1,0,..,00" € R**1,vj =0,..,k, (8)

VGi vécto cot 8,4 la vécto thir j + 1 trong co so chinh tic cua R¥*! ma chi c6 mot thanh
phan khac khéng 1a 1 & vi tri tha j + 1.
3.2. Bdc én dinh dwong ciia cdc phwong phdp BDF k bwéc dang khoi lién tuc

Két qua chinh duoc trinh bay trong Dinh 1y 2. Trudc hét, ta c6 két qua sau:

B dé 3. VV6i cac vécto cot xac dinh A~ ¢ (8) thi X¥Z2 A7 =&, = (1,0, ...,0)7 € R¥*1,

j=0 4
Chung minh. Vgimoi j =0, ...,k — 1, tu (8) ta co:
k-1

Z ajjA; = €j4q.

i=0
Do d6, X0 (2K aijA;) = z]-gé,ﬂ =(1,1,..,1,0)T = 4, € R¥*1, Tir d6 ta duoc:
k-1

k-1
z a;—1 |4, + z Z a; |4i=0=(0,..00T eRFL. (9)

T Bo de 2, vi A kha ngh;ch, Cac vector cot ciia A doc 1ap tuyén tinh. Piéu nay lam cho ding
thic (9) kéo theo:

k-1 _
a;j = 1,2 a;j=0,vi=12, .., k—1.

M

=0

TaclAYf A" =2y, O

~.

http://jst.tnu.edu.vn 320 Email: jst@tnu.edu.vn


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn

TNU Journal of Science and Technology 226(11): 316 - 322

Pinh 1y 2. Cac phuong phap BDF k budc dang khi lién tuc (3) voi moi k = 2 déu c6 bac
r = 0 thoa man dieu kién (4). o
Chizng minh. Ta chi can chitng minh (7) 1a du. That vay, tir Bo dé 3, ta ¢6:

k-1 k-1
Z BATL =B ZAJ-_l = B#; = e, = (0,..,0,1)T € R¥.
j=0 j=0

Diéu nay c6 duoc tir thyc té rang cot vécto dau tién ciia ma tran B chinh 12 ey,. O
3.3. Céc hé qud vé mt dai so
Phan nay, ta s& trinh bay céc két qua vé 16p cac da thirc véi hé s6 ddi xtng thu dugc tir chirng
minh cua Binh ly 2. Lép céac da thic bac k nay la:
1?j(x) =qp; + aljx+...+aijk,Vj =0,...,k, (10)
thoa man cac dieu kién, véimoi j =0, ...,k — 1,
Pi(t) =0,Vs = 0,....k — 1,5 # J.

P(t) =1, an
P (ty) = 0.

P (t;) =0,vs=0,..,k—1,

{ Pe(ty) = 1. (2

Két qua sau day cho ta cach biéu dién dang tudng minh caa ho cac da thac nay.

Pinh ly 3. Cac da thic cho boi dieu kién (11) va (12) la:

k—1 (x _Z.IS{ (}Hkl 0, (tk_t)

i 0, i:tj i#s,i#]
O;)(x—t;)+1[,0, = )

H(x t)

A i (i — )

Pi(x) = Vji=0,., k-1

P(x) =

Dinh ly sau & hé qua thu dwogc tir Binh ly 2. Két qua nay cho ching ta nhitng tinh chit dep
cua cac da thic (11).
Pinh ly 4. Cac da thac (10) thoa mén:
k-1 k—

Z Pi(ty) = 1,2 Pi(t) =0,vs=1,.., k=1,

Jj= Jj= .
Chizng minh. Tir dinh nghia (10) cta cac da thirc P; ta co, véi moi j = 0, ..., k — 1, thanh phan
thir s cua vécto cot BA]-‘1 la Pj’(ts), Vs =1,..,k—1,vathanh phan th k cua vécto cot BA]-‘1 la
P;(ty). Do d6, theo Dinh Iy 2, $423 P/ (t5) = 0 la thanh phan thir s (s = 0, ..., k — 1) cua vécto cot
Y¥Zo BA; T vaYkZg Pi(ty) = 1 lathanh phan thi k cia vécto Y525 BA; ™. |
4. Két luan
Bai bdo da trinh bay chung minh chdt ché cho truong hop k budc tong quat cua ho cac
phuong phap BDF dang khoi lién tuc. Cac ket qua quan trong nay lam co s ly thuyet tong quan
cho cac phuong phap. bong thoi cac ket qua thu duoc ¢ [1] nho d6 c6 thé mo rong cho truong

hop k > 2 tong quét, lam cho cac phuong phap nay cang thé hién rd rang tinh wu viét. Ngoai ra,
cac két qua nay 1a co s& cho nhitng sy cai tién tiép theo c6 thé duoc phat minh trong tuong lai.
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Loi cam on

Dé tai nhan duoc tai tro kinh phi tur truong Dai hoc Ky thuat Cong Nghiép - bai hoc Théi
Nguyén. Chdng t6i xin chén thanh cam on sy ho trg dang quy nay.
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