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In semiring theory, rank of matrices and its characteristic properties
have played an important role in the semirings structure analysis and
have achieved many interesting results on the class of commutative
semirings, including Gondran-Minoux rank and Gondran-Minoux
enveloping rank of matrices. These rank functions have been
considered on the class of entire zerosumfree semirings such as max-
plus semiring, extensions of the max-plus semiring, quasi-selective
semiring without zero divisors, etc. However, there are not many
research results about Gondran-Minoux enveloping rank of matrices
over general semirings now. In this paper, we review definitions which
relate to Gondran-Minoux enveloping rank of matrices, considering
several characteristic inequalities of Gondran-Minoux enveloping
column rank of matrices on class of commutative semirings, comparing
with factor rank of matrices, indicating the necessary and sufficient
conditions for Gondran-Minoux enveloping column rank and factor
rank of all matrices to coincide, indicate several cases of Gondran-
Minoux enveloping column rank and Gondran-Minoux enveloping row
rank equals.
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Trong ly thuyet nira vanh, hang cia ma tran va céc tinh chat dac trung
ctia n6 da dong vai trd quan trong trong phan tich cu trac nira vanh va
da dat duoc nhidu két qua tha vi trén 16p cac nira vanh giao hoén, trong
d6, c6 hang Gondran-Minoux va hang phu Gondran-Minoux cta ma
tran. Cac ham hang nay da dugc xem xét trén 16p cac nira vanh phi kha
dbi nguyén nhu: nira vanh max-plus, cdc md rong cia nira vanh max-
plus, nira vanh tya lya chon khong c6 wdc cua khong,... Tuy nhién,
hién van chua c6 nhidu két qua nghién ctru vé hang phi Gondran-
Minoux cta ma tran trén nira vanh tong quat. Trong bai bao nay, ching
t6i nhic lai cac dinh nghia lién quan dén hang phu Gondran-Minoux
ctia ma tran, xem xét mot sé bat dang thuce dic trung cua hang cot phu
Gondran-Minoux cta ma tran trén 16p nira vanh giao hoan, so sanh né
VGi hang nhan tr cia ma tran, chi ra didu kién can va da dé hang cot
phu Gondran-Minoux va hang nhéan tir cia moi ma tran trung nhau, chi
ra vai truong hop hang cét phi Godran-Minoux va hang dong phu
Gondran-Minoux bang nhau.
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1. Giéi thigu

Trong ly thuyét nira vanh [1], hang cia ma tran va cac tinh toan ma tran trén nira vanh duoc
nhiéu nha khoa hoc quan tdm nghién ctu trong thoi gian gan day, dac biét 1a trén 16p nira vanh
giao hoan, va da dat dugc nhiéu két qua thi vi, xem [2] - [9]. C6 kha nhiéu dinh nghia vé hang
cua ma tran trén nira vanh dugc dua ra, trong do6 c6 hang phu Gondran-Minoux cua ma tran [4].
Dinh nghia nay dugc dua ra khi nguoi ta nhan thay rang: Chiéu Gondran-Minoux cua mot nira
modun hitu han sinh trén nira vanh cho trudc, khong phai lac nao cling ton tai. Trong khi do, trén
nira vanh R cho truéc, chiéu phu Gondran-Minoux cia mot nira mddun hiru han sinh M, con ciia
nira modun tu do R", ludn ton tai.

Mic du hang phi Gondran-Minoux caa ma tran da dugc phat biéu va xem xét trén cac nira
vanh cy thé cling nhu ntra vanh tong quat. Tuy nhién, két qua thu duoc Van chua nhiéu. Lién
quan dén véin dé nay, trong [4, Corollary 6.13], M. Akian, S. Gaubert va A. Guterman da chi ra
rang: Moi h¢ gdm n+1 vecto trong R!_ déu phu thudc tuyén tinh Gondran-Minoux. Trong [6],
Y. Shitov di chi ra mét sb bat dang thirc vé hang Gondran-Minoux caa ma tran trén nira vanh tya
lya chon khong ¢6 wdc cia khong. Trong [7], Y. Shitov da chirng minh mét dac trung kha tha vi
cua nira vanh ma trén d6 hang nhan tr va hang Gondran-Minoux ctia ma tran trung nhau. Trong
bai bao nay, chung toi chi ra mot s6 tinh chat dic trung co ban cua hang phu Gondran-Minoux
ciia ma tran trén nira vanh giao hoan: Ching minh mét sé bét dang thic hang, chi ra didu kién
can va di dé hang phi Gondran-Minoux va hang nhan tir cia moi ma tran 1a tring nhau, chi ra
vai truong hop hang dong phu Gondran-Minoux va hang ¢t phu Gondran-Minoux cta ma tran la
bang nhau. Trudc hét, ta cé mot sb dinh nghia 1a két qua lién quan dudi day.

2. Mt s6 dinh nghia va két qua lién quan

Trong bai viét nay, ching t6i chi xét cho nira vanh c6 don vi, cac nira modun déu 14 nira médun
phai trén nira vanh. DEé thuan tién cho viéc trinh bay, chuyén vi ctia ma tran A duge ky hiéu A", ma
tran A cap mxn thi dugc viet A, tap hop cac ma trdn cap mxn (twong thgnxn) trén nua
vanh R dwoc ky hiéu M, (R) (tvong itng M, (R)).

Pinh nghia 2.1 [1]. Niza vanh 13 mot cau trac dai s6 (R,+,1,. ,0) sao cho (R,+,0) la mdt vi
nhém giao hoéan véi phan tir don vi 12 0, (R,.,1) 1a mot vi nhom véi phan tir don vi 1a 1, phép nhan
phan phdi hai phia ddi v6i phép cong va 0.r = r.0 = 0 voi moi reR. Nira vanh R dugc goi 1a
giao hodn néu ab=b.a,va,beR.

Dinh nghia 2.2 [2]. Cho R la nira vanh, mot ma tran vuong Ae M, (R) duoc goi 1a ma trdn
kha nghich néu ton tai ma tran Be M, (R) sao cho AB=B.A=1,. Ma tran B duoc goi 12 ma
trdn nghich dao cua ma tran A va ky hiéu 1a B = A™. Tap hop tat ca cac ma tran vudng cap n kha
nghich trén nira vanh R duoc ky hiéu la GL, (R).

Mé¢nh @& 2.3 [2]. Cho R la nira vanh giao hoan va céc ma trn vuéng A BeM, (R), néu
AB=1, thi BA=1.

Pinh nghia 2.4 [1]. M0t nita modun phai trén ntta vanh R 1a mdt vi nhom giao hoan
(M,+,0,,) cing véi phép nhan ngoai (m,r)—>mr tr M xR dén M théa man cac diéu kién:
m(rr')=(mr)r’, (m+m)r=mr+m'r, m(r+r)=mr+mr’, ml=m, 0,r=0, =m0 VGi
moi mm'eM va r,r'eR.

binh nghia 2.5 [1]. Cho M la mot nira m6dun phai trén nira vanh R, S la tap con cua M. Ta
néi M duoc sinh bai S néu moi phan tir cia M déu biéu thi tuyén tinh dugc qua cac phan tir cua S.
Ky hiéu (S)=M .

Néu nira médun M c6 mot tap sinh hitu han thi ta n6i M 1a nita médun hitu han sinh.
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Pinh nghia 2.6 [1]. Cho M 1a mét nira m6dun phai trén ntra vanh R, N 1a tap hop con khac
rong ctia M. Ta néi N 1a niea médun con cua M néu véi moi X,yeN,reR taco x+yeN va
xreN.Kyhi¢ula N<M .

binh nghia 2.7 [4]. Tap hop con P cua nira mddun phai M trén nira vanh R dugc goi la phu
thUOC tuyén tinh yéu néu ton tai mot phan tu trong P bleu thi tuyén tinh dugc qua cac phan tor
khac ctia P. Tap hop P dugc goi 1a déc |dp tuyén tinh yéu néu no khong phu thudc tuyén tinh yéu.

Dinh nghia 2.8 [4]. Mot ho m;,m,,...,m, cdc phan tir cua nira modun phai M trén nira vanh R
dugc goi 1a phu thugc tuyén tinh Gondran-Minoux néu ton tai céc tap hop 1,J <{1,2,...,k} ma
|NJ=@, 1uJ={12,.,k} vacac phan tir khong dong thoi bang khong a,...,e, € R sao cho
> ma; = ma; . Ho cac phan tr m,m,,...,m, duoc goi la déc lap tuyén tinh Gondran-Minoux
iel jed
néu no khong phu thudc tuyén tinh Gondran-Minoux.

Chu y 2.9. M6t ho m,m,,...,m, céc phan tir coa nira médun phai M trén nira vanh R doc 1ap
tuyén tinh Gondran-Minoux thi doc 1ap tuyén tinh yéu, diéu nguoc lai 1a khong dang (xem [4,
Example 2.14] hoac xem Chu y 3.2 dudi day). o

Dinh nghia 2.10 [4]. Cho M la nira m6dun phai hiru han sinh trén nira vanh R, chiéu yeu cua
M dugc ky hiéu la dim,, (M) va dugc xac dinh boi cong thc:

dim,, (M )= min{|P|, P 1a hé sinh doc Iap tuyén tinh yéu ctia M}, véi |P| 1 s6 phan tir ctia P.

Nh‘zfm xét 2.11. Chiéu yéu cua M ludn t@;n tai vi Iin nira modun hitu han sinh trén nira vanh R
luon ton tai it nhat mot hé sinh doc 1ap tuyén tinh yéu hiru han. That vay, do M hitu han sinh nén
goi P 1a mot h¢ sinh (hitu han) ciia M 6 sé phan tir bé nhét, gid st P ={x,,X,,..., %} . Néu P phy
thudc tuyén tinh yéu thi ton tai x; P sao cho X, =Y X Vi o €R,i# ], suy ra tap

i#]
P'= P\{xj} cling 1a mot hé sinh ciia M. Diéu nidy mau thuin véi P 1a hé sinh c6 s6 phan tir bé
nhat. Vay P doc lap tuyén tinh yéu.

Pinh nghia 2.12 [4]. Cho U 1a mét tap con khac réng caa nira mddun R", chiéu phi yéu cua
U duoc ky hiéu 1a ed,, (U) va duoc xac dinh bai cong thic:

ed,, (U)=min{dim,, (M),U =M <R"}.

Chi y 2.13. Cho R 1a ntra vanh va cac tap hop con khac réng U,V cia R" sao cho U cV .
Khi do, ed,, (U)<ed,, (V)<n.

Pinh nghia 2.14 [4]. Cho R 1a nira vanh va Ae M (R), hang phii cét (twong (ing dong) yéu
ciia ma tran A 1a chidu pha yéu cua cac vecto cot (twong wng dong) caa ma tran A trong nua
moédun R™(R"). Ky hiéu la ec,, (A) (tuong Gng er,, (A)).

Pinh nghia 2.15 [4]. Cho R 1a nita vanh va Ae M, (R), hang nhdn tir cia ma tran A 1a s
nguyén k khong 4m nhé nhat sao cho ton tai cic ma tran BeM,, (R),CeM,  (R) thoa
A=BC . Ky hiéu f(A)=k.

Ménh dé 2.16. Cho R 1 nira vanh va Ae M

Cheng minh.

Theo [4, Proposition 7.20] ta ¢6 f(A)=er, (A). Mit khac, d& dang kiém tra duoc ring

f(

f(A)=f(A") nén ec, (A)=er, (A)=f(A)=1f(A).0

(R),taco f(A)=ec, (A)=er,(A).

mxn
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3. Két qua nghién ctru

Trong muc nay, ching t6i khdo sat mot s6 dic trung ciia hang phi Gondran-Minoux ciia ma
tran trén nira vanh giao hoan. Trudc hét, nhic lai mot sé dinh nghia vé chiéu Gondran-Minoux va
chiéu pha Gondran-Minoux cia ma tran trén nira vanh.

Pinh nghia 3.1 ([4]). Cho R la ntra vanh giao hoan, M 1a nira médun phai hru han sinh, goi
SGM (M) 1a tap hop tat ca hé sinh hitu han doc 1ap tuyén tinh Gondran-Minoux cua M. Néu

SGM (M )= thi Chiéu Gondran-Minoux ctia M dugc ky hiéu la dimg, (M) va xac dinh béi
cong thac: dimg, (M)=min{|P|,P € SGM (M)}, véi |P| 1a s6 phan tir ctia P.

_ Chu y 3.2. Khong phai ntra modun phai hiru han sinh nao cling c6 chiéu Gondran-Minoux vi
ton tai cac nira modun phai htru han sinh khong c6 mot hé sinh doc 1ap tuyén tinh Gondran-
OY(1)Y(O0Y(1Y(O\ (1Y (21 (1)Y(1)(O

Minoux nao. Vi du nira médun pj = 0 , 1 , 0 , 0 , 1 , 1, 1 , 1 , 0 , L con cua
(O O O A A O A O A e
0)\0)t1)l0){1){1){0)\1)\1)(1
nira modun B* trén nira vanh Boolean B={0,1}, c6 h¢ sinh doc 1ap tuyén tinh yéu duy nhét 1a
1)(0)(1)(O 1 0 1 0

P— 111071011 , nhung do 1 4 B - 0 4 1 nén P phy thugc tuyén tinh Gondran-
ol'lalf1]]o0 0 1 1 0
0/)1)\0)\1 0 1 0 1

Minoux. Do d6, M khong ¢6 hé sinh dc 1ap tuyén tinh Godran-Minoux néo.

Pinh nghia 3.3 ([4]). Cho R 1a ntra vanh giao hoan, chieu phuz Gondran-Minoux cua tap hop
khac rdng UcR" dugc ky hiéu edg,(U) va xdc dinh béi cong thic:
edg, (U)= min{dimG,\,I (M)[M eS(U )}, véi S(U) 1a tap hop cac nira modun con hitu han sinh
cua R", chira U va c6 it nhat mot hé sinh hitu han doc 1ap tuyén tinh Gondran-Minoux.

Chi § 3.4.

i) Tap hop S(U) dugc xac dinh nhu trong Dinh nghia 3.3 luén khéc rdng, vi R" 1a mot nura
médun con cua chinh nd, chira U va c¢6 mot hé sinh déc lap tuyén tinh Gondran-Minoux la
E={(1.0,.,0);(010,..,0)';.3(0,0,.-,01)'} . Do do, R" €S (U).

if) Cho R 1a nira vanh giao hoan va cic tap hgp con khic rdng U,V ciia R" sao cho U cV .
Khi do, edg,, (U)<edg, (V)<n.

Dinh nghia 3.5 ([4]). Cho R la nira vanh giao hoan va Ae M, (R), hang cét (tuong ung
dong) phii Gondran-Minoux cia ma tran A 1a chiéu pha Gondran-Minoux cia cac vecto cot
(twong tmg dong) cua ma tran A, duoc ky hiéu la ec,, (A) (twong ing ery, (A)).

Nhan xét 3.6. Cho R 1a ntra vanh giao hoan, ma tran Ae M, (R), ta ludn co:

i) Do moi hé vecto doc l1ap tuyén tinh Gondran-Minoux déu doc lap tuyén tinh yéu nén
ec, (A)<ecg, (A)<m va er, (A)<er,, (A)<n. Ap dung Ménh d¢ 2.16 ta dugc cac bat ding
thic sau: f (A)=ec, (A)<ecy, (A)<m va f(A)=er, (A)<er,, (A)<n.

i) Goi A(R"), A(R") la nira modun con ciia R™, R" duoc sinh bdi cac vecto cot, dong cua

ma tran A thi ecg,, (A)=edg, (A(Rm )) , el (A) =edgy, (A(Rn)).
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Két qua sau cho ta mot diéu kién cin va du dé nhan biét gia tri hang phi Gondran-Minoux cua
mot ma tran tuy v trén nira vanh. Chu v rang, cac két qua dudi day dugc phat biéu cho hang cot
phu Gondran-Minoux cua ma tran trén nira vanh giao hoan, truong hop hang dong phu Gondran-
Minoux s€ dugc phat biéu hoan toan tuong tu.

Dinh ly 3.7. Cho R la nira vanh giao hoan va Ae M (R). Khi do, hang ¢4t phi Gondran-
Minoux cia ma tran A 1a s nguyén khong am k nho nhit thoa diéu kién: Ton tai ma tran
X eM,, (R) c6 cic vecto cot doc Iap tuyén tinh Gondran-Minoux va ma trdn B e M, (R) sao
cho A=XB.

Cheng minh.

Gia sir ecg, (A)=k , theo Dinh nghia 3.3, ton tai ntta médun M < R™ hitu han sinh chia cac
vecto cot ciama tran A va dimg, (M )=k . Goi U ={x,X,,... X} =M la hé sinh doc lap tuyén
tinh Gondran-Minoux bé nhéat cia M. Do ma tran A co céac vecto cot AL, AZ,..., A" thudoc M nén
AL A% A" co thé biéu thi tuyén tinh dugc qua cac phan tir ciia U nhu sau:

_ Xy
Al = b+ + X by Vo X = : ,1=1,....k vacac b, eR,i=1..k j=1..,n.
X

ml

Dt X 1a ma tran c6 céc ot Ia X1 =1,...k va B=(b;)e M, (R).Khido, X eM,, (R) co
cac vecto cot doc lap tuyén tinh Gondran-Minoux va A= XB. Bay gio, néu ton tai ma tran
Y eM,,. (R) o cic vecto cot doc Iap tuyén tinh Gondran-Minoux va ma tran C e M (R) sao
cho A=YC. Khi d6, cac vecto ¢t cua A biéu thi tuyén tinh dugc qua cac vecto cot cua Y. Goi
Y (Rm) 12 nia moédun con cua R™ duoc sinh bdi cic vecto cot cua Y, ta cbd
ALAZ LA eY (Rm) . Do cac vecto cot cia Y doc lap tuyén tinh Gondran-Minoux nén
dimg, (Y(R™)) ton tai va dimg, (Y(R"))<s. Do ecg, (A)=k nén k<dimg, (Y(R"))<s.
Vaiy tinh nho nhé} cua k da dugc ching minh. ’ ‘ ‘

Nguoc lai, néu ton tai s6 nguyén khong am k nhé nhat thoa diéu kién: Ton tai ma tran
X €M, (R) c6 cic vecto cot doc Iap tuyén tinh Gondran-Minoux va ma tran Be M, (R) sao
cho A=XB. Tuong tu nhu trén, ta c6 ecg, (A)<k.Néu ecg, (A)=p<k thi ton tai ma tran
ZeM,,,(R) cb cac vecto cot doc 1ap tuyén tinh Gondran-Minoux va ma trin De M (R) sao
cho A=ZD, diéu niy mau thuin véi tinh nho nhét cia k. Vay ecq, (A)=k . o

Hé qua 3.8. Cho R 1a nira vanh giao hoan va AeM, (R) la ma trdn kha nghich. Khi do,
eCey (A)=n.

Chung minh.

R3 rang ecy, (A)<n, gida st f(A)=k<n. Khi d6, ton tai cic ma trin
BeM,,(R),CeM, (R) sao cho A=BC suy ra | ,=A'BC. Néu k<n thi dat

1 1

A'B =[ f*k)kkjc =(Ciu Clow) ta <b [Ig lnok] =[AAZJ(CI C’) suy ra
A'C'=1,,A'C* =0,A’C' =0,A’C*>=1_, . Do R la nira vanh giao hoan nén theo Ménh d¢ 2.3 ta
c6 C'A"=1,. Khi do, (A°C')A' =0A"=0 suyra A°=0suyra I, =A’C*=0C* =0 vo ly.
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Vay k=n.Taco n=k = f(A)<ecy, (A)<n suyra ecy, (A)=n.o

H¢ qua 39. Cho R la nira vanh giao hoan va AeM_  (R),BeM,  (R). Khi do,
eceu (AB)<ecg, (A).

Ching minh.

Gid sir ecg,, (A)=k , theo Dinh 1y 3.7, ton tai ma tran X e M, (R) ¢6 céc vecto cot doc 1ap
tuyén tinh Gondran-Minoux va ma trdn C e M, (R) sao cho A=XC . Khi 6, AB=XCB. Do
ma tran X cé cac vecto cot doc lap tuyén tinh Gondran-Minoux nén ap dung Dinh 1y 3.7 ta duoc
ecey (AB)<k =ecg, (A). O

Hé qué 3.10. Cho R l1a nira vanh giao hoan, ma trin AeM__ (R) va ma trdn kha nghich
BeM,(R).Khido, ecg, (A)=ecg, (AB).

Cheng minh.

Pt X = AB tacé A=XB™ suy ra ecg, (A)=ecq, (XB™)<ecy, (X) (theo H¢ qua 3.9).

Mat khéc, ecg, (X)=ecg, (AB)<ecg, (A) (theo Hé qua 3.9). Viy ec,, (A)=ece, (AB).O

Dinh 1y sau cho ta cac diéu kién can va di dé hang cot phu Gondran-Minoux va hang nhan tir
cua moi ma tran 1a tring nhau.

Pinh 1y 3.11. Cho R 14 nira vanh giao hoan, cac ménh dé sau 1a twong duong:

i) ecey (A)<n,VAe M (R).

ii) ecgy, (A)<min{m,n},vAeM__ (R).

iii) ecgy (A)=f(A),vAe M, . (R).

iv) ecqy (AB)<minfecy, (A).ecy, (B)},vAeM,  (R),vBeM,, (R).

Chung minh.

i)=>ii): hién nhién. ii)=>iii): Véi moi matran Ae M, (R), gia sit f(A)=k thi ton tai
cac ma trdn BeM,,(R),CeM,,(R) sao cho A=BC. Ap dung hé¢ qua 3.9 ta c6
eCey (A)<ecq, (B). Mat khac, ecg, (B)<min{m,k}<k suy ra ec, (A)<k=f(A). Theo
Nhén xét 3.6 ta ¢ ecg, (A)> f (A). Vay ecg, (A)=f(A).

iii) = iv) : Hién nhién do f (AB)<min{f(A), f(B)},vAeM,, (R),.BeM,,(R).
(R) do A=Al, nén theo gia thiét ta co
eCqy (A)<min{ecq, (A),ecqy (I,)} <eCey(l,). Theo H¢ qua 3.8, ecq,(l,)=n suy ra
ecou (A)<ecg, (1,)=n.0

Tiep theo chung toi s€ xem xét mdt so bat dang thirc hang cot phu Gondran-Minoux cho tong
va hop céc ma tran trén ntra vanh giao hoan.

Ménh dé 3.12. Cho R 1a nira vanh giao hoan va cic ma tran Ae M, (R),BeM, . (R). Khi
do, eCey (A B))=max{ecy, (A),ecq (B)}, v6i (A B) lama tran khéi tao ra tir A, B.

Chizng minh.

Gia stir ecg,, ((A B))z k, theo Dinh 1y 3.7, ton tai ma tran X eM_, (R) co cac vecto cot

iv)=1i): V6i moi ma train AeM

mxn

doc 1ap tuyén tinh Gondran-Minoux va ma tran Y € M, p+q)(R) sao cho (A B)=XY. Pit
Y=(Ye, YZ).taco (A B)=X(Y" Y?)=(XY' XY?)suyra A=XY",B=XY?. Ap dung
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Hé qua 3.9 ta duoc ecq, (A)<ec, (X) va ecg, (B)<ecs, (X). Mat khac, do X c6 cac vecto
cot doc lap tuyén tinh Gondran-Minoux nén ecy, (X )<k=ecy, (A B)). Vay Ménh dé duoc

chang minh xong. o .
Ménh de 3.13. Cho R la ntra vanh giao hoan théa man diéu kién: Vi moi ma tran
XeM,,(R),YeM,  (R) b cic vecto cot doc Ilap tuyén tinh Gondran-Minoux,

eCov (X Y))<k-+s. Khi do, cac bat dang thirc sau xay ra:
) VAeM,,(R),VBeM, . (R).ecs, (A B))<ecy, (A)+ecy, (B).
i) VABeM, . (R).ecs, (A+B)<ecy, (A)+ecy, (B).

A
iii) VAe M, (R),vBe M, (R),eCqy [[BBS eCay (A)+€Cey (B).
Cheng minh.
i) Gia sir ecy, (A)=k va ecg, (B)=s, theo Dinh ly 3.7, ton tai cdc ma tran X eM_, (R),
YeM,(R) cb cic vecto cot doc lap tuyén tinh Gondran-Minoux va cic ma trin

Cekap(R),DeM

sxq

(R) sao cho A=XC,B=YD.Khidé, (A B)=(X Y)[g gj.Theo
Hé qua 3.9 tac6 ecy, (A B))<ecy, (X Y))<k+s.

In
ii) Taco A+B=(A B)(I

n

j nén ap dung Hé qua 3.9 ta duoc ecy, (A+B)<ecy, (A B))

ma eCg, ((A B))<ecy, (A)+ecqy, (B) nén ecq, (A+B)<ec, (A)+ecy, (B).

S ) X 3 5 T 4

thi ton tai ma tran X € M, (R) c6 céc vecto cdt doc 1ap tuyén tinh Gondran-Minoux va ma tran

A X .
Y eM,,.(R) sao cho A=XY suy ra = Y . Do X ¢6 cac vecto cot doc lap tuyén tinh
kxn 0 0

X A X
Gondran-Minoux nén ma tran ( 0 j cling vay, suy ra €ecCg, ((OD <eCgy ({ 5 D <k =ecg, (A).

o B ) A
Chung minh tuong tu, €Cg,, 0 <eCgy (B) . Vay ecq, 5 <eCey (A)+ecey (B). O

Tiép theo chung t6i xem xét mot truong hop trung nhau gitra hang dong phu Gondran-Minoux
va hang cot phu Gondran-Minoux. Nhac lai trong [4], tac gia da chi ra mdt I6p nira vanh R ma
moi hé vecto trong nira modun R" ¢6 sb vecto 1on hon n déu phu thudc tuyén tinh Gondran-
Minoux. Ta‘cé Ménh @é sau: . )

Ménh de 3.14. Cho R 1a ntra vanh giao hoan thoa man diéu kién: Vi moi s6 nguyén duong n
cho trugc, moi hé vecto co sb vecto 16n hon n trong R" déu phu thudc tuyén tinh Gondran-
Minoux. Khi d6, véi moi matran Ae M (R) taco:

i) Néu cic vecto dong cua A doc lap tuyén tinh Gondran-Minoux thi
ersy (A)=ecgy (A)=m<n.
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i) Néu cac vecto cot cua A doc lap tuyén tinh Gondran-Minoux thi
ersy (A)=ecgy (A)=n<m.

Ching minh.

i) Gia sir f(A)=k<m thi ton tai cc ma tran Be M, (R),CeM,, (R) sao cho A=BC.
Goi A,A,,..., A, la cac vecto dong cia ma tran A, B;,B,,...,B,, 1a c4c vecto dong cia ma tran B.
Néu k <m thi hé vecto S ={Blt B),..., Bfn} —R" phu thugc tuyén tinh Gondran-Minoux, suy ra
ton tai cac tap hop 1,J ={L2..m} véi 1NI=@,10J={12..m} va céc «,..,a, R

khong dong thoi bang khong sao cho %:Bitai =JZ€J:B}05]- , suy ra %:(BiC)t a, = jZJ:(BJ-C)t a; hay
D> Aa,=Y Aa; (do A=BC). Do dé, cic vecto dong ciia A phy thudc tuyén tinh Gondran-
icl [N

Minoux, diéu ndy mau thudn véi gia thiét. Vay k=msuy ra m=f(A)<ec, (A)<m hay
eCqy, (A) =m. Goi A(R”) la nira modun con cua R" dugc sinh béi cac vecto dong cua A, do cac
vecto dong cia A doc lap tuyén tinh Gondran-Minoux nén dimg,, (A(R” )) <m suy ra

ergy (A) <dim,, (A(R”))gm. Mat khiac, m=f(A)<ery,, (A) suy ra er,, (A)=m<n.
Truong hop ii) dugc chimg minh twong tu. O
4. Két luan

Bai bao da dat duoc mot s két qua chinh sau: Pua ra mot phat biéu twong duwong véi dinh
nghia hang phit Gondran-Minoux ciia ma tran, xem Dinh 1y 3.7; Chirg minh mot sb ding thirc
va bt diang thire co ban ciia hang phu Gondran-Minoux ctua ma tran duoc thé hién & Hé qua 3.8,
Hé qua 3.9, Hé qua 3.10, Ménh dé 3.12, Ménh dé 3.13 va Ménh dé 3.14. Ching minh diéu kién
can va da dé hang phi Gondran-Minoux va hang nhén tir cia moi ma tran tring nhau, xem Binh
1y 3.11.
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