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In 2006, Caraballo, Kloeden and Real proposed a three dimensional
alpha-model of Navier-Stokes equations in which the nonlinear term

included a cut off factor £ (Il u Il) based on the norm of the gradient

of the solution in the whole domain. The authors called this system the
three dimensional system of globally modifed Navier-Stokes equations.
Stochastic partial differential equations are a powerful tool to
understand and study the mathematics of hydrodynamic and turbulence
theory. To model turbulent fluids, mathematicians often use stochastic
equations obtained from adding a noise term in the dynamical
equations of the fluids. In this paper, we study the three dimensional
globally modifed Navier-Stokes equations driven by additive white
noise on some unbounded domains satisfying the Poincaré inequality.
By the Ornstein-Uhlenbeck process, we transfer the stochastic system
into a deterministic one with random parameters. Then, we prove the
existence and unique weak solution for this system by using the
Galerkin method.
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TU KHOA

Hé Navier-Stokes ngau nhién
cai bién toan cuc

Nghiém yéu

Xap xi Galerkin

Mién khong bi chan

Nhiéu cong tinh

Niam 2006, Caraballo, Real va Kloeden da dé xuat mot alpha-mé hinh ba
chiéu cua hé Navier-Stokes trong d6 s6 hang phi tuyén bao gdm mot nhan
tir chat cut F (Il w ll) dya trén chuan cua gradient ctia nghiém trong toan
mién. Cac tic gia goi hé nay la hé phuong trinh Navier-Stokes cai bién
toan cuc ba chidu. Cac phuong trinh dao ham riéng ngiu nhién 13 mot
cong cu dic lyc dé hiéu va nghién ciru vé mit toan hoc cua Iy thuyét thuy
dong luc hoc va su chuyén dong hdn loan ctia chét long. Pé mo hinh hoa
chit 1ong hdn loan, cac nha toan hoc thudng st dung cac phuong trinh
ngiu nhién thu dwoc tir viée thém mot sé hang nhiu vao phuong trinh
dong Iuc hoc ciia chat 1ong. Trong bai bdo nay, chung t6i nghién ciru hé
Navier-Stokes ngau nhién céi bién toan cuc ba chiéu voi nhiéu cong tinh
trong mién khong bi chin thoa man bét ding thirc Poincaré. Boi qua trinh
Ornstein-Uhlenbeck, chung t6i chuyén hé ngiu nhién thanh hé tit dinh
v6i cac tham s ngau nhién. Sau dé, chung t6i chimg minh su ton tai va
duy nhét nghiém yéu cta hé theo phuong phap Galerkin.
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1. Mé diu

H¢ phuong trinh Navier-Stokes (hai hodc ba chleu) 12 mot 16p hé rat quan trong trong co hoc
chat 16ng, 16p hé nay da dugc nhidu tic gia trén thé gi01 quan tam nghién ctru va dat dugc nhiéu
két qua quan trong. Trong truong hop hai chiéu, sy ton tai va duy nhat nghiém trong ca truong
hop tat dinh va ngau nhién cac két qua dat dugc tuong dbi tron ven. Tuy nhién, trong truong hop
ba chiéu, ta biét ring tinh dat dGng van con 1a van dé md, ngay ca khi hé 1a tat dinh. Gan day, dé
dat dugc tinh ddt dung trong trudng hop ba chiéu, nhidu tac gia trén thé gidi tap trung nghién ciru
nhitng alpha-mé hinh [1], dy 1a nhiing bién thé cta hé Navier-Stokes ba chiéu. M6t trong nhiing
alpha-mo hinh d6 1a hé phuong trinh Navier-Stokes cai bién toan cuc ba chiéu. Trong truong hop
tat dinh, 16p hé nay dugc dé cap va nghién ctru diu tién boi Caraballo va céac cong su [2], trong
do6 céc tac gia da ching minh sy ton tai va duy nhét nghiém manh cda hé, sau d6 chirng minh sy
ton tai tap hut toan cuc trong khong gian V ctia hé. Tir cong trinh nay, nhidu van dé vé hé Navier-
Stokes cai bién toan cuc ba chiéu di duoc cic nha khoa hoc nghién ctru nhu su tén tai va duy
nhit cia nghiém yéu va nghiém manh cing nhu dang di¢u tiém can cua nghiém [3 [8] Trong
truong hop ngdu nhién, cac nghién ctru vé hé Navier-Stokes cai bién toan cyc ba chleu van con
kha khiém ton, nhiu bai toan van dang 1 vin dé ma, tha vi cAn duoc nghién ciru.

Gia st O 1a mién khong bi chan trong R* thoa man bét ding thirc Poincaré, theo nghia ton
tai hing s 2 >0 sao cho: A| gdu<| Vo[ dv, Ve H)(O). Cho truée 7 e R, ta xét he

Navier-Stokes ngau nhién cai bién toan cyc ba chiéu véi nhidu cong tinh c6 dang

% —vVAu+F (Il wll)(uV)u = f(x,t) = Vp + g(z) dI/;;(t) ;e Ot >1,
Vu=0, z€0O,t>r, 1)
w(x,t) =0, xedO,t>r,

u(z,7) = uy(z), veO.

Trong d6 u = u(z,t) 1a ham van téc chua biét cta dong chét 1ong, u, 1a diu kién ban dau,
p= p(ac,t) 1a ham 4p sudt, v > 0 1a hé s6 nhdt cua chat long, f(x,t) la ham ngoai lyc, W a4
qua trinh Wiener thuc, g € D(A) v6i A la toan tir Stokes (xem Muc 2), F, la ham cai bién toan
cuc cho boi F) : (0,+00) — (0;1], r > F,(r) = min {1, Nr’l} :

2. Phwong phap nghién ciru

Chung t0i str dung phép d6i bién thich hop dé chuyén hé ngu nhién thanh hé tit dinh véi cac
tham so ngau nhién. Tu do, Chung toi ap dung cac phuong phap cua li thuyét hé dong luc tiéu hao
v han chiéu dé chimg t6 sy ton tai va duy nhat nghiém yéu cua hé.

3. Két qua va ban luin
3.1. Cdc kién thirc chudn bj

Gid sir (Q, F,P) la khong gian xac sudt, trong d6 Q = C,(R,R) = {w € C(R,R) : »(0) = 0},
F 1a o- dai s6 Borel, P 1a o do Wiener trén (Q, F) v6i W(t,w) = o(t). Ky hiéu {6}, _. 1a
dich chuyén Wiener trén (Q, F,P) cho boi: O,c0(s) = ot +s) — w(t) véimoi s,t e R.

Ta nhac lai mét so khong gian ham co ban va cac toan tu thuong dung:
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V={ue[C/(O)] : Vu=0} va I’(O) 1a khong gian cac ham véc to binh phuong kha tich
tr O vao R’. Goi [(O)} va [H)(O)] 1a cac khong gian Hilbert trang bi cac tich vo huéng
3
— . _ 2 3
(u,v) = IO wodr = ;J@ uvdr , Vu,v e [L(O)],

3 3 ou, Ov, ﬁ
((u,v)) = ZJ‘OV%'V%‘& => Ioa—‘ 5 Ldx , Yu,v e [H (O),
i=1 i,j=1 .’L'j .Z'],

v6i cac chuan tuong Gmg vai cac tich vo hudng néi trén
|ul=(w,w)"”, Yue[Z(O)F va Il ul=((u,v)"”, Yue[H(O).

Ky hiéu H va V la bao dong tuong tmg cua V trong [L*(O) va [H (O), H va V'
tuong mg 1a cac khong gian d6i ngau cia H va v, |l -IIV* 1a ky hiéu ctia chuan trén V' va (-,-)
1a két hop ddi ngau gitta V va V' . Toan tir Stokes A:V — V" dinh nghia béi

(Au,v) = ((u,v)), Yu,v eV, véi D(A)=[H(O) NV.
Toén tir song tuyén tinh B: V xV — V" dinh nghia boi
3 8vj
(B(u,v), w) = b(u, v, w) = UZZIJ‘O u, gwjdx , Vu,v,weV.

Ta c6 b(u,v,w) = =b(u, w,v), Yu,v,w eV ; blu,v,v) =0, Vu,veV. Pé don gian trong ky
hiéu, ta viét Bu = B(u, ). Vi nhitng ky hi¢u nhu trén, hé (1) dugc viét lai dudi dang

dW(t)

‘é_;‘ ~vAu+ By ul)Bu = fa.0)+ ga) = 2. ¥

Xét phuong trinh Ornstein-Uhlenbeck mot chidu c6 dang
dx(0.w) = —nz(0,w)dt + dW(t),
trong d6 @ € Q va n 1a mot hang sé duong ¢ dinh. Chu y rang ton tai mot tap Ht—bét bién
Q c Q véi P(Q) =1 sao cho 2(fw) 14 lién tuc theo ¢ véi moi w € Q.
CE}C b‘c;) dé dudi day can thiét cho chimg minh dinh 1y chinh ¢ myc sau.
Bo de 3.1. (xem [9, 10]) V&i moi w,v,w € V', ton tai hang s6 C' > 0 sao cho
@) | b(u,v,w) [ C | u ]ill u ||§|| vllfw |i|| w IIg,

(i) | b(u, v,w) K C Il v ll| w |§|| w ||$.
B6 dé 3.2. (xem [2, 4]) V&imoi w,v eV vavéi N >0,
@Mo<lull F,(lul)<N,

I —vl

(i) | Ey (0l = Fy (o) | =0 0.

Dé két thuc myc nay, ta gia thiét ham g thoa méan diéu kién sau
(G) Ton tai k > 0 sao cho b(u,g,u) <k |u [, Yue H.
3.2. Két qud chinh

Dau tién ta trinh bay dinh nghia vé nghiém yéu cua hé (1).
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Pinh nghia 33. Gia st fe L?OC(R,V*),T eR, weQ va u eH. Anh xa
u(-,7,0,u,) : [r,490) > H dugc goi la nghiém yéu ctia hé (1) néu véi batky T > 7 thi
u(-,7,0,u,) € C(r,+o0; H) NL(z,T;V),
%—VA’LL +F (Il wll)Bu = f+ g%, trong V.

Tiép theo, ta s€ chung minh két qua chinh ctia muc nay vé sy ton tai va duy nhat nghiém yéu
cua hé (1). bé lam diéu do6, trude hét ta chuyen bai toan ngau nhién (2) thanh bai toan tat dinh voi
cac tham sO ngau nhién bang phép doi bién

u(t, 7, 0) = u(t, 7, 0) - g(2)2(6,0), v, = u, - g(2)2(0,0) . ©)
Tt (2) va (3), ta thu duoc

% +vAv+ F (I v+ gz 1)B(v + gz) = f + gz —vAgz. 4)

Pinhly3.4. V5i f e Lfoc R,V ),reRweQ, u, €V, ton tai duy nhat nghiém yéu u cua (1).
Chimg minh. (i) Sw ton tai nghiém: Dé chimg minh sy ton tai nghiém, ta chia thanh bbn budc.
»  Budc 1 (Xap xi Galerkin):

+o0 2 I3 1
Goi {ei}__1 < D(A) 1a co s6 truc chuan co6 dinh cia H bao gom cac véc to riéng cla toan tur
A, va do d6 n6é ciing tryc giao trong V. Ky hi¢u P la phép chiéu tryc giao tur

H xudng khéng gian hin han chiéu H = span {ev“'ven} chobdi Pv:= Z(U, e)e. Taco P,

i1
cling 1a phép chiéu truc giao xuéng H trong V. Xét xap xi Galerkin v (1) = z ¢, (e, dbi voi
j=1
hé (4) c6 dang

d
“tvAn, + BF,(l v, + gz )B(v, +g2) = P.f +n2P,g ~ vzP, Ag. ©)

0

Trongdé v,  =wv (r)= Py, ; Av, = Z/chnjej va {Aj = 1} la céac gia tri riéng ctia A .
: =

» Buoc 2 (Cac worc tinh tién nghiém):
Lay tich v6 hudng (5) v6i v vachay rang Pv =, taduogc

d
- v P +2vilo IP==2F (1 v + gz b(v, +gz,v, +gz,0,)

(6)
+2(f,v, ) +2(ngz —vAgz,v).
Str dung bat déng thirc Young cho cac s6 hang trong vé phai cia (6), ta co
2((foy o 1730 12, @)
n 4 n v 1%
4 2
2| (ngz —vAgzu ) | % lo 12 +4v il gI?| 2 +i/1 lgPl =] . )
V.

Mit khéc, béi tinh chat ctia ham F, va gia thiét (G)
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21F,(lv +gz)b(v, +gz,v +gzv )|
<21b(v, + 92,920 +g2)[=2]2]|[b(v, +gz9,v +gz)| 9)
<2%k|z||v, +gzFP<dk|z](lv, P +[gFlzF).
Thay (7)-(9) vao (6), ta thu duoc

d . ~ y V , 4 .
- |v, P +(vA—4k|z])| v P +Z v I>< ” Il f II;* +¢ (O w), (10)

2
trong d6: {(w) =4v Il g I’| 2(6,0) [ +4k | g [ (0 w) | +4i/1 | g [l 2(0m) [ .
, , , N ,

V/1—4/$\z(6rw)

Tiép theo, nhan hai vé cua (10) voi € ' 1di l4y tich phan trén [z,s], tasuy ra

VvV _ _Ak £ —AF
v (s,z, 0,0 ) [ +=e o 4’”‘2(6*”)Df | v, (rr,0,0, ) I* dr
~ _ L o (1)
< e—(vﬂ—4k|z(9ﬁa))\)[ev/{—élk\z(grw)l | v |2 +_J‘ evﬂr4k‘\z(t9rw)\ " f(?“) "2* d’f’ I J’ 6vﬁ.—4l»‘\z(¢9,a))\g(0la))dr:| ]
n,0 y it Vv T T
Vi |v  [H P, [< v, | cing véi (11), ta co
VvV _ Ak £ _AF
’ Un (87 TJ C()7 Un,,()) ’2 +—e v 4]“2(@&))‘) J: eW{ -U"Z(HT(UN " vn (T7 T? a)? vn,,U) "2 dr
(12)

—(vA— 72 V*"-;Z @ 4 $ V*".:Z 8 772
< g N (a’w)l)[e A-dk(6,0) | v, § +—.[ | flr) II‘Q/ dr +J. e (e’w)‘é’(@a))dr].
V T T

Nhén thiy riang vé phai cia (12) 1a bj chin, do d6 v bi chan déu (theo n) trong L*(z, T; H)

va I’(z,T;V). Ta danh gia thém mot mirc nita bang cach nhan vo huéng (5) véi Av,

ill v > +2v | Av [
dt n n

(13)
=-2F (Il v, +gz)b(v, +gz,v, +gz,Av WAl v I° +2(f, Av ) +22(ng —vAg, Av).
Str dung B6 d& 3.1 va bt ding thirc Young cho cac s6 hang trong vé phai caa (13), ta co
v 4
|2(f, Av, ) < ” I Av, II?/X +; s IIQV*, (14)
14
|2F, (Il v + gz b(v, + gz,v, + gz, Av ) [< 1 I Av, II?/* +C o IP +C |z F, (15)
| 22(ng —vAg,Av)) I< % I Av, ||f/, +C v 17 +C | 2 [, (16)

trong d6 C > 0 1a mot hang s nao d6 va né khong nhit thiét phai gibng nhau trong cac danh
gia. Thay (14)-(16) vao (13), ta dugc
d
4 % r 4 N
B0 qua so hang thir hai trong veé trai cua (17), sau d6 tich phan hai vé trén [z, s] voi chu y rang

lo 12220 A0 12.<Clo 1740 2P +20 702, (17)
n 4 n oy n Vv Vv

o M=l Po <l v, I, tasuy ra
I, (5,7, 0,0,) <l o, 12 +C[ W o, () 1 dr+ C[ B(0.) P dr+= [0 f0)I2.dr. (1)

Tur (18) ta thiy v, bi chin déu (theo n) trong L(7,7;V). Do A la toan tir tuyén tinh lién
tuctr V vao V', nén {Avn} bi chin d&u (theo n) trong L?(z, T;V"). Mat khac, theo Bb dé 3.1
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I B(v, + gz,v, + g2) I .<Cll v, +gz IP<2C(l v 17 + ]z [l g 1I?),
nén {B(Un + gz)} bi chin déu (theo n) trong IX(z,T;V°) va do do
{Pn E,(lv +g2)B(v + gz)} bi chin déu (theo n) trong I*(z, T;V"). Lai do (5) ta co

d
=2~ Ay, = P, v, + g2 DB, + 99+ P.f +12Pg = viF, Ag,

nén {ddit} bi chin déu (theo n) trong L*(z,T;V").
> Budc 3 (Chuyén qua gidi han):
Tu cac udc lugng & Budc 2, ta cod thé trich ra mot day con cua day {vn} , ma ta van ky hiéu
day con d6 1a {v} , sa0 cho
v hoi tu yéu dén v trong L (z, T;V),
Av hoitu yéu dén Aw trong L'(z, T;V"),

dv
i

hoi tu yéu dén % trong (¢, T;V").

Tiép theo, ta can chimg minh su hoi tu yéu cua sb hang PE (lv +gzI)B(v +gz) vadodo
ta chi cAn ching to rang véi mdi j = 1,2,... thi
t t
HILIEOIFN (v, + g2 Nb(v, + gz,v, + gz, e )dr = IFN (v + gz )b(v + g2z,v + gz, € )dr.

T

bat O, = supp(e,) N O, thi O la mién bi chin. Lap luan twong tu nhu trong Dinh 1y 7 [2]

J

(Trudong hop 1), ta cod

lim l:J‘J.FN(II v +gz1)((v, +92)-V)(v, + gz)dzdr

_.”FN(" v+ gz ) ((v+g2)-V)(v+ gz)dxdr}

0O

n—»+w

= lim {I‘ I F.(hv +gz)((v, +g2)-V)(v, + gz)dodr

t

—I J F,(hv+gz)((v+gz) - V)(v+ gz)dmdr]

0O
J

t

= lim [FN(II v, + 92 )b(v, + gz,0, + gz,.e,) = F (I v+ gz 1)b(v + gz, v + g2, ej)] dr = 0.

) Chuyén qua gi6i han trong (5) ta nhan dugc v 1a nghiém yéu cua (4) va do d6 w 1a nghiém
yeu cua (1).
> Budc 4 (Chimng minh u(t) = u, ):
Chon tity y ham thir ¢ € C'(z,T;V) véi o(T) = 0 roi lay tich vo hudng cua (4) v6i @
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d
<d—: @) +v((0,0)) + Fy (L v+ g2 Nb(v + gz,v + g2,9) = (f,9) + (192 = vAgz, ). (19)
Tich phan timg phan (19) tir 7 dén T , ta dugc

T

—I(v,(ﬁ')dt + VJ-((U, @))dt + IFN(II v+ gz b(v + gz,v + gz, @)dt

T i T (20)
= (u(z), () + [ (f, @)t + [ (ngz —vAgz, ).
Thyc hién tuong ty vdi nghiém xép xi Galerkin, ta cling c6
T T T
—J‘(vn,(p‘)dt + vI((vn,q)))dt + IFN(Il v +gz b(v, +gz,v + gz,@)dl
' r " ro " (21)
= (v,(2),0(2)) + [ (£, @)t + [ (ngz - vAgz, p)dt.
Chuyén qua gidi han trong (21) véi cha y rang v (7) = Py, = v, (khi n — +0)
T T T
—I(v,go')dt + vj((v, @))dt + IFN(II v+ gz b(v + gz,v + gz, @)dt
T T T (22)

= (1,,9(2)) + [, @)t + [ (ngz = vAgz, p)dt.

So sénh (20) va (22) ta thdy v(z) = v, . Diéu nay kéo theo u(7) = u, .
(i) Sw duy nhét nghiém: Gia st u,,u, 1a hai nghi¢m yéu cua hé (1) véi cung diéu kién dau.
Ky hi¢u 9 = u, —u, = v, —v,. Su dung (4) cho cic nghiém v ,v, ta suy ra

L gp wngnr
> dt

=-F (I v, + gz )b(v, + gz,v, + g2,9) + F, (I v, + gz )b(v, + gz,v, + g2,9)

= —F (I o, + gz 1)b(8,0, + g2, 9) (23)
—[EF, (v, + gz 1) = F, (I v, + gz ) p(v, + g2,v, + g2, 9)
- Fo(ll v+ g b(v, + gz,’S, 9)
Ap dung cé&c bd dé 3.1 va 3.2, bat dang thirc Young ta c6 cac danh gia
| E (I v, + gz 1)6(&, v, + g2,9) [<] b(S v, + g2,9) [€ C I v, + gz 1l G| 3|2
<ZHgn oMo, 1t + 121 gy | 9f 24
NG 4000, 1 + ]2 1 g 1Y) | 8P,
| F, (1 v, + g2 1) = F, (I o, + g2 (v, + 92,0, + g2, 9) |
[N
<C——"——lv +gzll o +gzlll 31| G
o +gel L P RTE 91 (25)
—Cllu, + gz I 9172 9722 Z LG +C0 o, I +] 2 [ gI*) | 9P,
va
| F (v, + gz )b(v, + g2,9,9) < bv, + g2,9,9) [ C Il v, + gz Il $1*7| 3|2
(26)

SZ" I +C(l v I +| [N g ') | S .
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Thay (24)-(26) vao (23), ta thu duogc
—19| o "0 g <[ L C@ Iy I 1o I 4310 g1 2 ]| 9P . 27)

Luoc bo s6 hang thu hai trong vé trai cua (27), sau d6 ap dung bét dang thirc Gronwall trén
[z,t], tasuy ra

|90 P () ek, (28)
Vi Q(s) = —+ CN v (s)I* + M v ()" +3 1 g '] 2(0.w) ['). Vi w,u, co cung dieu kién
daunén 9(r) =0.Dodé tr (28) tacd H(t) =0 véimoi t > 7, hay u, =u,.

4. Két luan

Trong nghién ctru nay, chung t6i da chimg minh dugc su t6n tai va duy nhat nghiém yéu cua
hé Navier-Stokes ngau nhién cai bién toan cuc 3 chiéu voi nhidu cong tinh trong mién khong bi
chan. Tir d6, ta co thé phat trién mot sb hudng nghién ciru tiép theo ddi véi hé nay, chang han
nhu: Su ton tai tap hut cua hé; Tinh lién tuc theo xac suét, lién tuc hau chic chin cua tap hut déi
v6i khoang cach Hausdorff ciing véi tinh tron va sé chiéu cta no.

Lo1i cam on

Nghién ctru nay duoc Truong Dai hoc Dién lyc tai tro thong qua dé tai nghién ctru khoa hoc
cap truong nam 2023 v6i ma sb dé tai: PTKHCN.17/2023.
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