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Tém tit: Bang cdch biéu dién nghiém tong qudt ciia bdi todn bién thuéc Iy thuyét uén vé mong
dudi dang cdc ma trdn Green, cdc tic gia da kién nghi mot phiwong phdp gidi tich dé gidi hé cdc
phuwong trinh vi phdn cua bai toan. Cdc tac gia da dat va giai bai toan dat ra duwoc dya trén y tuong
cua phwong phdp tai trong bu. Nghiém co s¢ dugc xem la tong cua hai nghiém: Nghiém riéng cua bai
todn cé vé phdi va nghiém thuan nhat cia bai toan khong c6 ve phaz Pé xdy dung nghém riéng cdc
tac gia dd sir dung todan tir Dirac. Pé nghiém tong qudt théa man diéu kién bién, nghiém co sé dwoc
xdy dung dua trén bai toan hai diém: Diém mién va diém nguon (dzem nhan dnh hwong cua tai va
diém chdt tdi). Nghiém tong qudt ciing nhw tai nguon déu biéu dién bang chudi Fourrier, c6 cdc hé sé
chira biét dwoc xdc dinh bang cach cho théa man hé cac diéu kién bién cia vo. Két qua la dwa dén hé
phuwong trinh tich phan Fredholm ma c6 the giai gan diing bang phiwong phap tai trong bu, bang cdch
dwa chiing vé hé phwong trinh dai s6 véi dn sé la cdc tdi trong bi. Cdc két qua c6 thé dimg dé tinh
toan vo try kin hodc vo co go cung.

Tir khéa: Ly thuyét tuyén tinh vé, vé hinh cau, vé hinh try, vé hinh dang tiy ¥, Iy thuyét uon vo
mong, phan tich vo mong, tdi trong bu.

Chi so phén logi: 2.5

Abstract: By expressing the general solution of the boundary problem of shell bending theory in
the form of Green matrix, the authors proposed an analytical method to solve the differential
equations of the problem. The authors have set and solved the problem with idea of compensating
loading method. General solution is considered as the sum of the two solutions. The solution of
problem with right-hand side, the hemogeneous solution of problem that hasn’t right - hand side. To
obtain the solution of the first problem, the authors has used the Dirac operator. For the general
solution to satisfy the boundary condition, the solution was built based on two point problem: Domain
point and source point The general solution and source loads are reprenented by the Fourrier series.
The unknown coefficients are determined by satisfying the boundary conditions general solution of the
problem. As the result we obtained Fredhold integral equations that can be approximated by the
compensating loading method, that introduced them to the algebraic equations system. The results can
be used for solving the bending problem of circular cylindrical shell.

Keywords: Linear theory of shell, spherical shell, cylindrical shell, shell of arbitrayry shape, shell
bending theory, analytical method for thin shell, compensating loading method.

Classification number: 2.5

1. Giéi thi¢u ,

Trong bai bdo ndy, véi nhimg bai toan duoc & dang tong quat cta cic bai toan da
dac thi vé udn vo & mién lan can c4c diém glai trudc do trong truong hop cac vo mong
chiu lyc tap trung, moment tap trung,....tng €O chirc nang déac biét. Vi du, vé hinh cau
Xir clia vo mo ta boi cac ham u,..., Tq,...Hy chiu tai tap trung va moment da duoc
biéu dién do vong, tmg suit va moment da  Gol’denveizer xem xét trong [1]. V6 hinh tru
dugc xem xét. Nhom tdc gid s& thiét lap cong da dugc xem xét boi Darevskii [2]. Chernykh
thie tdng quét cho bai todn vo chiu udn ¢ [3] da nghién ciu bai toan udn cac vo co
hinh dang tiy y, dong thoi thlet lap c4c hinh dang bat ky nhung da khong giai quyét
phuong trinh moment ctia két ciu vo mong van de dén ket qua cudi cuing.
theo Iy thuyét tuyén tinh. Cac két qua thu
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Dé giai bai toan vo chiu ubn, cac tac gia
st dung phuong trinh vi phan dao ham riéng
dang elliptic, twong tu nhu Gel’fond va
Shilov [4], Levi [5], lon [6], Lopatinkii [7].

2. Xay dung nghiém co sé cho cac bai
toan v6 mong chiu udn

Ta s€ xét ¢ dang tuong minh cac ky di
XuAt hién trong cédc ham chuyén viu, Vv, w
chira trong cac phuong trinh vi phan can
bfmg cua vo khi vé chiu tdc dung cia mot
moment tap trung.

Ta s& xay dung nghiém co s& cua Cac
phuong trinh vi phan L($)=0 va L(¢)=0(¢-
o), trong d6 L 1a toan tir vi phan: &={<, ...,
&t So = o, ..., Eno} la vector an so trong
khong gian n Chleu 0 la ham Dirac.

Cha y rang, xét vé phuong dién co hoc
dd 1on cua luc tap trung co thé duoc xem nhu
gidi han cua cuong do tai phan bd hoat dong
trén phan t6 & 1an can diém khao séat hodc ¢
thé xem nhu 15 giai ciia mot phuong trinh vi
phan chtra ky di theo quan diém toan hoc.
Pau tién, ta s& sir dung cach tiép can co hoc
trong nhimg diéu kién nhét dinh, sau do s& sir
dung 1y thuyét ham tong quat.

Bai toan vé luc tap trung dat tai diém & =
0, duoc dua vé bai toan tim gidi han cua
chudi cac tai phan bd déu cuong do qv dap
g céac diéu kién sau:

1.V6i mdéi M >0 sao cho
|a|<M, |b|<M trong do a b va v la cc

hang s6 phu thudc M, ta co thé xac dinh.

2.V6iavabkhac0, taco

[0 (a(b(0, 0(a(h)
1 (a(0(b)

Ham qv co cac tinh chat nay duoc goi 1a
ham sb Dirac § trong 1y thuyét cac ham tong
quat [4]. Do d6, dinh nghia ¢ day duoc ap
dung cho bai toan vo chiu luc tap trung mo ta
bing ham Dirac d. Chudi cac ham qv duoc
goi 1a chudi kiéu 4.

Ta hdy tim hiéu vé khai niém moment
tap trung. Moment tap trung la giéi han v—oo

lim [a,(¢)d

clia tai phan bd véi cudng d6 qv , tmg xr cia
ham dugc cho trén hinh 1.

lqv

Hinh 1

Cac nhéanh cua ham qv ¢ bén phai va bén
tréil di@m ¢=0, c6 dang ham Delta J. Ta gia
thi€t rang khi v—oo cac tai trong nay co
cuong do khong thay doi va lién tuc toi diém
&=0, va c0 tri s6 bang 0 & goc toa do.

Két qua ta thu dugc phuong trinh:

b
lim [q,(£)dg=1  (a(0(b) 6

V—o0o
Va kém theo diéu kién:

lim[q,(£)dé=0  (a(0(b) )

_Su dung phuong phap tich phan tung
phan, tir (1) ta nhan dugc.

lim [d¢]a, (7)dn =1 ®)

V—o0

Trén co sé cua (2) va (3) ta s€ co.
limg, =-5'(0)

O day J’ biéu thi dao ham cta ham J,
theo [4] dugc dinh nghia nhu sau:

Gia str (&) 12 ham bat ky thudc 16p thir k
(k=2) cac ham tuong minh. Ngoai ra, ta gia
su rang:

[ (W (©)d()-—0'(5)
Trong d6 f(&) = 0’(&-¢o). Dé thay la:
[a,(&)(¢)d(&)=-0'(&)

Viy, tich phén tirng phan (4) cho ta:

(c(&(d)

(4)
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b can bang va chuyén vi ciia v c6 thé dugc
lim [q, (£)o(£)d(£)=limp[a,(£)d (), bidu didn dui dang sau: '
| £ 1-c?
_5L@j¢'(5)d (f)qu(ﬂ)dﬂ ApU+ALY+A W= —HX
8 @ 2
i ) . . AU+ ALV + AW = lzah 5)
Bi€u thtrc thtr nhat ¢ vé phai bang 0 theo )
(2), biéu thic thir hai bang véi ¢ '(0) theo (3), AU+ ApV + AW = Lo
VGi a va b tly y. Dé giai bai toan ubn vo, ta 2Eh
st dung hé toa do truc giao (o, f). Voi gia Ay = A+ A,
thiét 1a cac luc tap trung don yi va cua Trong do:
moment tdp trung don vi phan bo doc theo s s P
cac duong toa do a va B, chlng c6 thé duge u, v va w: Cac ham chuyén vi,
Mo ta nhd cac todn tir sau: X, Y va Z: Céc tai trong;
5 1 a5 1 85 AS . Cac toan tir c6 chira cac dao ham
AB' ABZ4B’ AB? o bac cao;
Trong d6 A va B 1a cac hé sd cua dang A, : Cac toan tir lién quan dén cic diéu

toan phuong thtr nhat, phuong trinh mat gitd  ian con lai.
cta vo. O day, ching ta gia dinh rang mat ' )
trung gian cua vo dugc xét trong hé toa do

truc giao lién hop. Cac phuong trinh vi phan

Biéu dién cia toan tir A, trong cic phuong trinh can bang cho trong [9]. Dang ma tran

clia c4c toan tir A, nhu sau:

2
pl(Dz +1TO-D2 J qleﬁ ;R1DaA
1 h?
g, D;/f pz(szw 20 D; j @DﬁA (6)
h? 1 h?| 1 1- h? .,
DA+ D —| =D, A—— D —A
3 {Rl = F “”ﬁ} 3 {Rz P “"/*} 3
Trong do:
2 1 h> 1-o h* .
pi :l+h_2, qi = to + — ° 2 (|:1, 2)
3R} 2 3RR, 2 3R
1 1 1 04 1 ¢° h?
i | __1 =1l+—-
R R~ Ada® Bop P T TmRR
Ngoai ra:

2
1o 18 i
" Ada’ A® O B op
R1 va Rz la béan kinh cong; 2h 1a bé day cta vo. Gia st rang Ava B # 0.
Ta sé& biéu dién lik 1a cac toan tir dai so tuong duong ctia A trong ma tran HA?k H vataco

dang sau day cua ma tran ||I, | .
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30 2

2 2
h(l GDZ DéﬂJAzy _h 1+GD2 AZ, h "p 1= 0'D2
3 2 2R,

3 + I‘13Déﬁ}

2 2
lto e Az h(l %D+ DjajAz LU o L )
3 2 3\ 2 3 2R,
h? l-o h? l-o l-o
3 — D { 2R Do+ r31D;ﬂ:| ?Dﬁ{_ﬁDéﬂ"'rssza}A’ TAZ
2
Trong do:
. _i_3—0‘ . 1 3-0 " _1+a_i " 1+0'_i
TR, 2R P R 2R T 2R, R ¥ 2R R
Hé phuong trinh can bang 1a hé cac 2Eh
p g g (amﬂo)

phuong trinh vi phan dang elliptic va toan tir

elliptic Aco dang:

l1-oh

23
O day, ta bo qua vo cing bé bac cao

h*/3RR, (i,k=12) vi ching nho hon 1.

Sau d6 ta dat:

A=A |=

( pZ aaaa + 2 p3 Dljllﬁﬁ + pl D;ﬂ/w ) Az

=2 A (7)

Ta s€ gidi han ¢ bai toan vo chiu luc tap
trung c6 phuong song song véi truc toa do. O
vé phai cua phuong trinh (5), ta thay
X=6/AB, Y=Z2=0 va ta thu dugc
nghiém cua hé phuong trinh:

1-0° §

A U+AV+A W=— —
11 12 13 2Eh AB

A u+Av+A,,w=0
AU+ ALV +A,LW=0

Su dung loi giai cua Levi [5], ta c6 thé
biéu dién cac ham chuyén vi u, v, w duéi
dang sau:

u =|11<D(a,,8,a0,,80)
+J-J.|11(D(a,ﬁ,§,77) f1(§v771ao’ﬁo)d§d77

V=|12CD(a’,ﬁ,a0,ﬁ0)
+[[lo® (@, B,&,m) 1, (&m0, B,) dEdn (8)

W=|l3q)(a,ﬁ,a0,ﬂ0)
+J-J.|13CD(a,ﬂ,§,77) fa(i,ﬂ,%:ﬂo)dédﬂ

Trong d6 fi van 1a ham chua biét,
®(a,B,ay B,) 12 nghiém co sé cla phuong

trinh.

Levi C}e xuat phuong phap tong quat dé
tim @ . Poi vai truong hop A ¢6 dang (7) thi
phan chinh cta nghiém co s¢ , 1a phan co
chtra s6 mil cao nht, ta c6:

3
36x64x27h* (1+ O')

r’=A? (a—ao)z +B? (,B—,BO)2
bat g=yw Y. Trong d6, ¥ chua cac
ky di bac thap. ¥ o thé ton tai trong cac biéu
dien khéc nhau, ¢ cac dang khac nhau, chang
han nhu:

rinr?

V==

FPinr+¥, Ay =—2% sy

4x64r 32

Ay =-

D@M/=—£rz Inr? -~ A2 (a—ap,) Inr?+ ¥

32
6

D! Ay =X 24y, y=—— >
aat ¥ 8r d h3(1+6)

Cac biéu dién cua Ay va A%y trong toa
d6 cong B co thé thiét 1ap mot cach twong tu.
Pé xac dinh cac ham an fi ta xay dung hé
phuong trinh tich phan Fredholm loai hai
bang cach thay (8) vao cac phuong trinh thir
nhit. Tuy nhién, day khong phai 1a van d¢ ta
quan tdm vi muc tiéu ctia nhom tac gia la tim
ra nhitng ky di co ban chira & vé phai cia (8).
Trong truong hop hé phuong trinh ban dau
chira cac hé sb can xac dinh thi cac biéu thirc
u=I,¢, v=1,4, w=l,¢ s& cho ta nghiém
cua bai toan.

Viéc tim nghiém cua h¢ phuong trinh c6
cac hé sb bién thién s& duoc tién hanh tuong
tir tai cac diém lan can véi diém dit luc tap
trung. Bers [8] da xac dinh duoc ky di chira
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trong nghiém ctia hé phuong trinh vi phan cé
c4c hé s bién thién trong mién lan can cia
luc tap trung, ké ca cac ky di co trong
nghiém co so ctia phuong trinh vi phan hé sé
hang va ky di bac thap hon chua trong cac hé
s6 chinh.

Cac truong hop con lai (cho cac luc tap
trung Y va Z) c6 thé tién hanh tuong tu. Két
qua tinh toan cho trong bang 1. Ta xét bai
todn vo chiu tac dung ciia moment tap trung,
Khi xem tai trong nay la gidi han cia mot tai
phan bd déu, ta c6 hé phuong trinh sau:

1
M, = AB D,6)

AU+AV+AW=0 (M, = —% D.5) (9)

A u+ALV+AW=0

1-52 .
AyU+AV+A W="—-—M. (I=12
31 32 33 2Eh i ( )

Trong d6 M1 la moment dat trén duong
toa d6 a, con M2 la moment dat trén duong
toa do f. Hé phuong trinh (9) co thé giai
bang phuong phap twong tu. Bay gid ta tim
nghiém cua phuong trinh.

2

AG, =%\

2Eh
Theo 1y thuyét ham tong quat, néu ¢ la
nghiém co s& cua phuong trinh A¢g =7, thi
0¢ploa s& la nghiém cua phuong trinh
Ap=038510a. O day, cac phan chinh cia
nghiém trong mot vai truong hop cé thé thu
dugc bang cach, tach cac phan chinh cua cac
ham uz , vz va wz tng v6i vo chiu luc tap
trung Z, chira trong vé phai phuong trinh thi
ba cua (9). Khi @6, 1oi giai bai toan s€ nhan
dugc kha dé& dang. Chang han, khi vé chiu
moment tip trung dat doc theo duong toa do
a, thi loi giai co dang
u=D,u,,..w=D,w,, T, =D,T,,..H, =D,H,,
VGi T1,...H1 14 cac ing suat va moment trong
v6. Moment doc theo dudng toa do £ ¢6 thé

210y

nho cac lién hé

~H, =-D,H,,.

Xac dinh

u=-D,u,,.

Xét cac phuong trinh cho vo mong ¢6 do
cong Gausian (twong ung véi truong hop
phuong trinh vi phan c6 dang elliptic). Ta c6
nhan xét 1a ma tran cua toan tir cia h¢ A, bao
gém cac ma tran chinh va ma trdn phy, vdi
A, =A) +A, . Trong céc phuong trinh vi
phan can bang theo chuyén vi [9] ta hdy vict
¢ dang ma tran.

D§a+1_70- éﬁ HJDjﬁ — i_,.g D,
2 2 R,
Al = to jﬂ ]'_JDja_,.Dzﬁ _ g_,_i D,
2 2 R R,
1 o o 1
{z2 3a) =
2 2

Trong d6 ma tran dai s6 lik 12 ma tran déi
xung trong trueong hop nhat dinh, nghia la lik
= lui; 1, k=1, 2 va céc phan tir ciia n6 co

dang:
l+o l-o

|11:(1O')[I’11D§a+ R12 D/zf/f} |12:7T pZDj/;

l-o (1 o
l,==——D, [+)Dja+r DZ}
=2 IR R, e

1+o0 ., »
|22:(1—O') > Diw + 1Dy
2

1o | 2 1 o) l-0 ,

I23:72 D, rZSDM+[R2+R1]Dﬁﬂ}, I33:72 A

ru:l[lz+ 20 +12] r13:2+70-_i'
2\{R0 RR, R R R,
r23:2+0'_i
R, R
Ham A =|A%|va co dang:

A=

(1—0)(1—0'2) 1 5, 1., :
L
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Bdng 1
X Y Z
u Inr Xy 23D, [mls(l) -
' 2 r? ~(1+0)py*/r* |r’Inr?
Xy , 23Dy I:mzs(l)
v X2 "7 -y Inr
r +(1+0) plerz]r2 Inr?
w ;(3Da[m3l(l)—2py2/r2]rzlnr2 ~2:D, [ M, ® +2px* /72 |r? Inr? —x.r’Inr?
Trong do:
(3-0)(1+0)  (1+o)  (l+o)  3(1-¢*) 1 1
A= "exen ' %" 8rEn ' P eazen’ * 32zen* ' " R R,
M =2 —5—— y My =2 ——— p My™ =—— v 2 T
2\ R, R R R, R, R R R
x=A(a-a,), y=B(f-f), r=A(a—a,)+B(S-5)
Bdng 2
X Y Z
N [(3+cr)lnr2+ iD (1-o)Inr?- i[m @nr? -2t
T 8r “ 87 4zt
1 2 2 24,2
+2(1+0')?’/2} —2(1+cr)3f2} —(1+o)p(xr2/ H
! —D,[(1-0)Inr?- “1p [(8+c)Inr®+ i[m @ nr?42t+
T 87 8r 4zt %
2 2 2 2,,2
_2(l+a);(2:| +2(1+a)’r(2} _(1+G)p(xr¥ H
1p [(1—a)lnr2+ —LD [(1—a)lnr2+ 1, )
S 4r 7 A @D [m33()+2t+
1 2 2
+2(1+ a)y—z} +2(1+ a):z} +(1+o)t]r’Inr?
r
1
h? h? —[(1+o)Inr’+
D3 (2)+ m(z) 4
G| 2 o[ 247 Do " -
+2t]r¥Inr +2t]r? Inr? +2(1—0)r2}
h? h? L fa+o)nr+
o | D[ - iy Dl [ - 2al(49) ’
~2t]r?Inr? ~2t]r’Inr? +2(1‘U)rz}
h? 1+o X2 h? 1+oy?
Tp Inr?— 1 p Inrz =225
’ 67 [“ nr R, r* 67 [62 TR P 1- axy
' XY, 2y XY, 2% 2z 1
r4 R1 2 r4 R 2
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Trong do:
t:Xiz_f_yizl ml(g)zl 5+O'_l—30' mg)zl 5+O‘_1—3J , mg): -30 +i , ‘(é) 1+2(7+1 20
RZ Rl 4 R1 RZ 4 RZ Ri 2 1 RZ RZ R1
- 2(1+2 2(1+2
mgg) —i—i, méi):1_3, m :3+20+3 20, mg):i_ (+ O')’ g) 3 (+ U)
R R R, R R, R, R, R, 2 R,
Bdng 3
X Y Z
4
-£D,[(2(1+0)-
(3 2 XY 2 [( (t+e)
U —xymy’ Inr, xP 2 ) Y2
1 2 -2 %
1
X
-=D,|(2(1+0)+
9 lel (3) ) 2 ﬁ[( ( )
\Y% XP"—= —xym)Inr; 2
I +m& )Inr —mgg)"g}
I
~£p,[(2(1+0)- ~£D,[(2(1+0)+
W 2 2 ZAZ ZI 2
2 —ATing
@) -2 am)ing 2 2
1 1
Trong do:
X =R A(@=a,), V,=RB(B-£), n=RA(a—c,) +RB(a-a,)
2
@_R 1 2+4c _R 1 2+40 _JRR, @ RE-RZ 4 .(R-R,))
m," = 2+ + ! 2 + - Mg = !m23—2
R2 R, R R R R, 167Eh R,R, R,R,
Bdng 4
X Y Z
1 1 R /
T1 ™ ED“”} i Rle" RlZDZ Inr?
T2 - L &Da Inr? . RZD Inr? VAR b2y g2
4z \R xR i v
S1 ! RZ Dﬁ Inr ! R D |nr VRiRZ D2 |nr
4r R Ar 4
Trong do:
2Eh ) ) 2Eh s 2ER® .
G, =- D2 +oD% \w, G,=— D2 +D2,)w, H, = DZw (i=X,Y,Z
' 3(1—02)( o+ oD ) Gy 3(1—52)(6 e Diy) ' 3(l+o) 7 ( )

Chu y: Chi sb i cho thiy w phai dugc 14y tir bang 3 cho lyc tuong tng. O day, R1 va Rz
c6 cung mét dang. Vi vay 4 1a mot toan tir dang elliptic.

3. Kétluin

Phuong phap trinh bay & trén c6 thé tién

hanh twong tu nhu d6i véi phuong trinh
moment. Vi vy viéc 1am nay c6 thé bo qua.
Chi can luu y mot diéu 1a ham y biéu thi
phan chinh cta nghiém co sé cua phuong

trinh.

[//:

16zEh(1-o) "

10t 5
"~ 2Eh AB

Déi voi vo mong, ta co:

JRR,

2 Inr?

r12 = AZRz (a_ao)"' BZRl(ﬂ_ﬂO)
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Thuc hi¢n tinh todn twong tu voi cac
phép tinh trudc, ta thu dugce cac dac trung co
ban cua cac ham u, v va w (bang 3).

Céac thanh phén bién dang ¢1,...,7 co thé
duogc xac dinh bang cach sir dung cac ham u,
v va w. Cac tmng suat va moment T1,...,H1
duoc biéu dién theo cac bién dang &1, ...,7 dua
trén c4c quan hé cua vat liéu dan hoi. Céc két
qua cho trong c4c bang tir 2 dén 4.

Két qua tinh todn cho vo try tron chiu
udn da duoc so sanh vai cac két qua thu duoc
boi Darevskii [2]. O day, ciing tim dugc
nghiém tiém cén cho u, v, T1, T2, S1 va Sz
trong truong hop vo chiu tdc dung cia cac
lyc tap trung X va Y; trong truong hop vo
chiu luc Z, ta c6 két qua gidng nhu trong [2];
cac truong hop con lai c6 su sai khac do dac
diém riéng cua timg phwong phap tinh toan
dugc su dung.

Pbi v6i bai toan vo cau, két qua cua
nhém trung hoan toan vai [9]4
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