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Tom tat
Xét phuong trinh sai phan cap k dang f(X..,)—X, =r(n) (k la sé nguyén >1), trong d6

n+k
{r(n)}"_, 1a mét déy sé thuc da cho hoi tu t6i gici han M va f la mot énh xa co chét tor R
vao R . Tac gia ching minh rdng néu phuong trinh duoc xét cé nghiém bj chan thi moi nghiém
bi ch&n cua phuong trinh dé phai héi tu vé diém bét déng duy nhét cia énh xa f — M

Tte khéa: Anh xa co chat, diém bat dong, phuwong trinh sai phén cép k, nghiém bj chdn cta phuong
trinh sai phan, day héi tu.
Abstract

Consider a k-order difference equation of type f(Xf”k)_X” =r(n) (k is an integeer),

where { r(n )} =l is a given real sequence converging to M and f is a strictly contractive
map from R into R . The author proved that if the considered equation has bounded solutions
then any its bounded solution must converge to the unique fixed point of the map f—M
Keywords: Strictly contractive map, fixed point, k-order difference equation, bounded solution of a
difference equation, convergent sequence.
1. Dat van dé
Binh Iy anh xa co Banach duwgc (ng dung dé chirng minh sy ton tai nghiém clia mét sé
phwong trinh vi phan, phwong trinh ham ciing nhw sy 6n dinh nghiém ctia mét sd phwong trinh ham
(xem [2], [4], [5], [6], [7], [8])- Trong bai bao nay tac gia st dung dinh ly anh xa co Banach dé chirng
minh sy hoi tu cla cac nghiém bji chan (néu cd) cla phwong trinh sai phan dang
f(x..,)—% =r(n), trong d6 f la mot anh xa co chat tir tap sé thuc R vao chinhné va {r(n)}-,
la mot day sb thwe da cho hdi tu vé& gidihan M .
2. Két qua chinh
Tac gid da chirng minh dinh ly sau:
2.1. Binh ly: Xét phuong trinh sai phan cép k dang T (X..,) — X, =r(n) (k la sé nguyén >1), trong

n+k
d6 {r(n)}"_, la mot day sé thuc da cho hoi tu t6i gici han M va f la mét anh xa co chét tir R vao
R . Khi dé6 moi nghiém bi chan (néu c6) cta phuong trinh duoc xét phai héi tu vé nghiém duy nhét
cta phuong trinh f(X)—M =X.

Dé chirng minh két qua trén, ching ta can mét sé dinh nghia va ménh dé bb tro.

Dinh nghia 1: Cho X 1a mét tap khac réng va f : X — X 1a mét anh xa. Phan t&r x* e X
goi la mot diém bat déng ctia anh xa f néu f(X*)=x*.

Dinh nghia 2: Cho X la mét khéng gian metric véi metric d , anh xa f : X — X goi la mot
anh xa co chat néu ton tai s6 « €[0,1) sao cho d(f (x), f(y)) <ad(X,y) véimoi X,y e X .

Pinh ly anh xa co Banach: Cho X /4 mét khéng gian metric ddy di véi metric d |
f : X — X la mét &nh xa co chat. Khi d6 f c6 diém bét dong duy nhét X* € X va v6imoi X, € X

day lap {x 1 xée dinh boi X, = T (X, ;) (YN>1) uon hoi tu vé x*.
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Trong bai bao nay céac ky hiéu ¢, C, twong (rng chi khéng gian Banach cac day sé thyc b
chan va khéng gian Banach cac day sb thwe hdi tu vé 0 véi chudn supremum:

||X|| = Sup|xn| néu X = {Xn }::1 la phan t& ctia £ ho&c cla Cj.
n

Chu y réng C, la khéng gian con déng clia /” . Ta c6 ménh dé:
Ménh dé 1 (xem [3]): Khéng gian thuong (”/C, la khéng gian Banach véi chuén

||[X]|| =lim Sup|Xn|, trong do [X] 1a phan tdr cia (” /¢, chilop twong duong chira ddy X = {Xn }n:l

cta khéng gian (.
Bay gi® ta da sén sang cho chirng minh cta dinh ly 2.1.
Ching minh dinh Iy 2.1. Béivi f(X ., )—X =r(n)< f(x, ., )-M-x =r(n)—Mva
f —M 1a anh xa co chat néu f 1a anh xa co chat nén khong gidm téng quat ta c6 thé xem M =0

,tec la taco im[f(x,,,)—X,]=0.Ky hiéeu T, :¢*/c, —> ¢{*/c,la anh xa dat twong tng I&p
n—oo

[yle (" /c, chia day y={y,| , €¢* voi lop [2]1=TIyl=[{f(y,..)]e " /c, chra day
2={z,= f(Y,.)f, €¢*. D&thay, T, duoc xac dinh mot cach dang dén va Ia anh xa co chit tir
0 /C0 vao chinh né. That vay, vi f 1a anh xa co chat nén né lién tuc ( tham chi la lién tuc déu). Do
do,néu y={y,}, €¢” thi z={z, = F(Y,..)}~, € £” (&nh ctia mot tap bi chdn qua mot anh xa
lién tuc trén toan bo tap R 1 bi chain). Mét khac, voi hai day tay y Y =1{y, |-, y'={Y', |, thudc

cung mét lop twong dwong trong £~ /C0 ta co:

lim |yn - y'n| = lim |yn+k - y'n+k| =0 1)
nN—o0 n—oo
Néu « €[0,1) la s6 ndi trong dinh nghia 2 dbi v&i anh xa co chat f ta co:
|f (yn+k) —f (yln+k )| < a|yn+k o yln+k| @)

T (1) va (2) ta suy ra:
()~ £ (V)| =0
Nghia la cac day {f (ymk)}:’=1 va {f (y'mk)}f=1 thudc cling moét 16p twong dwong trong
7 1c, nénlop [z] =T, [y]= [{f (yn+k)}] € (" /¢, dwoc xac dinh khéng phu thudc vao viéc ta chon
dai dién nao cua Iop [y]e ¢”/c,. Tiép theo, néu [u],[v] & hai phan t& tay y ctia ¢~ /¢, twong
rng chi cac lép twong dwong chira cac day U = {un }::1:V = {Vn }::1 e l” taco:
[T [ul =T [V]| = lim sup|f (u,,.) = f (v, )| < elim sup|u,,, — V.|
= alim sup|u, —v, | = a|[u]-[v]|
Vay anh xa Tk la anh xa co chat tir khéng gian Banach /” /C0 vao chinh né. Theo dinh ly
anh xa co Banach, T, c6 duy nhat mét diém bat dong [x*] 1a I6p twong dwong chira day
x*={x* 1" €. Theo dinh nghia cia anh xa T, didu d6 c6 nghia la:
T D= [F (%0l = Exs T e fim £ (%) - x5, =0,
Nhung mat khac, theo gia thiét ciia dinh ly 2.1, day X = {X, |, € /” va théa man:

lim (f(xn+k) - Xn) =0.
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vay I6p [X]=[{x, ] cting Ia mot diém bét dong cia anh xa T, . Do tinh duy nhét clia diém
bat dong [x*] ta phai co [X*]=[x]. Vi f la anh xa co chattr R vao R, n6 cé duy nhat mét diém
batdong a e R . Xétday ding W= {w, =a}" . Taco:
f(a)=a=lim (f(w,.,)-w,) =0

vay lop [w] =[{w, =a}’,] ciing la mot diém bat dong cia anh xa T, . Lai vi diém bét dong
cta T, la duy nhéat, ta phai co [x*]=[X]=[W]. Béng thrc cubi cung cé nghia la:
Iim(x,-w,)=0<Im(x,—a)=0<Ilm x, =a
n—oo n—o0 nN—oo
Pinh ly dwgc chiyng minh hoan toan.
2.2. Nhan xét
- Cac phuwong trinh sai phan théa man diéu kién ctia dinh Iy 2.1 cé thé cé cac nghiém khéng

. 1 X
bi chan. Chang han, phwong trinh sai phan EXM -X, =0 (f(x)= > r(n) =0, k =1) cé nghiém

téng quat la x, =C.2". Khi C 0 cac nghiém nay khong bi chan. Vi vay, trong phat biéu cda dinh
ly 2.1 khéng thé bd di gia thiét vé tinh bi chdn ctia cac nghiém dwoc xét.

- Khéng dinh cda dinh ly 2.1 va&n con dang néu phwong trinh (X ., ) —X, =r(n) dwoc xét
trong mién phirc. Chi can thay céc gia thiét trong dinh ly 2.1 twong &ng béi cac gia thiét “ f /a mét
anh xa co chat tir C vao C”, "{r(n)}‘;‘;1 1a mét day sé phirc da cho hoi tu téi giéi han M ”. Chirng
minh khéng c6 gi thay dbi, b&i vi ménh dé& 1 van con dung déi véi cac khong gian ¢~ (C) cac day
s6 phtrc bi chan va khong gian C,(C) cac day s phire hoi tu vé 0.

- Néu trong phat biéu ctia dinh ly 2.1 ta thém vao gia thiét vé tinh bi chan déi véianh xa f (
nghia la tap f (IR ) bi chén trong R ) thi cé thé bd di gia thiét vé tinh bi chdn ctia nghiém, béi vi khi
do gia thiét nay tw déng dwoc thda man. Thuyc vay, gid st {Xn }::1 la mét nghiém clia phwong trinh
f (X ) =X, =1(n) va | f(X)|< A<+oo voimoi xe R. T gia thiét im[f (X)) - x,]=Mta

n+k n+k

suyraday {f(x,,)—X, }::1 bi chan. Vay tén tai s6 B >0 sao cho |f (X,,,) — X;| < B v&i moi sb
nguyén dwong N . Suyra |Xn| <B +|f (Xn+k)| < B+ A véimoi n nguyén dwong. Diéu d6 c6 nghia
la day {x,}", bi chan.
3. Cac vi du ap dung

Trudc hétta c6 nhan xét rding néu f (X) 1& mot ham thuc lién tuc trén R va a 1a mot nghiém
(khdng bat budc phai duy nhat) ctia phwong trinh f (X) — M = X thi moi déy dang {Xn =a+s, }::1
, trong dé {Sn }::1 la moét day sbé thwc co gi¢i han bang O, s& thda man diéu kién
lim (f (x
n—oo

L) —X%,) =M . Do do6, co vd sb cac day sb thiee thdéa man diéu kién trong cac vi du dwéi

déy. V&i cac didu kién cda dinh Iy 2.1 ta c6 khéng dinh nguoc lai, ring néu day sé {X, |, bi chan

va théa man didu kién lim (f (., ) —X,) =M , thi n6 phai cé dang {x, =a+s, |, voi {s,} , Ia
n—o0

mot day sb thuc ¢ gidi han bang O .

Vi du 1: Cho sb thyc ar €[0,1) va K [a mdt s6 nguyén dwong. Chirng minh rang néu day sb

thwe {Xn }::1 bi chan va thda man:
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im (e, —X,)=M e R

n—oo

. M
thi im x, = ——.
n—oo o —

(Xem vi du 1 trong [1], bai tap s 637.2 trong [9] va bai tap 1.18 trong [10] dé so sanh).

Giai. Pat f(x)=ax, r(n)=ax,,, —X,. Khi do day {X,}-, la mot nghiém bi chan cia
phwong trinh T (X, )—X, =r(n). Rrang f :x — f(X)=ax laanhxacochattr R vao R va
lim r(n) = lim (ax,,, —X,) =M . Diém bét dong duy nhét ctia anh xa f —M la nghiém cla
n—o0 n—o0
phwong trinh aX—M =X << X = —1 Ap dung dinh ly 2.1 ta suy ra ngay khang dinh cua bai

a —
toan.
Vi du 2: Gia s day sb thuc {Xn }::1 bi chan va thda man:
.1
rI]linm(z In(1+x2,,)-x)=1-+e*~1.

Chrng minh rang day {Xn }::1 hoéi tu va tim gi¢i han cta né.

1 1 o

Giai. Dat f(x) = > In(1+ x?), r(n) = Eln(1+ x2.,) — X, . Khi d6 day {X, |, 1a mot nghiém
bi chan clia phwong trinh f (X

)—X, =r(n). Tacé:

[F00]=

n+1

X
1+ x°

S% (Vxe R).

1
Tw dinh ly Lagrange suy ra anh xa f : x —> f(x) = Eln(l+ x?) 1a anh xa co chattr R vao
R . Ngoai ra:
. —
lim r(n) = lim (ZIn(1+x2,,) - x, ) =1-+e*-1.
n—ow n—ow 2 *
Vay moi gia thiét cta dinh ly 2.1 dwoc thda man. Ti khéng dinh cta dinh ly 2.1 suy ra day
o] z 2 z z S , 1
{X, ], hoi tu dén didm bat dong duy nhat cia anh xa g:x — g(x) = E|n(1+ x2)+/e2—1-1.

. 1
Nghiém duy nhét ctia phwong trinh EIH(H x?)++e?—1-1=x la a=+e*—1.Do dé ti dinh ly

2.1suyra lim x, =+e” 1.

n—oo

Vi du 3: Cho sb thyc a €[0,1) va day sé thyc {X }::1 théa man:

. ar—33
lim (cxarctan X, 50,0 — X,) = ————.

n—oo 3

n

Chtrng minh rang day {Xn }::1 héi tu va tim gi¢i han cta né.
-3 > . N aﬂ ;. . A A n s > A
Giai. B&i vi |a arctan X| < 7 v&i moi sO thwe X nén theo nhan xét & cudi muc 2.2 ta suy ra

day {X,|", bichan. Dat f(X)=carctanx, r(n) = aarctanx. ., — X, . Khi dé day {x, |-, lamot
nghiém bi chan ctia phwong trinh f (X, ,0.0) — X, =r(N) . Ta co:
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a
1+ x2

[f'(x)|= <a<l (¥xeR).

Do d6, anh xa f : x — f (X) = crarctan x 1a anh xa co chattr R vao R . Méat khac:

_ar— 3V3
—3
Vay moi gia thiét ctia dinh ly 2.1 dwoc thda man (véi k = 2019 ). Theo khéng dinh cla dinh

lim r(n) = lim (carctan X, , ,o;o — X,)
n—o nN—o0

ly, day {X, }"_, phai hoi tu dén diém bét dong duy nhét cia anh xa

h:xah(x):aarctanx+wg;m.

3\/§—a7r

Phwong trinh rarctan x + =X c6 nghiém duy nhat X*= J3. Vay lim x, = J3

n—oo
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