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ABSTRACT

In this paper, we prove some results on the concept of
{@mn,;j}- stochastic domination for double arrays of random
variables, where {k,,m =1} and {l,,n>1} are two
sequences of positive integers and {am,n,i,j; 1 <i<kp1l<
j < l,mn > 1} is sequences of positive constants

satisfying
km ln

Z Z am,n,i,j = CO' CO € (O, oo)
m21n21 4

sup
i=1j=1

The main results establish double sum versions of Theorem 2.1
and Theorem 2.6 of Thanh (2023).

Keywords: Stochastic domination; double array; slowly
varying function; Cesaro stochastic domination.

1. Introduction and preliminaries

Firstly, we develop some results concerning a new
concept of stochastic domination which leads to the
concept of the Cesaro stochastic domination as a
particular case.

A double array {Xm,n,m >1,n > 1} of random
variables is said to be stochastically dominated by a
random variable X if

sup P(|Xpn| > x) < P(IX| > x), forallx e R. (1.1)

mz1n=1
The next concept was extended to the concept of the so-
called Cesaro stochastic domination by Fazekas and
Tomacs [5] as follows. Let {k,,,m = 1}and {[,,n = 1}
be sequences of positive integers. A double array
{Xmmn,m = 1,n = 1} of random variables is said to be
tochastically dominated in the Cesaro sense (or weakly
mean dominated) by a random variable X if
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kTYL ln
> ) P(Xiy| > 2) < CP(IX| > ), forallz € R, (1.2)

i=1 j=1

sup
m>1n>1 kmln

where C' > 0 is a constant.

Following Thanh [[12], we introduce a new concept of {a, . ;}-stochastically domi-
nated for a double array of random variables as follows.

Let {amnijil <i < kp,1 <j<I,,mmn > 1} be sequences of positive constants

satisfying
km lﬂ/

sup ZZammm = Cy, Cp € (0,00). (1.3)

m>1,n>1 i—1 j—1

A double array {X,,,,m > 1,n > 1} of random variables is said to be {a;, . ;}-

stochastically dominated by a random variable X if

km n
SUp > P Xig| > ) < CP(IX] > z), forallz € R (14)

m>1,n>1 i=1 j—1

In view of the definition in (1.2), one may be tempted to give an apparently weaker def-
inition of {X,,,,m > 1,n > 1} being {a,, ;}-stochastically dominated by a random
variable Y, namely that

km ln

SUp > P Xig| > 2) SCP([Y] > z), forallz R, (L5)

m>1,n>1 =1 j—1

for some finite constant C' > 0.

Concerning definition of the Cesaro stochastic domination, we can simply choose C' =
Lin (T2). If ampnij = 1/kmln,1 <@ < kp,1 < j < l,,m,n > 1, then it is obvious
that Cy = 1, and the concept of {a,, n ; ; }-stochastic domination reduces to the concept of
stochastic domination in the Cesaro sense.

The laws of large numbers with the norming sequences are of the form f(-) L(-) where
L(-) is a slowly varying function were studied by many authors. We refer to Anh et al. [[[1]],
Anh and Hien [[2]], Gut[[7]],[8]], Matsumoto and Nakata [[9]] and others. The notion of
slowly varying function can be found in [[[11], Chapter 1]. A real-valued function L(-) is
said to be slowly varying (at infinity) if it is a positive and measurable function on [A, c0)
for some A > 0, and for each A > 0,

lim L)

=1.
T—00 L(m)
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Let L(-) be a slowly varying function. Then by Bingham et al.[[3], Theorem 1.5.13],

there exists a slowly varying function E(-), unique up to asymptotic equivalence, satisfying

lim L(z)L (zL(z)) = 1 and lim L(z)L (;ci(g;)) ~ 1. (1.6)

200 Z—00
The function L is called the de Bruijn conjugate of L, and (L, Z) is called a (slowly
varying) conjugate pair (see, e.g., [[3]], p.29]).
The following lemma shows that we can approximate a slowly varying function L(-)
by a differentiable slowly varying function L (-). We can see Anh et al. [[1]], Lemma 2.2],

Galambos and Seneta [[6], p.111], and other references.
Lemma 1.1. For any slowly varying function L(-) defined on [A, o) for some A > 0, there

exists a differentiable slowly varying function Li(-) defined on |B, o0) for some B > A

L L
lim (z) =1 and lim Ly () =

such that

Conversely, if L(-) is a positive differentiable function satisfying

. xLl/(x)
2w

=0, 1.7

then L(-) is a slowly varying function.

The following lemma is the simple result on the expectation of a nonnegative random

variable, can see Rosalsky and Thanh [10]] for a proof.

Lemma 1.2. Let h : [0,00) — [0,00) be a measurable function with h(0) = 0 which
is bounded on [0, A]| and differentiable on [A, c0) for some A > 0. If £ is a nonnegative

random variable, then

(e o]

E(h(€)) = E(h(E)1(6 < A)) + h(A) + / H(@)P(E > )da.

A
Throughout this paper, 1(A) denotes the indicator function for set A. For x > 0, let

log = denote the logarithm base 2 of max{2, z}. For z > 0 and for a fixed positive integer

v, let
log, () := (logx)(loglogx) ... (log- - -logx), (1.8)
and
log? () := (log z)(loglog z) . .. (log - - - log x)?, (1.9)
where in both (T.8)) and (T.9)), there are v factors. For example, log,(x) = (log z)(log log x),

logg)(a:) = (log z)(log log z)(log log log )2, and so on.
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2 Main results

The following theorem is a simple result and its proof is similar to that of Theorem 2.1 of
Thanh [12].

Theorem 2.1. Let {k,,,m > 1} and {l,,n > 1} be sequences of positive integers,
{Xmn,m > 1,n > 1} be a double array of random variables, {ay, n;;;1 <1 < kp,, 1 <
Jj <l,,m,n > 1} be sequences of positive constants satisfying (1.3)) and let

F(x )—l—a)msup ZZamnM (1X; ] > z), x € R.

>1n>1 =1 j—1

Then F(-) is the distribution function of a random variable X if and only if lim,_,, F'(z) =
L. In such a case, { Xy, n,m > 1,n > 1} is {am n ; }-stochastically dominated by X.

Proof. Ttis clear that F'(-) is nondecreasing, and

Om>1n>1 B

Let ¢ > 0 be arbitrary. For a € R, let mg > 1,ny > 1 be such that

kmg Ing
N Zzamo,no, i P Xl > a) > 5 E}lpxzzamn,m (1Xis] > a) — /2,
0 =1 j=1 Omztnzliot j=1
or equivalently,
kmg Ing
1_—22%0,%, i P(1Xi5] > a) < F(a) +¢/2. 2.1)
=1 j=1
Since the function
kmo lno

x> —ZZamoﬁnO” (1Xi ] > ), z € R,

11]1

is nonincreasing and right continuous, there exists 6 > 0 such that

m() "0 mO "0

—&/2< Zzamonoﬂj |XZJ|>$__ZZQMOMMJ (| Xijl>a) <0

’L].j]. 21]1
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forall z suchthat 0 <z —a < ¢

Therefore, for x satisfying 0 < z — a < 9, we have

F(x) — 5—1—ajmsup ZZamnm (| Xl >x)—¢

>1,n>1 =1 j—1

kmg Ing

1
<1- ?0 Z Zamo,no’iyj]P’(\Xi,ﬂ > .Z') — £

=1 j=1

kmg Ing

< 1——22&7”0’”07 iiP(Xi ;] >a) —e/2

i=1 j5=1
F(a) (by @1))
and so |F(z) — F(a)] < e. Thus lim F(z) = F(a). Since a € R is arbitrary, this
Tr—a
implies that F' is right continuous on R. Since F'(-) is nondecreasing, right continuous

and lim F(z) = 0, it is the distribution function of a random variable X if and only if
T——00

lim F(z) = 1. By definition of F'(-), {X,,,,m > 1,n > 1} i8 {ay, i ; }-stochastically
T—00
dominated by X.

]

The next theorem shows that bounded moment conditions on a double array of random
variables {X,,,,m > 1,n > 1} with respect to weights {a;, ;1 < i < K, 1 <
Jj <l,,m,n > 1} can accomplish {a,, ,; ; }-stochastic domination. This result extends the
Theorem 2.6 of Thanh [12].

Theorem 2.2. Let {k,,,m > 1} and {l,,n > 1} be sequences of positive integers,
{Xmn,m > 1,n > 1} be a double array of random variables, {a, n;;;1 <1 < kp,1 <
J < ln,m,n > 1} be sequences of positive constants satisfying (1.3). Let p > 0 and let v
be a fixed positive integer. Let L(-) be a slowly varying function. If

sup zzamw (1P L(1 X51) 1082 (1 X,1)) < o0, (2.2)

m>1n>1 —1 j=1

then there exists a random variable X with distribution function

F(z )—1—— sup ZZamnM (| X | >z), xeR (2.3)

Co m>1,n>14= o
such that { X, n,m > 1,1 > 1} is {am n,i ; }-stochastically dominated by X, and

E (| X]PL(]X])) < occ. (2.4)
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Proof. Set
g(z) = 2PL(z)log'? (), and h(z) = 2P L(z), = > 0.

v

Since lim, ., g(x) = oo and g(-) is strictly increasing on [0, 00) as we have assumed
before, we have from Markov’s inequality and (2.2) that

0< lim sup ZZamn” ]X”\>x)<hm— sup ZZammJ (9(1Xi ;1)) = 0.

Tr—r0o0 TrT—r00
m>1n>15— = g m>1 m>15— 19=1

By Theorem 2.1 the array {X,,,,,m > 1,n > 1} is {a, . }-stochastically dominated
by a random variable X with distribution function F'(-) given in (2.3).

Next, we prove ([2.4). We firstly consider the case where the slowly varying function

L(-) is differentiable on an infinite interval far enough from 0, and

xL/(x)
li = 0. 2.5
o (2)
By ([2.5), there exists B > 0 such that
xLl(x)| _p
<-,z>B.
L) | =2 "

It follows that

L 3pxP~ L
K (z) = pa?~ ' L(z)+a" L (z) = 2" L(x) <p + QJL(("‘;)) < T 5 @) > B @6
T
Therefore, there exists a constant C; such that
E(h(X)) =E(h(X)1(X < B)) + h(B) +/ B (2)P(X > z)dx
B
3p [
<Ci+ 2/, 2P L(z)P(X > z)de
—01+3—p " L(x) sup ZZamn” (X ;] > z)dx
2C(O m>1 n>1 i—1 =1
<t D /m sup Zzamw g(1 X)) da
2Cy JB xlog ) m>1,n>1

=1 j=1

> dx
=C +— su i i E (9(| X / — < 0,
1 p ZZ J | J|)) B ZElOg(Q)( )

2C(O m>1,n>1
=1 j=1

where we have applied Lemmal(I.2]in the first equality, (2.6) in the first inequality, Markov’s
inequality in the second inequality, and (2.2) in the last inequality. Thus we obtain (2.4) in
this case.
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By Lemmal |[L.1] there exists a slowly varying function L;(-) which is differentiable on
[By, 00) for some B large enough, and satisfies

- Ly(z)
Ty T 2.7)
and L’( )
xr
li L2 =0.
T @)

For: > 1,7 > 1, we have from (2.7) that for all B, large enough

E (1X5P La(1X05) 105 (1Xi1)

= B (1L (1, Tog (| Xig N 1(1Xi] < By))

+ B (X7 Ly X)) log® (1 X )1(1 X | > Ba)) oY
< Cy + 2 (1, P L(1 X)) log® (1 X, 1(1 X > Ba))
where C, is a finite constant. Combining 2.2)) and 2.8) yields
km ln
S0, 223 e (KT (Xe) (X)) <o 09

Proceeding exactly the same manner as the first case with L(-) is replaced by Li(-), we
obtain (2.4). The proof of the theorem is completed. [ ]

Remark 2.3. A weaker version of Theorem for stochastic domination (without the
appearance of the slowly varying function L(-)) was proved by Rosalsky and Thanh (see
Theorem 2.5 (ii) and (iii) in Rosalsky and Thanh [10]). Typical examples of slowly varying
functions L(-) for @2) are L(z) = 1 and L(z) = L (x)(log'? (z))~!, where Ly(-) is an-
other slowly varying function. Theorem[2.2]is proved by employing an idea from Galambos
and Seneta [6]].

The following corollary follows immediately from Theorem [2.2] We note that the result
in Corollary 2.4 was stated for the d-dimensional array of random variables with v = 2,
which was shown by Dat et al. in [4]]. The new result we present shows that {X,, ,, m >

1,n > 1} be a double array of random variables and v be a fixed positive integer.

Corollary 2.4. Let {k,,,m > 1} and {l,,,n > 1} be sequences of positive integers, let
{Ximn,m > 1,n > 1} be a double array of random variables and let L(-) be a slowly
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varying function. Let p > 0 and let v be a fixed positive integer. If

fiE(\meL (1) 10852 (1X,,1)) < o0,

=1 j=1

sup
m>1,n>1 Kmly

then there exists a random variable X with distribution function

km ln
E:z:|&ﬂ>x reR

such that { X, ,, m > 1,n > 1} is stochastically dominated in the Cesaro sense by X, and

F(x)=1-

m>1 n>1 k

E(IXPL(IX])) < o0
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TOM TAT
MOQT SO KET QUA POI VOI MANG HAI CHIEU
CAC BIEN NGAU NHIEN {a,, ,,.; ;}-BI CHAN NGAU NHIEN

Nguyén Thi Thanh Hién
Khoa Todn - Tin, Dai hoc Bdch Khoa Ha Noi, Viét Nam
Ngay nhén bai 06/11/2024, ngay nhédn dang 12/02/2025

Trong bai b4o nay, chiing toi chiing minh mot s6 két qua dbi v6i mang hai chiéu céc
bién nglu nhién {a,, , ; ; }-bi chin nglu nhién, trong d6 {k,,,,m > 1} va {l,,n > 1} laday
céc sb nguyén duong, {amnij;1 < i < km,1 < j <l,,m,n > 1}1acdc ddy cic hing sb
duong thdéa min diéu kién

krn ln
Sup D> iy = Co. Co € (0, 00).

m>1,n>1 i=1 j=1

Két qua chinh ctia bai bdo 1a phat trién Dinh 1y 2.1 va Dinh ly 2.6 ctia Thanh (2023)
cho trudng hop mang hai chiéu cac bién ngiu nhién.
Tir khéa: Bi chiin ngdu nhién; mang hai chiéu; ham bién ddi cham; bi chiin ngiu nhién

theo nghia Cesaro.
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