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Tém tat. Trong bai bdo nay, chiing toi thiét lap va chiing minh mot vai két qua vé su ton
tai va duy nhét diém bat dong ciia céc anh xa T-co yéu va T-co yéu suy rong trong khong gian kiéu
b-métric. Cac két qua nay la sy mé rong ciia mot s6 két qua vé diém bat dong trong khong gian
b-métric trong cac tai lieu tham khéao [3] [10].

1 MG& dau

Céc khai niem anh xa K-co vad C-co lan lugt duge gidi thigu va nghién citu bsi R.Kannan [7] va
S.K.Chatterjea [2]. A.Razani va V.Pavaneh [11] da dua ra cac khéi niem anh xa T-co yéu suy rong
kidu Kannan va kiéu Chatterjea va chitng minh mot s6 két qua vé su ton tai diém bat dong ciia céc
anh xa ndy trong khong gian métric. S.Czerwik [5] da md rong khai niém khong gian métric bing
céch dua ra khai niem khong gian b-métric vi ching minh su ton tai diém bat dong ciia cac anh
xa co trong khong gian nay. Nam 2014, Z.Mustafa [10] va cac cong sy dd md rong cac két qua cia
A.Razani va V.Pavaneh [11] cho khong gian b-métric. Khong gian kiéu b-métric da duge dua ra va
nghién citu bsi M.A.Alghamdi v& cac cong sy [1] vio nam 2013. Sau d6, van dé vé sy ton tai diém
bat dong trong khong gian kiéu b-métric da duge nhiéu nha toan hoc quan tam nghién citu va thu
duge nhiéu két qua [3], [4], [6].

Trong bai bao nay, ching toi thiét lap v& chiing minh hai dinh 1i v& cac hé qua clia né vé sy ton
tai diém bat dong ciia cac anh xa T-co yéu va T-co yéu suy rong trong khong gian kiéu b-métric.
Céc két qua nay 1a md rong ctia mot s6 két qua trong cac tai lieu [3] [10].

1.1. Pinh nghia. Gia st (X, d) la khong gian métric va f: X — X.

1) [7] Anh xa f duge goi 1a K-co néu ton tai a € (0, %) sao cho
d(fz, fy) < ald(@, fz) +d(y, fy)) Va,ye€X.

) L s 1
2) [2] Anh xa f dugdc goi 1a C-co néu ton tai a € (0, 5) sao cho

d(fz, fy) < ald(z, fy) +d(y, fz)) Va,yeX.

Nam 1968, R.Kannan [7] da ching minh rang néu (X, d) 1a khong gian meétric day da thi méi
anh xa K-co trén X c6 duy nhat mot diém bat dong. Nam 1972, S.K.Chatterjea [2] da ching t6
anh xa C-co trong khong gian métric day dii ¢6 duy nhat mot diém bat dong.

1.2. Dinh nghia. Gi4 st (X, d) la khong gian métric, f: X — X va ¢ : [0, +00)? — [0, +00) la
anh xa lién tuc sao cho p(z,y) = 0 khi va chi khi z =y = 0.
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1) [4] Anh xa f dugc goi la co yéu kiéu Chatterjea, néi gon 1a C-co yéu néu

Az, fo) < 5 (de fo) + dly, [2) = p(dla, fy),dly, f2))  Vay € X.

2) [11] Anh xa f duge goi 1a co yéu kiéu Kannan, néi gon la K-co yéu néu
(S, 9) < 5 (A, f2) + dly, f9) — p(d(z, fo),d(y, y)  Vay € X.
Chu y: Trong bai bao nay dung ki hiéu co thay cho +oc.
1.3. Dinh nghia. Gid st (X, d) la khong gian métric va T : X — X.
1) [9] Anh xa f: X — X dugc goi 1a T-co kiéu Kannan néu ton tai a € (0, %) sao cho

d(Tfo,Tfy) < a(d(Tz,Tfz) + d(Ty, Tfy)) Va,ye X.
. . L s 1
2) [11] Anh xa f: X — X dugc goi 1a T-co kiéu Chatterjea néu ton tai o € (0, 5) sao cho

d(Tf,Tfy) < a(d(Te, Tfy) +d(Ty, Tfz)) Va,y € X.
1.4. Dinh nghia. [8] Ham ¢ : [0,00) — [0, 00) dugc goi 1a ham thay doi khodng cdch néu
1) + lién tuc va tang ngit.

2) ¥ (0) =0.
1.5. Dinh nghia. [11] Gi4 st (X, d) 1a khong gian métric, T : X — X, ¢ 13 ham thay ddi khoang
cach con ¢ : [0,00)% — [0,00) 1a ham lién tuc vh ¢(z,y) = 0 khi va chi khi z =y = 0.

1) Anh xa f: X — X dugc goi 1a T-co yéu suy rong kiéu Chatterjea néu

B(d(Tfo, Tfy)) < w(‘“T””’ Tfy) +dTy, TS "”“)) — o (d(T, T fy).d(Ty, Tfz)),

2
Vz,y € X.
2) Anhxa f: X — X dugc goi la T-co yéu suy rong kiéu Kannan néu
d(Tz,Tfx) + d(Ty, T
wlarsatpy) < o CEIDLALTIN - are, 1 1a)aro. 1),
Vz,y € X.

Trong Dinh nghia 1.5, néu lay ham 1) : [0,00) — [0,00) véi ¥ (t) = t v6i moi ¢t € [0,00) thi ta
nhan duge Dinh nghia 1.2.

1.6. Dinh nghia. [5] Gia st E 1a mot tap hgp khac réng va s6 thuc k > 1. Ham d: E x E — dugc
goi 13 b-meétric trén E néu

1) d(a,b) > 0 v6i moi a,b € F;
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2) d(a,b) =0<a =1
3) d(a,b) < k[d(a,c) + d(c,b)] v6i moi a,b,c € E (bat dang thic tam gidc);
4) d(a,b) = d(b,a) v6i moi a,b € E.
Tap E cing v6i mot b-métric trén né duge goi la khong gian b-métric vdi tham sé k, néi gon la

khong gian b-métric va duge ki higu béi (E, d) hodc E.

1.7. Dinh nghia [1] Gia st E la tap khac réng. Ham d : E x E — R dugc goi la kiéu b-métric
trén F néu ton tai tham s6 k > 1 sao cho v6i moi a, b, c € E, cac diéu kién sau day duge théa méin:

(i) d(a,b) > 0;

(i) d(a,b) =0=a=1¥;
(iii) d(a,b) < k[d(a,c) + d(c,b)] (Bat déng thitc tam gidc);
(iv) d(a,b) = d(b,a).

Khi do, ciap (E,d) dugc goi la khong gian kiéu b-métric v6i tham s6 k. Néu (E,d) la khong gian
kidu b-métric v6i k = 1 thi n6 duge goi 1a khong gian kiéu métric.

1.8. Vi du [1] Gid st E = [0,00). Him d : E? — [0, 00) xac dinh bdi
d(a,b) = (a +b)* Va,b€ E.

Khi dé (E,d) 13 mot khong gian kiéu b-métric véi tham s6 k = 2. Mat khéac (E, d) khong phai
14 khong gian b-métric hay kiéu métric. That vay, véi moi a, b, c € E, ta c6

d(a,b) = (a+b)? < (a+c+c+b)?
=(a+c)* +(c+b)*+2(a+c)(c+b)
<2[(a+c)?+ (c+1b)?]
= 2[d(a,c) + d(c,b)].

Bai vay, iii) d g va o rang i) va ii) ding. Do d6 (E, d) 1a khong gian kiéu b-métric véi k = 2.

T d(1, ) 4 suy ra (F,d) khong la khong gian b-métric.
Tit d(1,2) =9 > 5= d(1,0) + d(0,2) suy ra (E,d) khong la khong gian kiéu métric.

1.9. Dinh nghia. [1] Gi4 st {a,} 13 mot diy trong khong gian kiéu b-métric (E,d). Diém a € E
dugc goi 1a gidi han cia day {a,} néu lim d(a,a,) = d(a,a).
n—oo

Khi d6, ta néi ring {a,} héi tu vé a va ki hiéu 1a a,, — a khi n — oo hodc lim a, = a.
n—oo

1.10. Dinh nghia. [1] Gid sit (E,d) 1a mot khong gian kiéu b-métric
1) Day {a,} dugc goi la day Cauchy néu lim d(ay,a,) ton tai vi hitu han.

m,n— oo
2) Khong gian kiéu b-métric duge goi 1a day dii néu moi day Cauchy {a,} trong E déu hoi tu
vé a thude E sao cho
m’lrllrgoo d(an,am) = d(a,a) = nl;rr;o d(an, a).
1.11. Dinh 1y. [1] Gid st (E,d) la mot khong gian kiéu b-meétric va {a,} la mot day trong E sao
cho lim d(ay,a) = 0. Khi do:

n—oo

16



Truong Dai hoc Vinh Tap chi khoa hoc, Tap 47, So 4A (2018), tr. 14-28

1) a la duy nhat.

2) ld(a,b) < lim d(an,b) < kd(a,b), Vb€ E.

k n— oo
1.12. Pinh ly. [1] Gid st (E,d) la mot khong gian kiéu b-métric va {a,};_, C E, khi dé

d(an,ag) < kd(ag,a1) + ... + k" rd(an_2,an_1) + k" d(a,_1,an).

1.13. Dinh nghia. Gi sit (E,d) 1a khong gian kiéu b-métric va T : E — E.

1) [3] Anh xa T duge goi 1a lién tuc néu véi moi day {an} C Fmaa, — athl lim d(Ta,,Ta) =
n—oo
d(Ta,Ta).

2) Anh xa T duoe goi la hoi tu diy con néu {a,} la day trong E sao cho {Ta,} la day hoi tu
thi ton tai day con {a,,} cta {a,} v a € E théa man a,, — a va d(Ta,Ta) = 0.

3) Anh xa T dugc goi 1a hoi tu day néu {a,} 1a day trong E sao cho day {Ta,} hoi tu thi ton
tai a € E sao cho a, — a va d(Ta,Ta) =0.

4) Néu Ta = a thi a duge goi la diém bt dong ciia T trong E.

2 Cac két qua chinh
Ta ki hieu
U = {1/) : [0,00) — [0,00) | ¢ lién tuc, tdng ngdt va 1 (0) = 0};

®, = {cp : [0,00) — [0, 00)|¢ lien tuc, khong gidm, ¢(t) =0 <t = O};
®y = {ap: [0,00)2 — [0,00)|p(a,b) =0 a=b=0va

¢ (it on tninf ) < pmintplen. o)}
2.1. Pinh nghia. Gia sit (E, d) la khong gian kiéu b-métric va T: E — E. Anhxa f: E — E

dugc goi 1a T-co yéu néu ton tai cac hang so ry,79,73 € {O, k} va ton tai ¢ € ®; sao cho

d(Tfa,Tfb) < rikd(Ta,Tb) + r2[d(Ta, T fb) + d(T,T fa)]
+ r3k[d(Ta, T fa) + d(Tb, T fb)]
— ¢(d(Ta,Tb)), (1)

v6i moi a,b € E.

Cac hiing s6 r1, 72,73 trong (1) duge goi 1a cac hing s6 co clia f.
Trong phan nay, ta gia thiét T : £ — E 13 anh xa lién tuc va don anh.
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2.2. Dinh ly. Gid st (E,d) la khong gian kiéu b-meétric day di va f : E — E la dnh za T-co yéu
vdi cdc hdng so co ri,mo, 73 théa man cdc diéu kién

1

r1 +4re 4+ 2r3 < %, (2)
1

ro + 13 < ﬁ’ (3)
1

r1+ 2ry < 2 (4)

vdi moi a,b € E. Khi do
1) Véi méiag € E, day {Tf"ao} hoi tu.
2) Néu T la dnh za hoi tu diy con thi f cé diém bat dong duy nhdt.
3) NéuT la dnh za hoi tu day thi véi méi ag € E, day {f"ao} hoi tu téi diém bat dong ciia f.
Chiing minh. 1) Lay ag € E va xac dinh day {a,} bdi
Gnt1 = fap = ffag Yn=0,1,....
bat Ta,, = b, v6imoin=0,1,....
Dau tien, ta ching minh d(b,, b, 1) — 0 khi n — co. Sit dung diéu kién (1) ta c6
d(bn-l-la bn) = d<Tfan7 Tfan—l)
< T1 kd(bru bnfl) + 72 [d(bn7 bn) + d(bnflu bn+1)]
+ 73k[d(bn; bnt1) + d(bn—1,bn)] — ©(d(by, b—-1))
< led(bnv bn—l) + TQk[d(bna bn—l) + d(bn—h bn)
+ d(bp—1,bn) + d(bp, bpi1)] + r3k[d(by, bpi1)
( n— 1’ )] - (d(bmbnfl))
(Tl + 37"2 + Tg)d(bn, bn—l)
+ k(r2 +13)d(bng1,bn) — @(d(bp, bn—-1)), (5)

v6imoin=1,2,.... Do do

k‘(’l‘l + 3ry + 7“3)
dlbpi1,bp) < ————==
(bo+1,50) 1— k(ry +13)

<d(bp,bu_1) Yn=1,2,...,

d(b'ru bnfl)

k(’l’l + 37’2 + 7’3)

< 1. Diéu nay ching t6 {d(bn+1,b,)} 1a day céc s6 khong a
Kl ra) = iéu nay ching t6 {d(b,+1,b,)} 1a day cac s6 khong am,

Vi tit (2) nén ta co6
gidm. Do d6, ton tai
lim d(by,bpy1) :=c¢ > 0.

n— oo

Tu (5) va tinh lien tuc clia ¢ suy ra ¢ < ke(ry + 4ra + 2r3) — p(c). Két hop voi k(ry +4re+2r3) <1
suy ra ¢(c) = 0. Theo tinh chat ctia ¢ thi ¢ =0, tic lim d(b,,bpi1) = 0.
n— oo

V6i moi € > 0, vi lim d(by,bn+1) = 0 nén ton tai sé tu nhién n, sao cho, véi moi n > n, ta c6
n—oo

d(bn; bn1) <min{3(k6+1)’ Q(k:]:— Y <3(k::—1)>}' (6)

Tiép theo, ta chiing minh khang dinh sau:
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(G) Néu v6i moi ng > ne ma d(by, by,) < € v6i moi n > ne thi d(byy1,bn,) < €.
That vay, tit bat ding thiic tam gidc va diéu kien (1) suy ra ring

d(bps1,bng) = d(Tfan, Tfan, 1)
< kd(T fan, Tfan,) + kd(T fan,, T fan,—1)
< kd(bpgt1,bng) + k*r1d(bp, by ) + kra[d(bn, bpg 1) + d(brg, brt1)]
+ k27"3[d(bm bn+1) + d(bnovbnoJrl)] - k@(d(bm bno))
< k(1 + kr3)d(bny, bpg 1) + k*r1d(by, by
+ k%79 [d(bp, brg) + d(bng, brgs1) + d(brg, bp) + d(by, b))
+ k2T3d(bn7 brg1) — ko(d(by, bno))
= k(1 + krg + kr3)d(bng, bng+1) + k2 (r1 + 2r2)d(by, by )
+ E2(rg +73)d(bp, brs1) — ko(d(bp, bny))

1
<k (1 + k) d(brgsbg1) + by bry)

- d(bn, bpsr) — kp(d(bn, bny))  Vn > ne. (7)
Trudng hop 1. Gia st d(by, by, ) < m Khi do, tit (6) va (7) suy ra v6i moi n > n, ta ¢
€ € €
d bn abn S o <e
(ot1:6n0) < 3+ 3075 ¥ 305 <

Trudong hop 2. Gia st < d(bp,bny) < €. Khi d6, tit (7) va tinh khong gidm clia ¢ suy

3(k+1)

ra v6i moi n > n. ta cé

Wurstn) < <+ 50 (557 ) * 3 (s )

NEE

Nhu vay khang dinh (G) duge chiing minh.

Bay gid, ta chiitng minh {b, } 14 day Cauchy. C6 dinh ny > n.. Khi d6, tit (6) va khing dinh (G)
suy 1a d(bpyt2,bn,) < €. St dung tiép khéng dinh (G) ta suy ra d(bny+3,bn,) < €. Tiép tuc ly luan
tuong tu ta ¢6 d(by,by,) <€ Vn > ng.

Tt d6 suy ra rang, v6i moi n, m > ng ta co

d(bps bm) < K[d(bns bng) + d(bnys b)) < 2ke.

Do dé lim  d(by,by) = 0.

n,m—oo

Nhu vay {b,} 1a day Cauchy. Vi (E,d) day du nén ton tai b € E sao cho

lim d(b,b,) = lm  d(by,by) = d(b,b) = 0. (8)

n—00 n,m—oQ

Nhu vay b, — b, titc Tf"ag — b. Khang dinh 1) duge chiing minh.

19



D. H. Hoang, N. T. Hué, N. T. Ngoc | Vé sy ton tai diém bat dong ctia cic dnh za T-co...

2) Gi4 st T 1a anh xa hoi tu day con. Khi d6, vi {T'fa,} = {bny1} 13 dy hoi tu nén ton tai
day con {fay,} cta {fa,} sao cho fa,, = a € E va d(Ta,Ta) =0, tic
lim d(fan,,a)=d(a,a).

ni—>00

Vi T lién tuc nén lim d(T fan,,Ta) = d(Ta,Ta) = 0.

n;—»00

Mat khac, T fa, — b, d(b,b) = 0 va {T fay,,} 1a day con cta {T fa,} nén
lim d(T fan,,b) = lim d(T fan,b) =0.
n—oo

n;—00

Do d6 theo Dinh Iy 1.11. 1) thi Ta = b. Tiép theo chitng minh a & diém bat dong ciia f. T bat
dang thitc tam gidc va diéu kién (1) suy ra

d(Tfa,Ta) < kd(Tfa,Tfay) + kd(T fa,,Ta)
< kd(bpy1,b) + k27“1d(b, bn) + Tgk‘[ (b,bpy1) +d(by,, T fa))
+ kg [d(b, T fa) + d(bn, bn+1)] — ke(d(b, br))
< k(L4 r2)d(bns1,b) + k*rid(b, b ) + k2ra[d(by,, b) + d(b, T fa)]
+ k?r3[d(b, T fa) + d(bn, bnt1)] — k(d(b, b))
= k(1 + r2)d(bps1,b) + k*(r1 + 12)d(b, by,)
+ k2 (r2 + 7r3)d(b, T fa) + k*r3d(bp, bny1)
— kp(d(b,b,)) Vn=1,2,....
Cho n — oo ta duge d(b, T'fa) < k?(rq + r3)d(b, T fa).
Tit bat ding thitc nay va diéu kien (3) ta c6 d(b, T fa) = 0, titc b = T'fa hay Ta = T fa. Vi T don
anh nén a = fa. Vay a la diém bt dong cta f.
Cudi cling, ta ching minh @ la diém bat dong duy nhéat ctia f. Gia st o/ ciing 1a mot diém bat
dong cta f khi do
d(Ta' ,Ta")=d(Tfad',Tfa)
<rikd(Td',Td") +ry[d(Ta',Ta") + d(Ta',Ta')]
+rsk[d(Tad',Ta')+d(Td',Ta")] — ¢ (d(Td',Ta"))
= (kry + 2rq + 2kr3)d (Ta', Ta') — o (d (Ta', Ta")).

Mit khéc tit (2) suy ra kry + 2rg + 2krs < 1. Do dé, tit bat déng trén suy ra ¢ (d (T'a/, Ta’)) = 0.
Theo tinh chat ctia ¢ thi d(Ta’,Ta’) = 0.
Stt dung diéu kien (1) ta c6
d(Ta,Ta')=d(Tfa, Tfa") <rikd(Ta,Ta’)
+rold(Ta,Ta')+ d(Ta,Ta)]
+r3k[d(Ta,Ta) +d(Ta',Ta")] — ¢ (d(Ta,Ta’))
= (rik+2r3)d(Ta,Ta’) — ¢ (d(Ta,Ta’)).

Két hop véi diéu kien (2) suy ra ¢ (d (Ta,Ta’)) = 0.
Do d6 d(Ta,Ta’) =0vatacé Ta=Ta'. Vi T don &nh nén a = a'.

3) Gia st T 1a &nh xa hoi tu day. Khi d6, trong ching minh 2) thay {fa,,} bdi {fa,} ta c6
fa, — a. O
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2.3. Hé qua. [3] Gid s (E,d) la khong gian kiéu b-métric day di va f : E — E la dnh za théa
man

d(a,b) — p(d(a,b)) Va,beE,

T =

d(fa, fb) <
trong do ¢ € ®,. Khi dé, f ¢6 duy nhat diém bat dong.
Chiing minh. Gia st T : E —» E 1a anh xa dong nhat, tic T(a) =a Va € E.

Dat r = ﬁmg = r3 = 0. Khi dé, cac diéu kién ctia Dinh 1y 2.2 dugc théa man. Do dé f cé duy

nhét mot diém bat dong trong E. O
Vi du sau day ching t6 Dinh 1y 2.2 14 mé rong thuc sy ctia Dinh 1y 2.1, [3].
2.4. Vidu. Cho E ={1,2,3} vad: E x E — R 1a ham dugc xac dinh béi
d(1,2) =d(1,3) =d(3,3) =1,
d(1,1) = d(2,2) = 0,d(2,3) = 5,
d(z,y) =d(y,z) Ve,y€FE

. . ; N £ 5
Ta dé dang kiem tra duge (F,d) 1a khong gian kiéu b-métric day du véi tham s6 k = 7
Gid st T, f : E — E la hai d4nh xa dugc cho bdi

T1=1,T2=3T3=2fl=f2=1,f3=2.

Ta xac dinh ham ¢ : [0,00) — [0, 00) v6i

ﬂﬂ:% Vt € [0, 00)

3 . . N
Ro rang p € ®,. Dt ry =19 =0,7r3 = % Khi do6, ta kiem tra dugc tat ca cic dieu kién ctia Dinh

Iy 2.2 déu dugc théa man. Do d6 Dinh 1y 2.2 ap dung dugc cho ham f.
Mat khac ta c6

2 1
A(f1.02) = d(1,2) = 1> £ = 2d(1,3)
1
> Ed(lv 3) - (pl(d(la 3))
v6i moi 7 € ®1. Diéu nay chiing t6 He qua 2.3 tic 1a Dinh 1y 2.1, [3] khong ap dung duge cho f.

2.5. Hé qua. Gid sit (E,d) la khong gian kiéu b-métric day di, f : E — E la dnh va sao cho ton
tai cdc hding s6 khong am s1, so, s3 théa man:

1

S1 + 482 —+ 283 < E, (9)
1

S + 53 < 2 (10)
1

51+ 259 < 72 (11)
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va vdi moi a,b € E ta co

d(Tfa,Tfb) < s1kd(Ta,Th) + so[d(Ta, T fb) + d(Tb, T fa)]
+ ssk[d(Ta, T fa) + d(Tb, T b)]. (12)
Khi do:

1) Véi méi ag € E, day {Tf"ap} hoi tu.

2) Néu T la dnh za hoi tu diy con thi f cé diém bat dong duy nhdt.

3) NéuT la dnh za hoi tu day thi vdi méi ag € E, day {f"ao} hoi tu téi diém bat dong ciia f.
Chatng minh. St dung (9), (10), (11) ta c6 thé tim dugc rq,72,73 sao cho 0 < s; < 74, V6i i =
1,2,3,... va cac bat dang thitc (2), (3), (4) dugc théa man. Ta xac dinh ham ¢ : [0, 00) — [0,00)
béi

p(t) = (r1 — s1)kt Vit € [0;00).
Khi do, ¢ € ®;. Tt (12) suy ra
d(Tfa, Tfb) < s1kd(Ta,Tb) + sa[d(Ta, T fb) + d(Th,T fa)]
+ s3k|d(Ta, Tfa) + d(Th, T fb)]
— r1kd(Ta,Th) + ro[d(Ta, T fb) + d(Tb, T fa)]
+ r3kld(Ta, Tfa) + d(Tb, Tfb)] — p(d(Ta, Th)
v6i moi a,b € E. Do dé céc diéu kién ctia Dinh 1f 2.2 dudc théa mén. St dung Dinh i 2.2 ta c6 didu
can phai ching minh. O
Trong He qui 2.5, néu lay (F,d) 1a khong gian métric day du (tic la k= 1), s1 = 85 =0, s3 €
[0, ;) thi ta nhan duge hé qua sau.

2.6. Hé qua. [9] Néu (E,d) la khong gian métric day di va f : E — E la anh xa T-co kiéu
Kannan thi f c6 duy nhat diém bat dong, é day T : E — F 1a don anh, lién tuc va hoi tu day con.

2.7. Dinh 1y. Gid st (E,d) la khong gian kiéu b-meétric day di, f : E — E la dnh za sao cho ton

N . 1 . .
tat Y € U, p € ®y va cac hang so r1,r2,73,74 € |0, kQ> théa man

< 1 1
max {ry,ro + 73,74} < ﬁ,rl < W
va

Y(d(T fa, Tfb)) < (max{rikd(Ta,Tb),rod(Ta,T fb)
+r3d(Tb, T fa), r4k[d(Ta, T fa) + d(Tb, T fb)]})
— @(red(Ta, Tfb) 4+ r4d(Ta, T fa), rsd(Tb, T fa) 4+ r4d(TH, T fb)) (13)
vdi moi a,b € E. Khi dé, cic khing dinh sau la ding:
1) Véi moiag € E, day {Tf"ao} hoi tu.
2) Néu T la dnh za hoi tu day con thi f c6 diém bat dong duy nhat trong E.
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8) Néu T la dnh xa hoi tu day thi véi mdi ag € E, day {f"ao} hoi tu tdi diém bt dong ciia f.
Chatng minh. Lay bat ky ag € E va xay dung day {a,} béi
Gnt1 = fap, = ey Yn=0,1,....
bit Ta, =b,, n=0,1,.... St dung bat déng thic tam giac ta c6

d(bna bn) S 2kd<bn—17 bn)7
d(bp,by) < 2kd(bp,bpi1) Yn=1,2,....

T d6 suy ra d(by, by) < k[d(bn-1,bn) + d(bn,bns1)] VR=1,2....
Dau tién ta ching minh le d(bp,bny1) = 0. St dung diéu kién (13), véi moi n = 1,2,... ta c6

(A, bn)) = G(A(T fan, T fan 1)

< (max{rikd(bn,bn_1),72d(bpn,by) + r3d(br_1,bni1),

rak[d(bn, bpt1) + d(bn—1,b0)]}) — @(r2d(bn, bn) + r2d(bs, bny1),

r3d(bp—1,bny1) + rad(bp_1,b,))

< (max{rikd(by,bp_1), (ro + r3)k[d(bn-1,bn)

+ d(bn, bpt1)], rakld(bn, bny1) + d(bn—1,b,)]})

— o(rod(bp, by) + rad(bp, byy1), 73d(bn—1,bpy1) + 14d(bp—1,by))

< P(rk[d(bp-1,bn) + d(by, bny1)])

— @©(rod(bp, by) + 14d(bp, bpt1), r3d(bp—1, brny1) + r4d(bn—1,bn)), (14)
trong d6 r := max{ry,ro + 13,74} < %
T ¢ la ham khong am va ¢ 1a ham tang cung (14) suy ra

A(bpi1,bn) < rh[d(bp_1,bn) + d(bp,bog1)] Vn=1,2,....

Do do
rk

—-T

d(bns1,bn) € 7——d(ba-1.ba) Vn=1,2,....

~ rk
nén

1
o< L
Virk <3 1—rk

< 1. Do dé

d(bpt1,br) < d(bp,bp—1) Yn=1,2,....
Nhu vay {d(bn11,b,)} 1a diy cac s6 khong am va gidm. Do d6 ton tai
nhﬁngo d(bp,bpt1) i =c>0.
Tit (14) st dung tinh chat ctia hai ham ), ¢, cho n — oo ta duge
b () < Y(2rke) — ¢ (m liminf d (b, by) + rac, rac + g liminf d (b1, an)) .

Két hop véi ¢ < 2rke suy ra

® (7’2 liminf d (b, by,) + rac, rac + r3liminf d (b,—1, bn+1)) =0.
n— oo n— o0
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Do d6, st dung tinh chit ctia ¢ ta c6

rqc = roliminf d (by, b,) = r3liminf d (by—1,bp41) = 0. (15)
n—roo n— oo
Néu ry # 0 thic=0.

Néu ry = 0,72 # 0 va r3 # 0 thi tir (15) suy ra
lim inf d(b,,, b,) = liminf d(b,,—1,bp41) = 0.
n—roo

n—oc
Mit khac, tit bat dang thitc dau tien trong (14) suy ra
(b1, bn) < max{rikd(bp, bu_1),72d(bn, b) + 3d(bre1, brs1)}
< max{r1kd(b,, b,_1), 2krod(b,_1,b,) + r3d(bp_1,bn11)},
v6imoin =1,2,.... Cho n — oo ta dugc
¢ < max{rikc,2krac} + linrgioréf r3d(bp—1,bn+11)

= max{v 1]€C, 2k QC}. (16)
Vir nen r .Dorg+r nen
1 k3 1 2 3> 2%k

virs >0)

1 1
7’2<7_7"3<ﬁ(

- 2k
Tt d6 2kry < 1. Nhu vay, néu ¢ > 0 thi
max{rikc, 2rakc} < c.
Két hop vdéi (16) ta c6 ¢ = 0.
Néu ry = ro = 0,73 # 0 thi (16) trd thanh ¢ < rikc.
Két hop véi r; < % suy ra ¢ = 0.
Néu r4 = rg = 0,79 # 0 thi tir
d(br11,bn) < max{r1kd(b,,b,—_1),r2d(by,b,)},
véimoi n =1,2,... suy ra

¢ < max {rlkc, T li%infd(bn, bn)} =rick.

Do d6 ¢ = 0.
Néu 74 = ro = r3 = 0 thi tuong ti nhu trén ta c6 ¢ < rke.
Do d6 ¢ = 0. Nhu vay
lim d(by,bny1) =0.

n—oo
Tiép theo, ta chitng minh {b,} la day Cauchy. Véi moi n va m €* ta c6
P(d(bn; b)) = (T fan—1, T fam-1))
< (max{rikd(bp—1,bm—1),r2d(br—1,bm)
+r3d(bp—1, bn)}a T4k[d(bn71a bn) + d(bm-1, bm)])
— o(rod(bp—1,bm) + 14d(br—1,by),
r3d(bym—1,bn) + T4d(bm—1,bm)).
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Do do6, v6i moi n,m €* ta c6

d(bn, b)) < max{r1kd(by_1,bm-1),r2d(bp-1,bm)
+ 73d(bym—1, bn), Tak[d(bp—1,bp) + d(bym—1,b1m)]}
< max{ry [k2d(bp_1,bn) + E3d(by, b)) + k3d (b, byn—1)],
rok[d(bp—1,bs) + d(by, b)) + r3k[d(bm—1,bm) + d(bm, bn)],
rakld(by—1,b,) + d(bym—1,b)]}
< E*rd(bp_1,bn) + E3rd (b, by —1)
+max{rik®, (ro +r3)k}d (b, by). (17)

T d6 suy ra

k%r
< — 1 msy Ym— b
d(by,bm) < = e {r1 k%, (ra & 1)k} [d(bp—1,bn) + kd(by, bm—1)]

v6i moi n, m €*.

1 1 1 .
Tur < = varg +1r < % < 7 Suy ra lfmax{rlkd,(rngr;;)k} > 0.
Két hop vdéi

lim d(bp_1,bn) = lim d(bp_1,bm) =0

n—oo m— o0

ta suy ra
lim  d(bp,bm,) =0.

n,m—00
Do d6 {b,} 1a day Cauchy. Vi (E,d) 1a khong gian kiéu b-métric day di, nén ton tai b € E sao cho

d(b,b) = lim d(b,.b) = lim _d(b,.by,) =0,

n—00 n,m—00

tuc 1a
Tf"ag =Ta, = b, —b.

2) Gid stt T 1a anh xa hoi tu ddy con. Ta ching minh f c6 diém bat dong. Vi T la anh xa hai tu
day con va {T'fa,} = {bn+1} 1a day hoi tu nén ton tai day con {a,,} cta {a,} sao cho a,, — a va
d(Ta,Ta) = 0. Khi d6 d(an,,a) — d(a,a). Vi T lién tuc nén d(Ta,,,Ta) — d(Ta,Ta) = 0 hay

d(by,;,Ta) — 0 khi n; — oo.
Mat khéc, tit d(by,b) — 0 khi n — oo suy ra
d(by,,b) — 0 khi n; — oco.
St dung Dinh 1y 1.11, suy ra b = T'a. Do d6 T fa,, = bp+1 — Ta. St dung Dinh 1y 1.11, ta c6

%d(Ta, Tfa) <liminfd(T fa,,T fa).
n—oo
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Do do6

" @d(Ta,Tfa)) < (mgmfd(Tfa,Tfan))
< liminf § (d(T fa, T fa,)) < limsup (d(Tfa, T fay))

n—oo

< lim sup ¥ (max{r1kd(Ta, by ), r2d(Ta, byi1)

n—00

+ r3d(bp, T fa), r4k[d(Ta, T fa) + d(bn, bny1)]})

n— oo

< ( lim sup max{r1kd(b, b,), r2d(b, bp+1)

+ r3d(bp, T fa), r4k[d(b, T fa) + d(by, bny1)]} >

< Y(max{rzkd(b,T fa),rskd(b,T fa)})
< (kmax{rs,rs}d(b, T fa)).
. 1
Két hgp véi max{rs,rs} < 7z Suy ra d(b,Tfa) =0.Do d6 b =T fa hay Ta =T fa.
Vi T don anh nén a = fa. Vay a la diém bat dong ciia f.
Cudi ciing, ta chiing minh diém bat dong ctia f 1a duy nhat. Gia st ¢ ciing 1a diém bat dong
cua f trong F. Khi do,
Y(d(Tt,Tt)) = (d(T ft, T f1))
max{r1kd(Tt,Tt), (ro + r3)d(Tt, Tt),2r,kd(Tt, Tt)})
(ro +rg)d(Tt, Tt), (r3s + r4)d(Tt, Tt))
< Y((TH, TH)) — p((ra + r4)d(Tt, T1), (rs + r4)d(Tt, T)).

Tu d6 suy ra
©((re +ra)d(Tt,Tt), (rs + ra)d(Tt, Tt)) = 0.

Do do6
(ro + 7r4)d(Tt, Tt) = (r3 +74)d(Tt,Tt) = 0.

Néu mot trong céc gia tri ro, r3, r4 ma khac 0 thi ta c6 d(Tt,Tt) = 0. Néu ro = r3 =14 = 0 thi

Y(d(Tt,Tt)) < (rkd(Tt,Tt)).
. 1
Két hop v6i 0 <11 < 73 Suy ra d(Tt,Tt) = 0. Nhu vay ta ludn c6

d(Tt, Tt) = 0.
Do do
Y(d(Ta, Tt)) = ¢(d(T fa, T f1))
<tp(max{rikd(Ta,Tt),(ro + r3)d(Ta,Tt),
rakld(Ta,Ta) + d(Tt,Tt)]})

=y (max{rkd(Ta,Tt), (ro +r3)d(Ta,Tt)}).
Két hop véi rk <1 varg +r3 < 1suyrad(Ta,Tt) =0. Do d6é Ta =Tt. Vi T don anh nén t = a.
Vay diém bat dong ciia f 1a duy nhét.

3) Gi& st T' 1a anh xa hoi tu day. Khi d6, trong ching minh 2) & trén, thay day con {a,,} bdi
{a,} ta cé fa, — a, tic f" tag — a. Do d6 f"ag — a va a la diém bat dong clia f. 0O
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Sau day la mot hé qua cta Dinh 1y 2.7.
2.8. Hé qua. [10] Gid st (E,d) la khong gian kiéu b-métric day di, T va f : E — E la hai dnh
za théa man:

i) T don dnh va lién tuc;

ii) Ton taiv € ¥, € ®y sao cho vdi moi a,b € E, ta cé

V(d(T fa, Tfb)) <t ( d(Ta, Tfak) I il(Tb, T fb))

—¢(d(Ta,T fa),d(Th,T fb)). (18)
Khi dé, cdc khing dinh sau ddy la ding:
1) Véi méiag € E, day {Tf"ao} hoi tu.
2) Néu T la dnh za hoi tu ddy con thi f c6 duy nhat diém bat dong trong E.
8) Néu T la dnh xza hoi tu day véi moi ag € E, day {f"ag} hoi tu tdi diém bit dong ciia f.

Ching minh. Ta xac dinh cac ham
1 2 [0,00) — [0,00), ¢ : [0,00)% — [0, 00)
cho bdi cac cong thic

Yi(t) = (t), Ve [0,00),
o1(t,u) = @(kt(k + 1), ku(k + 1)), V(t,u) € [0,00)%

Khi do, tit ¢ € ¥ va ¢ € ®5 suy ra 1h1 € ¥ va ¢ € P. Stt dung diéu kien (18), ta co6

U1(d(T fa,Tfb)) = (d(T fa,T fb))
“ (d(Ta,T fa) +d(Tb, T fb))

k+1
— o(d(Ta, Tfa),d(Th,Tfb))
—¢(rk[d(Ta, T fa) + d(Tb, T fb)))
—1(rd(Ta, T fa),rd(Th, T fb))

1 N
v6i moi a,b € E, trong d6 r = m T d6 suy ra cac dieu kién cia Dinh 1y 2.7 dugc thoa man
vGi
Y . T
r=r2=r3=U,T4 = k(k—}—l)'
Do d6 stt dung Dinh Iy 2.7 ta ¢6 diéu can chitng minh. O
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SUMMARY

ON EXISTENCE OF FIXED POINTS FOR WEAKLY 7-CONTACTIVE
AND GENERALIZED WEAKLY 7T-CONTACTIVE MAPPINGS IN
B-METRIC-LIKE SPACES

In this paper, we prove some results for the existence and uniqueness fixed points for

weakly T-contactive and generalized weakly T-contactive mappings in b-metric-like spaces.
Our results extend and generalize the results in [3] [10].
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