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Abstract: In this paper, we study the convergence rate for sequences of

measurable operators under various conditions.
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1 Introduction

As it is well known, the law of large numbers (LLNs) is an essential theory in probability,
statistics and related fields. In noncommutative probability, this issue was considered by
some authors. Batty [2], Jaite [6], and Luczak [9] proved some weak and strong laws of large
numbers for sequences of successively independent measurable operators. Recently, Quang
et al. [11] presented some strong laws of large numbers for sequences of positive measurable
operators and applications. Other versions of LLNs can be found in [Quang et al. [12], Choi
et al. [4], Klimczak [7]] and the references cited therein.

The convergence rate in noncommutative probability space have been established by
several authors, e.g., Jajte [6], G6tze and Tikhomirov [5], Chistyakov and Gotze [3] and
Stoica [13]. In particular, the authors in [3] gave estimates of the Lévy distance for freely
independent partial sums and the author in [13] proved the Baum and Katz theorem in
noncommutative Lorentz spaces.

In this paper, we present some results on convergence rate for sequences of measurable
operators under various conditions.

2 Preliminaries

Let A be a von Neumann algebra (with unit 1) on a Hilbert space H and 7 be a faithful
normal tracial state on A. A densely defined closed operator X in H is said to be affiliated
to the von Neumann algebra A if U and the spectral projections of | X| belong to A, where
X = U |X]| is the polar decomposition of X and | X| = (X*X)'/2. We notate A for the set
of operators which affiliated to the von Neumann algebra A. An element of A is called a
measurable operator.

For notational consistency, A will be denoted by L°(A, 7). Then we have natural inclu-
sions:

A=L%A,7)C LYA,7) C LP(A,7)C...C LA, 7)= A
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for 1 < p < ¢ < oo, where LP(A,7) is a Banach space of all elements in L°(A, 7) satisfying
1
1X|[p = [T(IX[")]? < .

For a set 8 of densely defined closed operators in H, W*(§8) denotes the smallest von
Neumann algebra to which each element of § is affiliated. For the case of § = {X} with a
densely defined closed operator X, we write W*(X) = W*(8) for simple notation. W*(X)
is said to be the von Neumann algebra generated by X.

Denote ep(X) by the spectral projection of the self-adjoint operator X corresponding
to a Borel subset B of the real line R. For two self-adjoint elements X and Y in LY(A, 7), we
say that X and Y are identically distributed if 7 (ep(X)) = 7 (ep(Y’)) for any Borel subset
B of R.

Let A; and As be subalgebras of A. Then we say that A; and As are independent if

T(XY)=7(X)7(Y), VX € A,VY € A,.

Two elements X,Y € L°(A, 7) are said to be independent if the von Neumann algebras
W*(X) and W*(Y') generated by X and Y, respectively, are independent.

A sequence {X,,,n > 1} C L°(A, 1) is said to be pairwise independent if, for all m,n €
N and m # n, the algebras W*(X,,) and W*(X,,) are independent.

A sequence {X,,,n > 1} C LA, 7) is said to be successively independent if, for every
n, the algebras W*(X,,) and W*(Xy, Xy, ..., X,,—1) are independent. It is easily that the
successively independence implies the pairwise independence.

Let {X,,,n > 1} be a sequence in LY(A,7) and X € L°(A, 7). We say that the sequence
{Xn,n > 1} converges in measure to X, denoted by X, 5 X as n— oo if, for any € > 0,
T [e(e,oo)(|Xn — X[)] = 0asn — occ.

For further information about the theory of noncommutative probability we refer to
(Jajte [6], Nelson [10], Yeadon [15]).

For convenience, from now until the end of the paper, the symbol C' will denote a generic
constant (0 < C' < 0o) which is not necessarily the same one in each appearance.

3 Main results

In this section we establish some results on convergence rate for sequence of measurable
operators.
The following theorem is a noncommutative version of Proposition 2.4 in Li and Hu [8].

Theorem 3.1. Let s > 0 and let {X,,n > 1} be a sequence of pairwise independent
measurable operators satisfying

i e < 00. (3.1)
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n
Put S, = > Xk, then for any e > 0,
k=1

Z” <6[m ‘sn —7(Sy)

If {Xn,n > 1} is a sequence of successively independent measurable operators satisfying
(3.1), then for any € > 0, there exists a sequence of projections q, in A such that

> < 00. (3.2)

Z n'757(gn) < o0, and H (S = 7(50)) 1 —qn)|| < ne. (3.3)
n=1

o
Proof. For any € > 0, by Chebyshev’s inequality and (3.1), we get
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Hence (3.1) holds. Since {X,,,n > 1} is a sequence of successively independent measurable
operators, by Kolmogorov’s inequality, we have, for any € > 0, there exists a sequence of
projections ¢, in A such that

2§:T(\Xk—TXk)| )

k=1

and
< ne.

| (S0 =r(sm) (= a0)

o0

Thus,

S 0o (gn) < %2 3 % Sor (\Xk - T(Xk)|2) < o0.
n=1 n=1
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The following theorem is an extension of Lemma 2.1 from Bai, Chen and Sung [1] to
noncommutative probability.

Theorem 3.2. Let 1 < p < 2;a < 0 and let {X,,n > 1} be a sequence of pairwise

o0
independent measurable operators with Y n® PT1r(|X,|P) < oco. Then for all € > 0

n=1
(0@
Z n®r €[e,00)
n=1

n
Z(Xk—T X )D) < 00.
"=

Proof. For each n > 1, put

~ 1< n
XM = Xpem (1Xel)s Sa ZXk, Sn:EZX,g ) M, =7(S.), M, =1(S).

Then, for any v > 0, we have

n

) /\ eo,n) (| Xk|) = 0.

P = €[2y,00 (IS0 — Myl) /\6[07)<

Indeed, if there exists h of norm one, h € p(H), then h € ey, (|X|) (H) and, con-
sequently, Xi(h) = Xg.epn (|Xil) (h) = XV(h), for all k = 1,2,...,n, which yields
Sp(h) = S, (h), and M, (h) = M,(h).

Thus, from the elementary properties of the spectral decomposition, we obtain

2y = 29||hlloo < |15 M|emm<|s (W)l = 1| (Sn = Ma) (B)]| .
< [I6Sn - H 1S = M) ()| o + (| (M = M) (0]
= 1|5 = M0
= [l18. - Mn|€[2moo> (1S = M) )]
< A[Afloo =,

which is impossible, so p = 0 and this implies

n

W) v (V epno(1XiD).

k=1

€lzy0) (1Sn = Mal) < €fy0) (|80

Using the pairwise independence of the sequence {X,,,n > 1} and Chebyshev’s inequal-
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ity, we obtain that

n
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Now, take any € > 0, with v = ER we get

3

4 n —~
7 (€180 = Mal)) < 5 S rUXP) + D0 Pr(IXP).
k=1 k=1

Since

P(X7R) = [ 30 (ean(1 X))

0

= /n)\pA2_p7’<ed>\(|Xk|)>
0 o0
< n2_p/0 )\pT<€d>\(|XkD)

= n*7Pr (| XxlP).

We have

™ (€fee) (10 = Ma)) <

Zn2 Pr(| Xg|P) —|—Zn Pr (| Xk[P) <CZn Pr(|Xg[P),

en2
k=1 k=1

which implies that

> 07 (elene) (190 = Mal) ) < €3 Yo (k)
n=1
ii ()
n=1k=1

(Because n® P < kPl forall 1 <k < n)

<CY KT (X P) < oo
k=1
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In Theorem 3.2, if we put a = —1, then we have the following corollary which is a
noncommutative version of Lemma 2.1 in Bai, Chen and Sung [1].

Corollary 3.3. Let 1 < p <2 and let {X,,,n > 1} be a sequence of pairwise independent

o0
measurable operators with Y, n P7(|X,|’) < co. Then for all € > 0
n=1

in_lT (6[6700) (
n=1

Taking a = 0 in Theorem 3.2, we have the following corollary which is connected with
the study of weak law of large numbers (see Corollary 3.5).

if: (X6~ 7(x2) D) < 0.

k=1

Corollary 3.4. Let 1 < p < 2 and let {X,,n > 1} be a sequence of pairwise independent

o0
measurable operators with Y n P7(|X,|P) < co. Then for all € > 0

n=1

S (em (
n=1

Corollary 3.5. Let 1 < p <2 and let {X,,,n > 1} be a sequence of pairwise independent

7112”: (Xk - T(Xk)) D) < . (3.4)

k=1

o0
measurable operators with Y n P7(|X,|P) < co. Then for all € > 0

n=1
i;(Xk—T(XkD 50 as n— oo,

Proof. By (3.4), we have for any ¢ > 0,

T (e[em) ( Zn: (Xk - T(Xk))D) — 0 as n — oo.
k=1

The following theorem is a noncommutative version of Theorem 2.1 in [14].

S

Theorem 3.6. Let {X, X,,,n > 1} be a pairwise independent sequence of identically dis-

tributed measurable operators and let {a,,n > 1} be a sequence of positive constants with
a

ag = 0, — T
n

If 32 7 [e(an,00) (| X])] < 00, then for all € > 0, we have
n=1

f; [fancne) (180 = 7(E)])] < o0,

where . .
Sn = ;X“ Sn = ;Xie[(],an}(‘Xi’)'

(2
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Proof. Put Y; = Xie(pq,1(|Xi]), give v > 0, we have

P = €(y00) (|0 = T(Su)) A€o 31 (1S — 7(Sn)[) A </\ e[o,an]qxiy)) =0

=1

(the proof is the same as that of Theorem 3.2 and is omitted).
This yields

€(y.00) (190 = T(Sn)]) < €3 00) (190 = 7(Sn)]) V (\/ e(amoo)(]XiD) .

=1

It follows that

et (180 = 7] < 7 [e(5.00 (8 = ()] + D0 [etanm (XD

i=1

For € > 0, by taking v = a,e and using Chebyshev’s inequality, we obtain that

| e(ege 0 (18— 7 }+Z [e(an0e (1X:D)]
([ =)+ X el (0]

IN

7 [€taneno) (150 = 7(Sw)]) ]
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0 e (152801 < g e
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Since I, < oo by the assumption, it remains to show that I; < oco. Using the pairwise
independence of the sequence {X, X,,,n > 1} , we get

Zn_la;2 {zn: (}Y —7(Y; ) + Z Y*)T(Yj)]}

n=1 i=1 i#£]

=2 “22 (Ivi = r)?) < Zn a22 (%)
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a
Noting that the condition — 1" implies
n

i1<i 12
aZ ~ a?~n? " a}

n=t

Therefore, we have
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TOM TAT

TOC PO HOI TU POI VOI DAY CAC TOAN TU PO DUGC
TRONG KHONG GIAN XAC SUAT KHONG GIAO HOAN

Trong bai bao nay, ching t6i nghién citu tdoc do hoi tu ctia day cac toan tit do dude véi
nhitng diéu kién khac nhau.
T khéa: Toc do hoi tu; toan tit do duge; dai s6 von Neumann.
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