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Abstract: The nonlinear coupler, which consists of two nonlinear oscillators
linearly coupled together and one or two of these oscillators excited by external
coherent fields, is investigated. We show that evolution of the nonlinear coupler is
possible closed in a finite set of n-photon Fock states and can create Bell-like states.
Especially, the entropy of entanglement and the Bell-like states vary dramatically with
the different initial conditions are discussed. These results are compared with that
obtained previously in the literature.
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1. Introduction

Scientists are interested in two-mode nonlinear couplers, which are introduced by
Jensen [1] because of their wide applicability. The nonlinear optical couplers, which rely
on Kerr effect, have drawn exceptional care about both classical [1] and quantum [2]
systems. The Kerr nonlinear couplers can display changes of effects as self-switching
and self-trapping. For quantum fields, they are able to also create squeezed light and sub-
Poissonian [3]. It is also researched on the probabilities of creating entangled states in
Kerr nonlinear couplers [4]. Kerr nonlinear couplers involve two nonlinear oscillators
interacting linear [5] and nonlinear [6] together. The models are advance in couplers with
three nonlinear oscillators [7], the three-qubit models in phenomena of quantum steering
[8], the model of three interacting qubits [9].

In this paper, we investigate Kerr nonlinear couplers including two quantum
nonlinear oscillators linearly coupled together in which one or two of these oscillators
excited by external classical fields and extend the consideration for all initial conditions
of the motion equations of complex probability amplitudes. We show that the Bell-like
states can be created in the Kerr nonlinear couplers under suitable conditions. We also
compare the abilities to create Bell-like states by the nonlinear couplers pumped in one
and two modes for different initial conditions of the motion equations.

2. The Kerr nonlinear coupler

2.1. The Kerr nonlinear coupler pumped in one mode
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The Kerr nonlinear coupler, which involves two nonlinear oscillators linearly
interacted together, and one of these oscillators linearly interacts to an external coherent
field, is studied. Therefore, the system might be depicted by the Hamiltonian [10] with
the form as

~ At A ~ A 2 A ~ 2 A~ P * 0 A * A
H =, a+w,b"b+%42(a") a2+ﬁ(b*) b*+'b+eab" +od" +a’a, (1)

here é+(A+) and é(b) are bosonic creation and annihilation operators, corresponding to

the a (b) mode of the nonlinear oscillators, respectively; ¥a ( %) is Kerr nonlinearity of

the mode a (b); the parameters « and & are the external coherent field for the mode a
and the oscillator-oscillator coupling strength, respectively.

The evolution of our system without damping processes can be represented in the
n-photon Fock basis states with the following form

W ©) = 3 cp mn), 2)

m,n=0

in which c_. (t) are the complex probability amplitudes of the system.

By using the formalism of the nonlinear quantum scissors discussed in [5], we
show that the time-dependent wave function of our system can be truncated into the
simple form as

lw (1)), =ci)()|00) +cii (1)|01) + ) (1)|10) + (P ()11, (3)

i, j =0, are the sign of oscillator modes, which are initially in states |ij>.

Using the Schrodinger equation, the motion equations of the complex probability
amplitudes can be depicted by the equations as

d * _(ij
nac&;)(t) = a’c(t),
c(”)(t) =& W) +aci(t),
4)

S ell)(®) = el (O + ac ©),

i— 5 c(t) = aclii(t).

By supposing that « and & are real and for the time t = 0, both modes are originally in
vacuum states (|y(t=0))_ =|00)), then the solutions of Egs. (4) grow into exactly the same

as those in [5]:
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cl®(t) =— [(7 8)COS£+(7/+5)COS£}
2y 2 2

¢l (t) = (cosﬂ— cosﬂj
2 2

cl(g())(t):——(7/+g)A (smAt+smA tJ
day 2 2

¢ (t) = —L(AZ sin 2t — A, sin ﬂj
2 2 2

(5)

On the other hand, by assuming that for the time t = 0, one mode is originally in vacuum
state and other mode is in single-photon Fock state (|y(t=0)) =|01)), we get the solutions

of Egs. (4) for Cr(r:Jn) , m,n=0,1 in the form as
COO (t) COl (t)’

©1)(t) —2—‘:(7/+5 cos—+(y )cos%}
c(gl)(t)_ (Azsm——A sm%)

() =),
where A, :\/2[2052 +el+ey], A, :\/2[20{2 +e’—¢gy], y =Nda® +£%.

We now examine the evolution of our system for the cases when the modes are
primarily in states |10> and |11>. Therefore, the evolution of the system for these initial

states has the form as
\y/“‘” > c!%100)+ ¢8| 01) +c2V|10) +c|11), )

(6)

£ %=

and
‘1//(“)(t)>Cut =c|00)+c{5”|02) +c{”|10) +cio[11) , (8)
and the entropies of entanglement are also easily obtained as
E®(t)=E@(t) E(t)=E(t). ©)
2.2. The Kerr nonlinear coupler pumped in two modes

The Kerr nonlinear coupler pumped in two modes is similar to the coupler
pumped in single mode, except both modes of this coupler are coupled by external
coherent fields. Hence, the Hamiltonian depicting such system has the following form

H :%(‘T)zéz +%(5*)252 +A D+ +od +a’d+ b+ Bb. (10)
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This Hamiltonian is similar to the one defined by (1), except for the term ﬁB* +ﬂ*6 , in
which g is the coupling strength of the mode b with an external coherent field.

In this case, we also use the Schrddinger equation and obtain the motion
equations of the complex probability amplitudes in the form

- Ij) (i) (ii)

Pt t) = & cW(t)+ gc(),

ool ® = &"el) (O +a’c ) + e (©),

4 ) (11)
i (1) = oot (1) + o) (©) + £ (©),

i%cl(”)(t) acD(t) + pci(t).

By solving these equations for all initial states of the modes, we shall obtain their
solutions similar to those for coupler pumped in single mode. Because of the limitation
of the volume in this work scale, we focus only on studying the generation of Bell-like
states in the next section, whereas their mathematical details will not be presented.

3. The generation of Bell-like states in the Kerr nonlinear coupler

The entropy of entanglement of our system is defined as in [5]:
EW(t) =-A.log, 1—(1-1).log,(1- 1), (12)

where 4_1+v12(0”) and C) = 2 0)c) (1) ¥ ®)e (1)

The truncation state in (3) can be represented in the Bell basis states in the form:

) ZWM'W (13)
where Bell states are expanded by the Bell-like states with the form as
i 1 1Y) i 1 1o\ i)
B9 = - ((00)+i12))", |BS7) =—=(|11) +il00))",
\/15 (ii) \/15 (i1) o
‘ B:glj)> :ﬁqu>_ ||10>) ) ’ ‘B£IJ)> :ﬁql(»_ ||01>) ) .

By using (3) and (13), the coefficients b¥ can be achieved in the following form

bl = f@m)ﬂm) MJJi &) -icl )

. (15)

wE%M%me) b = (e O +ief )
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Figure 1: The probabilities to the system exist in the Bell-like states |g(*) and |B{")

for the coupler pumped in one mode with o =& =10°zrad/s, g=0 (solid line)
and in two modes with ¢ =¢ = g=10°~ rad/s (dashed line)
and o =¢=p/2=10°~ rad/s (dashed dotted line).
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Figure 2: The probabilities to the system exist in the Bell-like states ‘B§00>> and ‘B§00>>

for the coupler pumped in one mode with « =¢ =10°zrad/s, p=0 (solid line)
and in two modes with o =& = g=10°7 rad/s (dashed line)
and ¢ =¢=p/2=10°z rad/s (dashed dotted line).

Here, the figures of probabilities, which maintain the system in the Bell-like
states |B™) and |B{*) is not presented, as we have already obtained \bl(f’l)‘z :‘bgf’o)\z and
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‘bgfﬂ)‘z =\b§°°)\2. The probabilities to the system exist in the Bell-like states in which the
modes are originally in states |00) and |01) are presented in figures from 1 to 3. When the
coupler pumped in one mode (5 =0), for the modes are originally in states |00), we get

the same results as the ones in [5] (Figs. 1 and 2). For the modes are primarily in states
|01), the probabilities for the creation of the maximally entangled states as well as a

function of time for the single-mode control couplers and the system can be also
generated Bell-like states for the states \B§°1>> and ‘B§°1>> (Fig. 3). When the coupler

pumped in two modes, the system can be generated the maximally entangled states for
the states \Bf°°)>’ ‘B;0°>> (Fig. 1) and ‘B§01)>, B§°1>> (Fig. 3), but it cannot be created the

maximally entangled states for the states ‘B§°°)> and ‘B§°°>> (Fig. 2). Especially, when

B =, the maximum values of the probabilities are the greatest for states |g*), [B)
and |B(), whereas they are the smallest for states |B{) and |B}*"). Moreover, when the
parameter B>, the probabilities for the existence of the system in states \51(0°>>, ‘B§°°>>
and |B{™), |B{") decrease, while the probabilities |B’) and |B{*) increase.

1 . R , 1
nNn i
,“,l I ,‘[i
0.81 o i | 0.57
IR
T R
o6 ]! e _
| H I |j’i|l! il 061
pO0fF M [ ..'} Flody it t b OV
Ml _fn\!,_.'l||||,'p‘|u,ﬁ!] KR
U P ol
Ul B L g e
‘.‘l 51‘![':%’5-“‘1“ |l||jl"'|"'
2 R Tl A alt
A Y
0 i 2 3 4 5 0 i > 3 4 5
Time [107% ] Time [107%s]

Figure 3: The probabilities to the system exist in the Bell-like states \B§°1>> and ‘B§°1)>

for the coupler pumped in one mode with « =¢=10°zrad/s, p=0 (solid line)
and in two modes with o =& = g=10°7 rad/s (dashed line)
and ¢ =¢=p/2=10°x rad/s (dashed dotted line).

The entropies of entanglement of the system are shown in figure 4. The results of
E® for the coupler pumped in single mode (5 =0) and in two modes (B=«) are the
same as those in [5]. The entangled entropies E® and E® are progressing in cycles of
time and they approximately are equal to 1 ebit for maximally entangled states, whereas
they are equal to zero for separable states. For g=¢, the maximum values of the ™
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and E® are the highest while they are the lowest for g~ . Furthermore, the entropy of
entanglement E® has more maxima than E®, which means that E® oscillates faster

than £® . Consequently, the maximally entangled states and the entropy of entanglement
vary considerably for the modes, which are initially in different states.
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Figure 4: Evolution of the entropies of entanglement E® and g®
for the coupler pumped in one mode with « =¢=10°zrad/s, g=0 (solid line)
and in two modes with ¢ = ¢ = g=10°7 rad/s (dashed line)
and g =¢=p/2=10°~ rad/s (dashed dotted line).

For brevity, we do not present the figures of the probabilities for the system to
exist in Bell-like states, and the entropies of entanglement for the modes in states [10)

and [11) because they are shown in figures from 1 to 4 for the modes are initially in states
o0) and |01).

4. Conclusion

In this work, we have investigated the model of the Kerr nonlinear coupler
consisting of two nonlinear oscillators linearly coupled at one another and one or two of
these oscillators are linear interaction with external classical fields. By using the method
of nonlinear quantum scissors, we have achieved the probabilities for the existence of the
system in the maximally entangled states and the entropies of entanglement for the
original modes in four states |00), |01), [10) and [11). We have also shown that the Kerr

nonlinear coupler creates the Bell-like states for the primary modes in all these states.

Furthermore, the entangled entropy and the Bell-like states potentially vary for the modes
in different states.
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TOM TAT

SU SINH TRANG THAI PAN ROI
TRONG BOQ NOI LIEN KET TUYEN TiNH

Bo ndi phi tuyén gém hai dao dong tir phi tuyén lién két tuyén tinh v6i nhau va
mot hodc hai dao dong tir nay duoc kich thich boi cac truong két hop ngoai dugc nghién
ctru mot cach chi tiét. Ching t6i chi ra rang sy tién trién ctia bd ndi phi tuyén nay co thé
dugc dong trong mot tp hop hiru han cac trang thai Fock n-photon va c6 thé tao ra cac
trang thai kiéu Bell. Pic biét, entropy dan réi va cac trang thai kiéu Bell thay doi mot
cach dang ké véi cac diéu kién dau khac nhau s& dugc thao ludn. Céac két qua nay sé duoc
s0 sanh véi nhitng két qua tim duoc trong cac cong trinh trude do.

Tir khéa: Bo ndi phi tuyén Kerr; trang thai kiéu Bell; entropy dan rdi.
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