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Tém tat: Trong bai bdo nay, ching toi trinh bay mot sy mé rong ctia bd dé
Borel-Cantelli d6i v6i mang hai chiéu cac bién c¢6 phu thugc. Két qua chinh ctia
ching t6i nhan Dinh 1y 2.1 ctia Petrov [Statistics and Probability Letters, 2002]
va bd dé Borel-Cantelli d6i v6i mang hai chiéu cac bién c¢b doc lap doi mot nhu
la nhitng truong hgp dic biét.

T khéa: B dé Borel-Cantelli; mang hai chiéu; cédc bién ngdu nhién phu
thudc.

1 Gié6i thigu

Bb dé Borel-Cantelli 14 mot cong cu rat quan trong dé chitng minh céc dinh 1y giéi han
lien quan dén sy hoi tu day du va sy hoi tu hau chic chan, dac biet 1a luat manh s6 16n va
mot s6 dinh 1y gisi han khac d6i v6i mang nhiéu chiéu cac bién ngau nhién, ching han xem
[6-9]. Do d6, cac nha nghién citu luon mudn tim cach dé md rong két qua nay sang trudng
hop cac bién ¢ théa man nhitng cau tric phu thuoc khac nhau. Bé dé Borel-Cantelli dugc
md rong cho ddy cac bién c¢d doc lap doi mot dau tien béi hai téac gia Chung va Erdos [2],
va sau d6, duge mé rong bdi mot sb tac gia nhu Kochen va Stone [3], Petrov [4], va Arthan
va Oliva [1]. Xét khong gian xac suat (2, F,P). Nam 2002, Petrov [4] d& md rong bo dé
Borel-Cantelli cho ddy cac bién ¢6 {A,,n > 1} thda man diéu kien

trong d6 K > 1 1a hing s6. Ro rang, néu {4,,n > 1} 1a day cac bién c¢6 doc lap doi mot,
thi (1.1) duge théa man v6i K = 1 va dau dang thiic xdy ra. V6i dieu kien (1.1), Petrov [4,
Theorem 2.1] da ching minh rang

P(limsup A,) > . (1.2)
K
Trong bai bdo nay, chiing to6i chiing minh riang két qua ctia Petrov van ding doéi véi
méng hai chiéu. Chiing t6i stt dung phuong phap chitng minh ctia Petrov [4] dé dua ra mot
cach tiép can mdéi cho b6 dé Borel-Cantelli déi v6i mang hai chiéu cac bién c¢6. Két qua
chinh ctia chiing t6i nhan Dinh 1y 2.1 cia Petrov [4] vA b6 dé Borel-Cantelli d6i v6i méng
hai chiéu cac bién c6 doc lap doi mot nhu 1 nhitng truong hop riéng.
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Trong chiing minh két qua chinh, ching toi ¢6 sit dung dinh nghia giéi han clia mang hai
chiéu cac s6 thuc. Trong bai bao nay, ta st dung ky hiéu a Vb = max{a, b}, aAb = min{a, b}
v6i a,b € R. Mang hai chiéu céc s6 thuc {amn,m > 1,n > 1} duge goi 1a hoi tu vé a € R
khi m An — oo néu v6i moi € > 0, ton tai sé6 tu nhiéen N sao cho

|amn — a] < € v6i moi m,n théoa man m An > N.
Khi do, ta viét

lim apy, =ahodac lim ap, =a.
m,n—o0 mAn— o0

2 Két qua chinh

Dinh 1y sau day l& két qua chinh ctia bai bdo. Hai bién ngau nhién X,Y thdéa min cau
triic phu thudc tuong ti nhu (1.1), cu the 1a

P(X <z,Y <y) < KP(X <2)P(Y <y) v6i moi z,y € R,

duge goi 1a hai bién ngdu nhién phu thuoc am md rong. Liu [5, Example 4.1, Example 4.2]
da chi ra ton tai ddy cac bién ngiu nhién phy thuoc am doi mot mdé rong nhung khong phu
thuoc am doi mot. Ho cac bién c¢6 théa man (1.1) c6 thé duge goi 1a ho cac bién cb tuong
quan am doi mot md rong. Tt két qua ctia Liu [5], ta suy ra ton tai ho cac bién c¢6 tuong
quan am doi mot md rong nhung khong tuwong quan am doi mot, va do dé ching khong doc
lap doi mot.

Dinh ly 2.1. Gia st {4, ,,m > 1,n > 1} 1a méang hai chiéu céc bién ¢ thoéa man
P (Az',jAk:,l) < KP(AZJ)]P)(A]{;’Z) v6i Hl()i bf) Sé (Z,]) 75 (]{, l), (21)

trong d6 K > 1 14 mot hang s6. Dat

limsup Ay, , = ﬂ U A ;.

n>1ivVj>n
Néu
o0 [ee])
> ) P(Amn) = o, (2.2)
m=1n=1
thi
. 1
P (limsup Ay, ) > I (2.3)

Ching minh. V6i moi ¢ > 1,7 > 1, ta dat

Xi,j = I(Ai’j).
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Ap dung bat déng thic Cauchy-Schwarz , ta c6

(el (g

N—

Mait khac, ta lai ¢

U U Aiyj = (Z I(Ai,j) > 0)
i=1j=1 i=1 j=1
= (i n Xi,j>0)7
i=1 j=1
E (ZZXzJ) =E (Z 1(Au)> = ZZP(Alj)y
=1 j=1 =1 j=1 =1 j=1
va,
m n 2 m n 2
E (Z ZXi,a’) =E{>. 2. 1<AH))
1=1 j=1 1=1 j=1
=E( ) 1(A;;)1 (Ak,l))
ik=17l=1
=E[ ) Y1 (A”Ak,l))
ik=17,l=1
= > P(AijAry)
i,k=17l=1
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Tu gid thiét (2.2), ta thiy ton tai m,n d 16n sao cho
m n
S ra) >0
i=1 j=1

va do do6 tir (2.8), ta ¢

Z Z ]P(Ai,jAk,l) >0

i,k=1j,1=1

Két hop diéu nay véi (2.8), ta suy ra

(E?ll > IP(A,-J)Y

i:UUL:Jl ! D=t 2oji—1 P(AijAr1)
Ta c6 thé thay dbi cac chi s6 ¢ (2.9) dé nhan duge
(S, S B4)
UUAJ > e , M>m>1,N>n>1. (2.10)
i=m j=n sz mZ]l =n (A,JAkl)
V6i M > m, N >n va m,n dua 16n, ta dit
M N
T1 = Z IP(AZJ)P(A]CJ) va TQ = Z ZP(AZ’]) (211)
(4,9)#(k,0) i=m j=n

m<i, k<Mn< <N
T (2.1) ta ¢

M N
Z Z P(A;i;Akg) — Z ZP(Aivj) <K Z P(Ai;)P(Agy)- (2.12)

m<i,k<M n<jI<N i=m j=n (i,5)# (kD)
m<ik<Mn<j <N

Diéu nay kéo theo

M N
> 2 Pl < > PAPA)+ ) D P(4iy)
m<i,k<M n<jI<N (4,5)#(k,D) i=m j=n (2.13)
m<i,k<Mn<jl<N
= KT, +T5.

Vi K > 1, nén tit (2.13), ta c6

. D P(AiAg) SK(Ti+T). (2.14)
m<,k<M n<jI<N
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Vi
2 M N
T = > P(Ai j)P(Ap) = Z ZP =)D (B(Ay)),
(%])#(kvl) 1= m] =n szj:n
m<i,k<Mn<jl<N
nén
M N > M N M N
Ti+To= Y D PA) | =D D (P(Ai)?+ DD P(A)
i=m j=n i=m j=n i=m j=n
2
M N M N
SINSTPA) | +YY P(Ay) = TR+ T, (2.15)
i=m j=n i=m j=n
Tu (2.14) va (2.15), ta suy ra
Z Z AZ]Akl < K(T2 +T2) (216)
m<i k<M n<jI<N
Két hop (2.10) va (2.16), ta c6
2
U U Aig | = T2T2+ Ty)
i=m j=n 2 (2.17)
CK(Ty+1)

Gia stt ¢ > 0 1a s6 nho tuy y cho trude. V6i moi N ¢d dinh thi <Ulj\im Ujvzn Ai’j> )
(Ufim Ujvzn Ai’j> khi M — oo. Theo tinh lién tuc clia xac suat ta co
li =
o P U UAH =P U UAH
1= mj =n 1= m] =n

Diéu nay kéo theo ton tai Ly sao cho

o N M N -

U U Aiﬂ‘ —P U U Ai,j < 5 v6i moi M > L. (2.18)

=m jJj=n =m J)=n

Mt khac kbi N = 00 thi (U, UM, 4ig ) 1 (Ui USS, Ai ) - Ap dung tinh Tien tuc
clia xac suat mot lan nita, ta co
e (U 0] - (00

i=m j=n i=m j=n
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Do dé6, ton tai Lo sao cho

[ lNe ] oo N
PlU U4 | -7 UUAy| <5 voimoi N = Lo

it=m j=n i=m j=n

Két hop (2.18) va (2.19) ta c6

0o o0 M N
Pl U4y | -P| U U Ay | <evéimoi M,N > max (Ly, Ly).
1t=m j=n =m j=n

T (2.20) va theo dinh nghia gidi han ctia mang hai chiéu cac s6 thuc, ta suy ra
M N 0o oo
Jlim P 'U U Aij | =P U U A j
i=m j=n i=m j=n
Khi M, N — oo va m,n cb dinh, tit diéu kien (2.2) va (2.21), ta c6

15

— 1.
T +1

Két hop (2.17), (2.21) va (2.22), ta c6

o0 o
1
P U U Aij | > [7d v6i moi m, n du 16n.

t=m j=n
Diéu nay kéo theo
> 1
P U Ai,j Z n Z 1.

E?

Vj=n
bat B, = Uf@j:n A;j, n>1, ta dé dang suy ra dugc By D By D.... va
o (0.) (o]
limsup A, , = ﬂ U A= ﬂ B,.
n=1iVj=n n=1

Két hop (2.23), (2.24) va tinh lién tuc ctia do do xac sudt, ta suy ra

n—o0

1 ~ .
74 < lim P(B,) =P <ﬂ Bn) = P(limsup A, ).

n=1

Dinh 1y dugc chiing minh.

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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Tu Dinh 1y 2.1, ta thu dugc he qua sau day. Két qua nay la Dinh 1y 2.1 clia Petrov [4].
Heé qua 2.2. Gia sit {4,,n > 1} 1a day cac bién c¢6 thda man
P(A;A;) < KP(A;)P(Aj) v6i moi ¢ # j, (2.25)
trong d6 K > 1 1a hing s6. Néu

i P(A,) = o, (2.26)
n=1

thi

1
> —.
- K
Chitng minh. Chon {A;, = An, Apmp = 0,m > 1,n > 1} 1a méng hai chiéu cac bién cb.
Khi d6 (2.25) va (2.26) dam béo cho (2.1) va (2.2) dugc théa man. Ap dung Dinh If 2.1, ta
co

P(limsup A,,) (2.27)

P(limsup 4,,) =P ﬂUAj =P m U Aij | > 1/K.

n>1j3>n n>1:iVi>n

Hé qua dugc ching minh. ]
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SUMMARY

ON AN EXTENSION OF THE BOREL-CANTELLI LEMMA
FOR DOUBLE ARRAYS OF DEPENDENT EVENTS

Nguyen Thi Ngoc Anh, Nguyen Thi Binh,
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In this paper, we present an extension of the Borel-Cantelli lemma for double arrays
of dependent events. From our main result, we obtain Theorem 2.1 of Petrov [Statistics
and Probability Letters, 2002] and the Borel-Cantelli lemma for double arrays of pairwise
independent events as special cases.

Keywords: Borel-Cantelli lemma; double array; dependent random variables.
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