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1.MO PAU

Trong bai bdo nay cdc tdc gia s€ nghién ctru dao dong tu chan ctia ban méng chit nhat trén
nén dan hoi hai hé sé nén. Xay dung thuat toan tim nghiém tiém cén cua bai todn trong Xap xi
thtr nhét hoan thi€n. Xét sy o6n dinh cua nghiém diung, cua dao dong tu chén cta ban mong chir
nhat. M6 hinh tinh todn nay c¢6 thé ding cho tat ca cdc hé 6tonom.

Két qua cho thay rang tan s riéng ciia hé dang xét ting mot lugng dang ké so vi md hinh
nén dan hoi mot hé s6 nén ma tir trudc toi nay ta van st dung. Bai todn di thay dbi vé mat dinh
tinh, tat ca céc diéu kién cong huong, diéu kién 6n dinh ctia nghiém ding déu thay dbi va hé s6
nén thir hai da lam giam bién d cta dao dong tw chan. D6 1a cdc két qua ma ching tbi da thu
nhan duoc.

2. DPAT BAI TOAN VA PHUONG TRINH CHUYEN PONG

Xét ban mong chir nht chidu dai 1a c, chiéu rong 1a b, dat trén nén dan hdi hai hé s6 nén
theo mo hinh ctia chternac [1]. Ban chui lién két tya 4 canh. H¢ toa do du’gc chon nhu hinh V¢,
hinh 1. Khi d6 chuyén dong ctia ban theo phuong thang dung dugc md ta bang phuong trinh sau
[1].

IW oW oW
DV*'W —K,V*W + KW + p— = &F (8,W,— ) (2.1
o ax  dy
trong d6: o la mat do khéi lugng trén mot don vi dién tich cua ban, dé don gidn ta giad thiét
p =1.D 1ado ciing chdng udn ciia ban.

ERW’
=——. (2.2)
120 -v7)
K}, K> 12 hé s6 nén thir nhat, tht hai, £ 1a tham s bé duong.
oW oW .
F 12 ham giai tich dbi véi cac bién (W,— . 8 ,...) vatuan hoan vdi chu ky 1a 27 theo
y

6 =06(t). V latoan tir tuyén tinh Laplace véi h¢ s6 hang, W =W (x, y,t) can xdc dinh.
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2 2 4 4 4
vi=9d 9 gy 9 9 23)

ox~  dy ox ox“dy” dy

Diéu kién bién cta ban tua tuyén tinh 4 canh duoc biéu dién béng cdc biéu thic sau.
2 2
x=0,b x Y 1x=0.b '
2 2
wWi=0 , J Wzl +v J ‘/‘2/ |=0
y=0,c dy dx y=0,c
0
X

y Hinh 1

3.DAO PONG TU DO CUA BAN

Tur phuong trinh (2.1), trong truong hop dao dong tu do cta ban ta c6 thé viét dwoc phuong
trinh duéi dang ma ham F vé phai khong chira tuong minh yéu t6 thoi gian ¢.

8W —earw. W ow oW . a1
ox ay
Khi £ =0, ta c6 phuong trinh suy bién sau

2
DV*W — K,V*W + KW + aavzv =0, (3.2)

t

v6i céc didu kién bién (2.4), phuong trinh (3.2), nghiém c6 dang
W, (x, y,1) = Z A Z (x,y)cos(@, +V,), (3.3)
r,s=1
Z, =sin P sin 22 (3.4
c

trong d6: A,y 1acdc hang s6 duoc x4c dinh tir nhitng diéu kién dau; o, la tan sO riéng, xac
dinh bﬁng cach thay (3.3) vao phuong trinh (3.2), sau khi tinh toan don gian ta cé dugc.

@), = {D[(—) +( Ty +K[(—) +(—) I+ K, }. (3.5)
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Tir (3.5) dé dang nhan thay rang tan s riéng clia hé dang xét da taing mot luong dang ké do
tinh dén hé s6 nén thir hai K> ma tir trudc t61 nay ta thuodng bo qua khi xét co h¢ theo md hinh
thong thudng ciia nén dan hoi. Bai toan di thay d6i vé mat dinh tinh, nghiém dung, dleu kién on
dinh ctia nghiém va dudng cong cong hudng ciing thay doi tat ca. D6 1a két qua méi can luu tim
quan sat.

Gia st hé khong kich dong, trong truong hop don tan ton tai dao dong khong tit dan véi
tan s6 dao dong @, (r = s =1) va khong c6 ndi cong hudng véi tan sb do, tic 1a

(@,—nw)#0 (n=12,.;r,5=12,.). (3.6)
T T T T
@ ={ D) + (&)’ + K,[(5)* + ()’ 1+ K, }. (3.7
b c b c
Khi d6 nghiém riéng cuia phuong trinh (3.1) tim dudi dang sau

W(x,y,t)=aZ, (x,y)cos@+&U,(x,y,a,p)+ (s‘zU2 (x,y,a,0)+ ..., (3.8)

U,, Us 1a cdc ham tuan hoan chu ky 27 con a,¥ dugc xdc dinh tir hé phuong trinh vi phén.

da _ op @)+ A @) +E .
dt
J (3.9
WY _ B (a)+€B,(a)+€...
dt
O day:
=(wt+y), Z,(xy)= sin%sinﬂ, Z (x,y)= sin%sinﬂ. (3.10)
C C

~ Bay gio ching ta phai tinh mot s6 dai luong trong phuong trinh (3.1), chii § dén (3.9), trong
xap xi thir nhat ta ¢6 dugc.

. OW _da dgp U, d¢
—Z, cos@—aZ, sin —+€
o g e At 0 ar
B;V EAZ, cos@—aw Z, sing— aeBZUsm¢+€aaU o, +... . (G311
! 2
2
¥ aatVzV =—EAZ, sin —%wﬂlesin (p—aa)HZHcos(p%—%wlz11 sin @ —
dp U, ,
—&BZ, cosp—+e— @ +... ,
11 ¢dt a 2
o’W . 5 , 0,
P :—2&412116011s1n(p—2€aBIZHa)Hcoqu—aa)HZHcostp+ga)na—¢2+..., (3.12)
9°Z 9°Z,  .o°U, U
* VW =acos p——1 + acos Lpe—t+e—t+e. |
P TSP e T
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2 N = 2 2
VWw =—acos(p(7+—)z11 +&VU, +€°.... (3.13)
C
* VW =acosgV'Z, + VU, + VU, +€°...
=
V4W =acos Q[(?'F?)]Zn + €V4U1 + 82... . (3.14)

Thay cac dai luong (3.12), (3.13), (3.14) vao phuong trinh (3.1) ta cé

7.[2 71'2 71'2 71'2
Dacos qo[(? +9)1°Z,, + DeVU, + K,acos ¢(? +55)Z, - K,eVU, + Kacos¢Z,, +
C C

2

+keU, — 2eA @, Z,, sin ¢ — 2€B,am,, cos ¢Z,, — a} Z,, cos ¢ + Eax, 3 L=
@

= &F (acos (oZn,acos(paaZ“
x

,acosgo%...). (3.15)
y

{ D[(%)2 +Eyr+ KQ[(%)2 + &1+ K, }acos@Z, —aw} Z, cos¢p+eDV'U,
C C

’U :
+eay, v —K,eV°U, +eKU, = €A ®, sin ¢+ 2aB @, cosP)Z,,
0z, ,d Cos ¢%...).
ox dy

D@ dang nhan thiy rang sau khi don gian phuong trinh trén con lai nhu sau.

+eF (acos@Z,,,acos @

2

o°U :
DV'U,-K,VU,+ KU + &, —- = 2A @, sin p+2aB @), cos $)Z,,

1la—¢z
+ F(acos ¢le,acos(paz“ ,acos(p%...), (3.16)
ox dy
Ham U, =U,(x,y,a,9) can thoa man cdc diéu kién bién
2 2
vl=o . aaUzlwaaUle:o Uleo
x=0,b x Y x=0,b y=0,c
W ’W|_,
o’ ot | (3.17)
y X y=0,c .
Pit
F = F(acos(pZn,acos(an“ ,acos¢)%...) : (3.18)
ox dy
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Can xéc dinh ham U =U(xy,a).
Bay gioi khai trién ham U ((x,y,a,9) vaham F(x,y,a,®) theo cdc ham riéng {Z,(x,y)}.

U (x,y,a,p)= ZUlrS(a,qJ)Zm)x, ), (3.19)

r,s=1

Vi céch khai trién nay ham U, thoa man diéu kién bién (3.17), U,, (a,¢) can dugc xac dinh.

1rs

k= Z F, (a,9)Z (x,y), (3.20)
r,s=1
b
j F,\Z dxdy
F, (a,9)="——, (3.21)
Zidxdy

o'—.w O ey
O ey

da dugc xdc dinh vi ham F, da biét.
Thé céc dai Iugng (3.19), (3.20) vao phuong trinh (3.16) ta duoc

DV4 z Ulrv (a ¢)Z K VZ z Ulrv (a ¢)er + K z Ulrv (Cl ¢)er + @21 a¢ z Ulrv (Cl ¢)er
r,s=1 r,s=1 r,s=1 r,s=1
= (2A,®, sin @+ 2aB,w, cos)Z,, + Z F, (a,9)Z... (3.22)

r,s=1

DY U, (a, ¢)[(—+ T pz vk, S U, (a,¢)[(%+scl2)]zm +KS U, (@92,

r,s=1 r,s=1 r,s=1

+ ) z 1” =(2A,@,, sin ¢+ 2aB,w, cos )Z,, + z L (a,@)Z, . (323)

r,s=1 r,5=1

Khi r = s = I, Z(x,y) = Z;)(x,y). Can bang hé s6 cic ham riéng {Z,,(x,y)} d& dang c6 két
qua sau

™ ™

DU, (a, ¢)[(? + C—Z)]sz +K,U,,(a, ¢)[(? +?)]er +KU,, (a.9)Z,

» 0U,,,(a,9)

+ Z,=QAw,sinp+2aB w, cosQ)Z, + F, (a,9)Z,,

09’
2 2 2 2 aZU
{D[( + 2P +K[( +—)] +K, YUy, + @, =3
c’? ¢’
=(2Aw®, sin@+2aBw, cosp)+ F,, (a,@),
’U
11( S+ U, ) = QA®, sinp+2aB,w, cos @)+ F (a,9). (3.24)
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2

(@], aaU;“ +@.U,)=F, (a,9), (rs=12... s=r#1). (3.25)

Chting ta lai khai trién ham F

(a,p)vaham U, (a,®)theo @, tacéd

1rs 1rs

F, (a,p)= [Zgl(; Y(a)cosng+ th’ “(a)sinng], (3.26)
1 2z
g (@) =— _[E (a,p)de, g (a) ——j (a,)cosngdp
271- 0 rs ’ 1n 1rs \M ’

hy (@) =— I s (@, @)sinngdp. (3.27)

2" (a), h{"(a) da dugc xdc dinh. Bay gio ta lai khai trién U, (a, @) theo @ ta c6

Irs

U, (a,0)= Z VU (a)cosng+W,. " (a)sinng], (3.28)
=0

V" (a), W' (a) can xdc dinh.
Tu (3.28)khir=s=1,taco

U, (a.0)= D[V (@) cosnp+W™ (@)sinng]
=0

aUm (a 9) _ Z [~V (@)nsinng+ W (@ncosng] ,
- Ug L0 - Z[ ~n'V,;" (@)cosng—n'W," (a)sinng). (3.29)
9’

Thay (3.29) vao (3.24) dé dang c6 duogc

o) { Z [-n*Vi (@) cosng—n’W,"" (a)sinng 1+

> 1 @cosnp+ W @)sinng])

0

= 2A,@,, sin @+ 2aB,®, cos P + Z (g (a)cosngp+h!" (a)sinng]. (3.30)

w2 (O, 1(1=n" WV, (@) cosng+ (1—n" )W, (a)sin ng1y =
n=0
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(LD
1n

=2A,w,, sin ¢+ 2aB,w,, cos ¢ +Z[g1(,ll’1’)(a)cosn(0+h (a)sinn@]. (3.31)
=0

Khi n = 1, thi d& dang thay rang vé tri cta phuong trinh (3.31) bang khong voi moi gid tri
bat ky cia V"' (a), W,""(a) , dé cho duy nhét ta gid st V,""(a)=0, W' (a) =0, diéu d6
ciing c6 nghia 1a ham U, (a, @) khong chita céc diéu hoa cos @, sin ¢ ta suy ra.

<U,,(a,p)cosp>=0, <U,,(a,@sing>=0.

Khi d6 ta c6

2A,@, sin @+ 2aB,w,, cosp+ g1 (a)cos @+ h " (a)sing =0,

@, st
s 1 = s

A =
1 2w, 2aw,

thé g™ (a), k'™ (a) tir (3.27) vao cdc biéu thirc trén ta c6 céc cong thic xdc dinh A, B,

1 2z ) 1 2z
A = _?w“ _([Fm(a, @)singdp, B =- 2ane, £E11(a’ p)cospd . (3.32)
azUlrv (a)
Tu (3.28) ta tinh dwgc —— 5 —
P
82ljlrs (a) —

g’ D [V, (@) cos ng +n*W. (a)sin ng].
n=0

Thay biéu thirc trén vao (3.25)taco

@ i [—nV," (a)cosnp—n’W,." (a)sinng]
=0

+ @ i [V (a)cosng+W. " (a)sinng]

=0

= i [g"(a)cosn@+h" (a)sinng],

n=0

> 1@~ W @) cosng+ (@}~ aE W (@) sinng
=0

= Z (g (a)cosn@+h{ (a)sinng],
n=0

he (a)
2 2 .2 :
(a)rs —-n a)ll )

g (a)
2 2 .2 ’
(w, —n"w;))

rs

Vo (a) = W, (a) = (3.33)
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i g\ (a)cosng+h!""(a)sinng

U, (a)= (3.34)
1 (a)rs —-n a)ll)
(r,s) (r,s)
U, (x,y.a,9) = Z Z (Su_(@cosnpt b, (@)sinng,, (3.35)
rs=l =0 ((()” (()11)
> > rv) (r,s) :
W(x, y,2)=aZ, (x,y)cosp+e D, D[S (@)cosng+h,” (@)sinng,, - ;0

rs=l =0 (a)rs —-n a)ll)
khir=s=1thin#1.
Nhu vay trong x4p xi thir nhat hoan thién nghiém ctia phwong trinh (3.1) W(x, y,z)da
dugc xac dinh.
Bay gio xét mot vi du don gian, gia sir ham F vé phai cuia (3.1) ¢6 dang
ow oW, 0°'W oW, 0’'W
F=-2n"" KW’ ——2[( Sl i
ot ox dy = dy

Ap dung cic cong thirc (2.32), sau khi tinh todn don gian ta nhan duoc

1.h>0. (3.37)

@:—gah,

dt
dl// 9 1 4 1 1 2

=-€ -—K, 7' (—+—)+3K
i Clasg, KT Gt ke
a=ae ™",

9 1, 41 1 et

=~ —Krx(—+—)-3K e +Vy, . 3.38

V= s 2 (b4 C4) 1l Yo (3.38)

C6 nhan xét réng:

-Néuh=0,co nghia 1a khong c6 luc can (can nhat) thi bién d6 a = ay = const, dao dong tu
do khong tat dan, h # 0 c6 luc can thi bién doa — Okhit — oo, dao dong tat dan. Céc tinh chat
nay khong phu thudc vao hé s6 nén thir nhat K; va thi hai K,.

2 A X. A — K 2 4 12 ~
- C6 thé chon moi quan hé¢ K| = o (b—4 +—)7Z" deé cho pha dao dong ¥ =y, =const.
c

Tinh chit nay ciing khéng phy thudc vao hé s6 can i

4.DAO PONG TU CHAN CUA BAN

Trong trudng hop nay ban chiu tic dung luc thuy khi dong luc theo phuwong thing ding véi
mat d trén mdt don vi dién tich ctia ban c¢6 dang [6]
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fW)=e(hW-m,W?), k>0, hy>0 (4.1)
Phuong trinh dao dong tu chin c6 dang.
2 2
DV4W—K2V2W+K1W+—8 VZV e{-KW’ ——2[(aW) il Vf (W52 9 Vf ]
ot ox dy  dy
+ [ W=h,W?]} (4.2)
Trong xap xi thir nhat, nghiém ciia phuong trinh (4.2) 1a
W =acos¢Z, (x,y) , (4.3)
o=(@ 1 +V), Z,(x,y)= sin%sin% . 4.4)

ava W dugc xdc dinh tir phuong trinh vi phéan (3.8). Ap dung cic cong thirc da biét, ta c6.

4

F;={-Ka cos3(/ZH+7a cos3(/m'[ sin —co§%sin%+isin3ﬁcoszﬂsinﬂ]
C

c b c c
+[—haw, singZ,, + h,a’@, sin’ ¢Z; 1}. (4.5)
b c
ijnanXdY
Ell(a’¢):020 s
Ijleldxdy
00

be
Eu(aa@:,!‘([ {

La Ly K, 5o o 41 Ly L L,
—K.a’cos ¢ sin* ~—sin’* = +—2a’ cos’ o' [ sin* = cos’ —sin® — +
: P s s PrLsn s b b
b c +
IIleldxdy
00
+i4 sin* ;cos2 2 in? 2
c c c
b(: +[
ijfldxdy
00

—haw, sm¢sm n2? +f5a3afl sin’ (psm nt?
b- b e anay (4.6)

I I Z! dxdy
00

129



Hoang V&n Pa, Tran Dinh Son

E,(a,9)= —%Ka cos’ go+[( Cl )é%a%of{m’“] +
_hlawhsin(0+ghza3afl sin’ @] 4.7
1 |
A :—27[(0“ 0 L (a,@)singdo, B, =—m£}ﬂ“(a,¢)cos¢d¢ , (4.8)

Sau mét sb céc phép tinh don gian chiing ta thu duoc.

a’a 27

e s pagohe

dy 9 111 .

—= E[-—K, 7" (—+—F)+3K,]a". 4.9
i 128w, LR Qi @Ik (*9)

Tir hé phuong trinh (4.9) chiing ta tim nghiém dimg a = ay = const, ¥~ V0 = const, bing cich

ho 27
[~ 1pg Ta®ia’ 1a=0. (4.10)
9 1 | 1
-—K, 7" (—+—)+3K,14*=0,
28w, | 2 Gt )tk
d& dang thiy c6 hai nghiém ding
a=a,=0,
a’=a; = 64h12. (4.11)
2Th,ay,

Can xét su on dinh cta hai nghiém nay b?ing cach dat vao hé¢ phuong trinh (3.9) cac dai
luong a =(a, + &), ¥ =W, +SY). Ta cé h¢ phuong trinh bién phan sau dbi véi cac nhidu
dong da, Sy .

27T L

d 27

E(&l) = g[j_ﬁ W4y ] - aghzwlzlag’

d 9 1 11

E((Sy/)z " 8[—5K27£4(b—4+?)+31(1]a0. (4.12)
11

Dé cho nghiém a, On dinh thi vé phai phuong trinh thir nhat ciia (4.12) phai nhé hon khong.
Ta cé

h, 81
[El_ﬁh @ a;1<0. (4.13)

d .
Véi a, =0, E(&z) = 8% > 0. Vay nghi¢m a, =0 la khong 6n dinh
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d ho 81
= (o) <0,khi—L <—h,@*a’ suy ra
a4 2 g 2md W

4h
a; > 6 L, (4.14)
81h,a,
Vay nghiém dung cua dao dong vai bién do:
64
*=aq, = —hz (4.15)
27h2w11
12 6n dinh.
5. KET LUAN

Xét dao dong cua ban méng chir nhat theo mé hinh hai hé s6 nén thi tan s riéng cua hé
tang 1én mot luong dang ke, lam gidm bién d6 dao dong dung. Bai toan da thay doi vé mat dinh
tinh va ca dinh lugng.

Pa xdy dung dugc md hinh tinh todn tim nghiém tiém can cta bai toan. Trong xap xi thir
nhat hoan thién nghiém da dugc xac dinh.

Xét sy on dinh cta nghiém dung va tim dugc bicu thirc x4c dinh bién d6 cua dao dong d6
doi véi dao dong tu chan cta ban.
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SUMMARY

SELF - EXCITED OSCILLATION OF THE RECTANGULAR THIN PLATE ON THE
ELASTIC FLOOR WITH TWO COEFFICIENTS OF THE FLOOR

In this paper, the author has used the asymptotic method to study the seft - excited

oscillation of the rectangular thin plate on the elastic floor with two ceoffcients of the floor. The
model of the calculation for finding the asymptotic solution of the proplem has been construeted.
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In the improved first approximation the partial solution of equation of the considered
boundary value proplem is determined, further the stability condition of the stationary oscillation
has been investigated.

The partial frequence of the observed system has increased. The amplitude of the stationary
oscillation has been decreased. Thus the proplem was changed on the peculiarity. It is an
unexpected new result, which we have obtained.

Lién hé voi tdc gia:

Tran Dinh Son,

Trudong Pai hoc M6 dia chét.
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