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TOM TAT
Trong bai bao nay, cic tic gia s dung nguyén li cyc dai Pontryagin cia li lhuyél diéu
khién cac qué trinh t5i wu dé  gidi quyel bai todn t6i uu hai tan s dao dong tr do dau tién cioa
truc chju xodn. Trong a6, blen diéu khién 1a duomg kinh cia truc bién dol doc theo chleu dai
truc, harm muc tiéu la tan sé riéng thir nhit hoac (hy hay. Thiét lap dugc didu kién can va dAu ciia
hé s6 ti 1& cho 107 toi uu trong trudmg hop thn sé riéng thir i bat ki. Cho vi du s6 v6i trudm,

hop tén sb thir nhat va thr hai. Nghién ciu quan h¢ tuong duong gitra céu hinh ciing nhu tin sb
tdi wu cua céc tryc o diéu kién bién khac nhau,

Tir khoa: thn sé riéng, nguyén li cue dai Pontryagin, truc chiu xoﬁn; t6i wu.

1. DAT VAN BE

Téi wu tin sé dao ddng c6 y oghia quan trong trong k¥ thuat khir rung hodc tranh cong
hudng (1 - 5). Vi chiéu dai L, khéi lugng néng p da cho thi bai lodn dao dong xoén, dao aong
doc cua thanh va bai toan dao d¢ng ngang cua day c6 chung mét phuong trinh vi phan séng mét
chiéu, dugc giai tuomg ty.

Trong truong hop dao dong xofin véi goc xoay 7 =@ (x;t), G — mé dun dan hdi truot cda
vit ligu, J - m6 men quén tinh ddc cuc cia mit cét ngang, phuong trinh dao dong co dang:

EAl
ox ax |
va trong truong hgp dao dong doc cua thanh hay dao dong ngang clia diy cang voi @(x,r)1a
chuyén vi tuong img va hiing s vat liéu 1a £ — mé dun dan hoi chiu kéo nén, dic trumg hinh hoc
clia mit cat ngang s& 4 F — dién tich, thi, phuong trioh dao djng c6 dang:
9 vl
ox |_J

[GJ(X) J(x)pz—?=0 (1a)

.
[EF(x) F(x)p%’—'f =0 (Ib)
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Sau khi loai bo yéu té thdi gian t nho thay 7 = ¢(x)sinar vao (la) ta c6 phuong trinh
dang dao dong riéng cho bai toan xon (hai béi toan con lai cling tuong tyr):

d dol
I':GJ(x) |J+J(x)pa)(o 0 (2)

& day J(x) thay déi trong mot mién hiru han. S thay di mit cAt ngang nay c6 thé vi hai Ii do.

Thir nhat c6 thé 1a theo y mudn con ngudi dé nhan dugc gia t max hay min cia tin sé
riéng.

Thir hai 1a do kich thugc mat ciit ding trong tinh toan 14 kich thuéc danh nghia do d6 gi4 trj
1an sé riéng tinh dugc ciing chi 14 danh nghia. Gid tri thuc cba thn s 1a bét djnh va thuéc midn
[min, max] phu thudc vao dung sai kich thuéc mit cit ngang.

Theo phuong phép hinh thirc hoa tin s6 nhu mot bién trang thai suy rong duge trinh bay
trong [ 1] ta ¢6 thé phét biéu bai todn diéu khén t6i wu sau

Cho hé phuong trinh déng lyc véi cic bién trang thai oM e

dp_ M
dx  GJ(x)
M
i ?
{ 5 (x)pw'p 3
do _
dr
Diéu kién diém dhu ¢ dinh va didm cudi 12 lién két dan héi c6 dd cimg 127, dang
P(0)=0
nM(L)+(n—Dre(L) =0 (4
nelo]

7= 0 {mg véi dau phai cd dinh, 7= | tmg v6i déu phai ty do, » tham sé d6 cimg
Xac dinh lujt diéu khién J(x), (0< x) < L) théa man didu kién:

Ji(X) S J(x) S J,(x) %)
Phiém ham Maier & trang thai cudi dat:
caXL)=min(c=1%l) (6)

&day c=1tng véi eXL)=min,c=- 1 tmg vdi a(L)= max.

2. UNG DUNG NGUYEN LI CYC PAI PONTRYAGIN PE TiM PIEU KIEN CAN TOI UU
Trong phz;m nay ching ta lan lugt thuc hién cdc bude:

- Xay dyng ham Hamilton tr (3) véi cac bién trang théi lién hogp bd xung P, P, P,

My
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Nghién cou céu hinh i wu truc chiu dao déng xodn cho truong hop t3n s6 riéng thir nhét va thir hai

H=P——— GJ( ; - P, J(x)pw’p (@]
- Viét hé phuong trinh vi phan lién hop:
dF,  9H
I = Y =J(x)pw’ P,
hav __oH M
oM GIx)*® ®
dP,  oH
=2J 0 P,
(s~ 9w ()par¢P,

Vi didu kién hoanh & hai diém dau, cudi cia qua trinh ddng luc thoa man diéu kién:
Po(L)SQAL) + P y(LYSM(L) + Pu(L)SeXL) - P0)Sp(0) - P 1£0)SM(0) - PA0)S3(0)
+cdw(L) =0 (9)
XéL18i (4) ta c6:
Po(L)SAL) + P s (LYSM(L) +Po(L)SEXL) - P 1£0)SM(0) - Pof0)dwx0) + cSw(L) =0
oM (L) +(n - rép(L) =0
Hay:

Po(L)SEAL) - 77; ! By (L)YSp(L) - P p{0) SM(0) - PA0)Sax(0) + (Pu(L) + )0 (L) =0

Chc bién phan M(0),5(0), S (L) 1a doc 1ép nén ta co:
Pr(0) = Pu0)=Pu(L)+c =0 (10a)
Con cac bién phan 8M(L), S@L) phéi théa man hé phuong trinh thun nhét
Pr(L)SM(L) +Po(L)SAL) =0
noM (L) +(n - )rép(L) =0

Tir d6
7P, - (n~VrP, =0 (10b)
Thay ki hi¢u cho bién lién hop:
=M
%pv " an
Py =@y

Cho:

509



Tran Buc Trung, Bui Hai L6, Tran Minh Thay

do, _ M,
d GJ(x)
4‘2& = -J(0)pw’ g, (12)
dP, oH
ab, _ o _,, ]
(& dw =2J(x)pw'pP,
”MH(L)+(U_])"¢H(L)=O (13)

So sanh hé (3), (4) va (12), (13) c6 thé két luan vé quan bé gilra cac bién trang thai va bién
1ién hop thong qua mot hé s6 i 18 k:

[ kM, =M
ikqofw

Va déu ctia k c6 thé x4c dinh dugc bing cach ldy tich phén phuong trinh cudi trong (12) c6
tinh t&i (13b)

(14)

L 2 L
J‘Pmdx=Pw(L)—Pw(0)=—c=2’;w _[J(x)qb’dr (5

Vi két qua (14), (15) nhan duoc, bar toan diéu khién ton uu xac dinh luat diéu khién Jix),
(0sx< L)thoa man diéu kién (5) cho hé dong luc ¢6 che bién trang thai M,p, @ véi diéu kién &
diém ddu, cudi (4) dé cuc tiéu (6) c6 didu kién can téi wu:

2 2p0"
H= —k(%»r J(x)pw'e?) = max, k = ——p IJ(-¥)¢2dx (16)
Ta ciling luu y la trong cac biéu thirc chua hé ¢é néi den a6 la lﬁn so riéng thr my va nch
phan hiru han trong (15) luén duong. Piéu d6 co nghla ta diéu kién cén téi wu nhén dugc 1a cho
tan s0 riéng bat ki. Mat khac do dang dao déng riéng phu thudc vao mét hing sé bat dinh vi dy
gid tn M(0) hay (L) nén diéu kién (15) co thé sir dung duéi dang:

2
H= sign(c)(GAj( 5 +J(x)p@’P’) = max, M(0)=1. 7

3. THUAT TOAN

J(x)=J, =const,J,(x)=J, = const,c =1 (hoc -1), chia L thanh 19 doan véi céc nit 0,...,

20.
Bude I: Chon J(x)=J,. Gidi h¢ phuong trinh vi phan bing phuong phép sé:
dp_ M
dx  GJlx)

aM a8
- 2
‘LI =~y
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Nghién ciu céu hinh t6i wu truc chiu dao dong xodn cho tnromg hop tan 6 riéng thir nhét va thir hai

Véi chc diéu kign:
(0)=0,M(0)=1, nM (L) + (77— Dre(L) =0 (19)
Dé cé cac gid trj tai cac nlt ¢, M,,(i=0,.n—1,n=20) va o:
Budre 2: Véicac giatn ¢, M, va o thay vao: H = sign(c)( GIG: )+J(x)pa) 9)
Véi céc gid tri S (x) = J, + jA,(j =0,..9) dé xac dinh J(x) \mg véi H = max.

Buroc 3: Tro lai bube 1 véi cde gid trj J(x) xc dinh dugc cho cic nit. Diéu kién dimg
chuong trioh khi ¢ hai budc lip lién tuc thn sb thay d6i it hon d§ chinh xéc chap nhan Aw<e.

4.viDy sO

Xét tryc chiu xodn c6 dudmg kinh d, € [0,05 + 0, 1] m, tdng chidu dai tryc L chia thanh »
doan bac c6 chiéu dai bing nhau, G = 0,769E1] Pa, p = 8000kg/m®. Céc trudmg hep dugc khio
sit bao gom:

- Trudng hop | (TH1): L =2 m, n =40, 77 = 0 (dAu phai cb djnh), ¢ = -1(ham myc tidu @, =
max). Him muc tiéu (16) sé 1a:
M?
H =—k(GJ( N +J(x)pat¢?) = max, k =2pa) jJ(x)¢ dx
-Trudng hop 2(TH2): L=2m,n=40,7=0 (dﬁu phai ¢é dinh), ¢ = -1(ham muc tiéu oy =
max). Ham myc tiéu (16) s& 1a:

H =—k(

T )+J(x)pm§¢) max, k=2pe; JJ(x)¢dx

- Trudng hep 3 (TH3): L = Im, n = 20, 77 = | (dAu phéi tr do), ¢ = -1(hém muc tiéu a =
max). Ham muc tiéu (16) s& la:

P— M =
H= (GJ( )+J(x)pnf¢) max, k =-2paf IJ(x)a)dx

- Truémg hop 4 (TH4): L=1m, n=20, n=0( du phai cb dinh), ¢ = -1(ham myc tiéu & =
max). Ham muyc tiéu (16) sé la:

=G5 )+J<x>pa4’¢) max, k =-2pu IJ(X)¢dx

Céc két qua dugc du'a ra trong phfm nay bao gom cac gia m tAn sé riéng thi nhit @, thn sb
riéng thir hai @, hiéu sb giira cac tan s iéng @ - @ va tong thé tich truc ¥ ciia tryc.

Tir bang | va hinh 1 6 thé thdy:

: Vi THI va TH3: Cdu hinh t5i uu va thé tich cia TH3 diing bing 50 % cba TH, gia 1
tin sb @ cia hai trudng hep nay 13 bing nhau. Nghta 13, dé giai bai todn cyc dai tan 56 th\.r nhit

clia tryc ch1u diéu kién bién ngam - ngdm (TH1) chi can giai bai todn cyc dai thn 56 thit nhat clia
tryc chju didu kién bién ngam - ty do va c6 chidu dai bang 50 % cua THI. Tir chu hinh t8i wu

s



cia TH3 ¢6 thé suy ra cAu hinh tdi vu cua TH1 c6 dang déi x(mg va chiéu dai gap doi, suy ra clu
hinb ciia céc tryc cé dleu kién bién ngam - ngim hoac ngam - tu do véi cac truémg hop t6i wu
tén sé cao hon va chiéu dai gdp nhiéu lan hon so vai TH3,..

Bang 1. Két qué tinh toén tén s riéng va thé tich truc

Tronghop | o (radks) | en(radis) | @y- o (rads) | V(m)
TH1 9093 11470 23717 0.00906
TH2 2334 17851 15517 0.00921
TH3 9093 13877 4784 0.00453
TH4 17851 22423 4572 0.00461

ISR .
" 234567 ! 9 IOlll2]3Hl$l6I7 IQ|9202122231425262‘128293031323314353637333940“

12345678 9%”12]3]4)51617]819202[
1

Hinhr 1. Cdu hinh t8i wu ciia cic trudng hgp khéo st.

- Véi TH2 va TH4: Co lhe nhén xét tuong tw khi cau hinh t8i wu va thé tich ciia TH4 diog
béng 50% ciia TH2, gid tri tin sb @ cia TH4 bing @ clia TH2.

- Su tuong dbng vé chu hinh téi wu va gi4 tri t3n 56 16i wu c6 thé dugc gidi thich nhe xét
dén chc dang riéng tuong ddng cta céc trudng hop khao sat. Vi dy nhu trén Hinh 2:

+ Chiing ta c6 thé thiy nhimg quan hc céc tAn s6 va nhip thanh cho nhu-ng gidi phép i wu.
Tru'd'ng hop (a) img véi cuc dai cho thn s6 thir hai, dang dao dgng I3 hai oua bude song va nit
séng & gilra ohip thanh U(L/2) = 0. Coi nit séng dé la diéu kign lién kél diu phai cua phin nira
thanh trai thi dang dao déng & phan d6 1a nira budc song (b) va gid tri tin s6 thir nhm dao dong
cua nua thaph L/2 co dinh hai ddu d6 bing gia tri tin sb thir hai cho thanh dai L cd dinh hai du
& trén. D6 ciing la tin 56 thir nbét cho thanh dai L/4 vi déu phai t do M(L/4) = 0 (c).
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Nghién cin céu hinh 1i wu truc chiu dao dong xodin cho tnsdng hop tan sb riéng thir nhét va thir hai

o Chiéudii L, ox  max

for T 4
3 S~ 7

b. Chicu dai Ls2, & = max

3&5

¢ Chitwddi 144, &y ~max

3.4

d. @i, (c0a Iruc bén trdt dAi L) = @y (cia bén phat dAi L/4) v ciu hinh tuong img

4
9 ~—7 1 4

Hinh 2. Vidy vé chu hinh téi wu va gid i in s8 td1 wu.

+ Nbur vy bai todn tim giai phéP 161 wu cho tan 6 thir 2n cyc dai cia thanh dai L véi hai
dAu ¢é dinh ciing chinh 13 gii phap t8i wu cho tin sb thir nbét cyc dai cia thanh hai diu ¢b dinh
dai L/(2n) nhu trén Hinh 2.d.

- Cc két qua nghién ctu trén ciing c6 thé m& rong cho cho céc trudmg hop ¢ =1 (cye tidu
thn s8) hay r cho truéc véi gid trj 7€ (0,1), nghia 1a d3u bén phai cia tryc chiu lién két dan hdi.

5. KET LUAN

Trong bai bdo, bai todn nghién ciu cau hinh t8i wu truc chju dao déng xofn cho lan 56 n:ng
tha nhal va tht hai dugc trinh bay. Cic Kkét qua cla bai bio cho thay c6 sy tuong dong vé chu
hinh téi wu, tin so tdi wu gitta céc tryc ¢6 chiéu dai, diéu kién bién va thir bic tan sb khdo sat
khac nhau. Cac blén dm sir dung nguyén li cuc dai Pontryagin trong bai bao cho phép thiét lap
didu kign tcu wu tén sb cho cac truc c6 lign két bén phai la dan hdi va ddy ciing chinb la huéng
phét tnén tiép theo ciia bai bdo.

Léi cam on. Nghién clu nay duge tdi trg bén Quy phét mén khoa hoc va cong nghé Quée gia
(NAFOSTED) trong dé tai ma sé 107.02-2014.02.
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ABSTRACT

APPLICATION OF PONTRYAGIN’S MAXIMUM PRINCIPLE ON OPTIMIZING
EIGEN FREQUENCIES OF A TORSIONAL SHAFT

Tran Duc Trung, Bui Hai Le’, Tran Minh Thuy
Hanoi University of Science and Technology, School of Mechanical Enginnering
"Email: le buikai@mail. hust.edit vn

In this paper, problem of optimizing the two first eigen frequencies of a torsional shaft
using Pontryagin's maximum principle, an optimal control one, is presented. Where, control
variables are di of el objective function contains the first or second eigen
frequencies of the shaft. Results of the paper allow determining sign of ratio coefficient of
optimal condition, the equivalent optimal configurations and eigen frequencies of shafts
subjected to different boundary conditions.

Keywords: eigen frequency, Pontryagin's maximum principle, torsional shaft, optimization.
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