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Trong bai bao nay, cac tac gia sir dung nguyen li cue dai Pontryagin cua li thuyet dieu 
khien cac qua trinh toi uu de giai quyet bai toan toi uu hai tan so dao dong tu do dau tien cua 
true chiu xoan. Trong do, bien dieu khien la duong kinh ciia true bien doi dgc theo chieu dai 
true, ham muc tieu la tan so rieng thu nhat hoac thii hai. Thiet lap dupe dieu kien can va dau cua 
he so ti le cho lai giai toi uu frong tnrong hgp tan so rieng thii / bat ki. Cho vi du so vai truong 
hgp tan so thir nhat va thii hai. Nghien ciiu quan he tuang ducmg giiia cau hinh ciing nhu tan so 
toi uu ciia cac true co dieu kien bien khac nhau. 

Tu khoa: tan so rieng, nguyen li cue dai Pontryagin, true chiu xoan; toi uu. 

1. D^T VAN DE 

Toi uu tan so dao dgng co y nghia quan frpng trong ky thuat khir rung hoac tranh cong 
huang [1 - 5]. Vcri chieu dai L, khoi lugng rieng p da cho thi bai toan dao dgng xoan, dao dgng 
dpc cua thanh va bai toan dao dgng ngang cua day c6 chung mpt phuang trinh vi phan song mgt 
chilu, dugc giai tucmg tu. 

Trong truong hgp dao dong xoan voi goc xoay ^ = ij/{x-,t), G - mo dun dan hoi trugt cua 
vat lieu, J -md men quan tinh dpc cue cua mat cat ngang, phuang trinh dao dgng c6 dang: 

va trong truang hgp dao dgng dgc cua thanh hay dao dgng ngang ciia day cang vai ij/{x,t) la 
chuyen vi tucmg irng va hang so vat lieu la £ - mo dun dan hoi chiu keo nen, dac trung hinh hpc 
cua mat cit ngang se la F - di6n tich, thi, phuang trinh dao dong co dang: 

^[..(.)fj-.(.,pf^o 
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Sau khi loai bo yeu to thai gian t nho thay y/ = ̂ (jc)sin OM vao (la) ta co phuang frinh 
dang dao dgng rieng cho bai toan xoan (hai bai toan con lai ciing tuong tu): 

^ |GJ(x)^|J + JW/7o>=0 (2) 

a day J(x) thay doi ttong mgt itiien hiili han. Su thay doi iiiat cat tigang nay co the vi hai li do. 

Thii nhat co the la theo y muon con nguai de nhan dugc gia tri max hay min ciia tan s6 
rieng. 

Thii hai la do Jdch thuoc mat cat dung ttong titlh toan la Itich thu6c danh nghTa do do gia tti 
t^n so fi^ng tinh dugc cung chi la danh nghia. Gia tri thuc cua tan s6 la bdt dinh va thugc ttiidn 
[rtiin, max] phu thugc vao dung sai kich thuoc mat cat ngang. 

Theo phuang phap hinh thiic hoa tiin so nhu mgt bien trang thai suy rgng dugc trinh bay 
trong [1] ta CO th6 phat bi6u bai toan di6u khign t6i im sau' 

Cho he phuong trinh dgng luc vai cac bien trang thai (p.M.O}: 

~dx~ 

dM 

dx ' 

da) _ 

Ik' 

M 

GJ(x) 

- -J(.x)pci^(p (3) 

1 - ' ? . Dieu ki?n diem dau co dinh va diem cuoi la li8n ket dan hoi Co do ciing -—'— red dang 

n 
p{0) = 0 

nM(L) + (tl-l)r^(L) = 0 (4) 

7;e[0,l] 

7 = 0 ling voi dSu phai co dinh, 7? = 1 ling vdi d4u phai tu do, r tham s6 do ciing 

Xac dinh luat diSu khiSn J(x), (0<x)< L) thoa man diju kien: 

J,(x)<J(x)<J,(x) (5) 

Phiem ham IMaier a trang thai cu6i dat: 

cty(i) = min(c =+I) (6) 

d day c = 1 ling vAi ffl(i) = min, c = - 1 ilng voi ffl(i) = max. 

2. UlVG DUNG NGUYEN LI C U t D ^ PONTRYAGIN DE TIM BIEU K I E N CAN TOI UtI 

Trong phan nay chiing ta lin lugt thuc Men cac budc: 

- Xay dung ham Hamilton tit (3) vai cac bi6n trang thai lien hgp bo xung P^.P^.P : 
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H = P^ PMJ{X)PQ}<P 

- Viet he phuang trinh vi phan liSn hgp: 

dx d(p 

,dM dH M 

- = J(x)pay'P„ 

(7) 

(8) 

- = 2J(x)po^(pP„ 

' dx dM GJ(x) " 

dP, _ dH 

[ dx doi 

Voi dieu kien hoanh a hai diem diiu, cuoi ciia qua trinh dgng luc thoa man dieu kien: 

PfiL)S</^L) + P„^L)SMiL) + P,(L)&HL) - P^(y)S<p{.0) - Pilfl)SM((S) - PJiO)Sca^O) 

+ cSw(L) = 0 (9) 

Xet toi (4) ta co: 

Pf(L)S(p{L) +P„iL)SM(.L) +P.(L)Scol.L) - / > J X O ) » ( 0 ) - PJ,0)Soi,{0) + cSo){L) = 0 

nSM(.L) + (ri- l)r&p(^L) = 0 

Hay: 

Pr(L)Mi-)-^^rP,^{L)&p(L) - P a.O)Mt(0) - PJ.O)S<lli(.0) + (P . ( i ) + c)&)(L) = 0 
V 

Cac bien phan SM(0),da^O), 5a){L) la dgc lap nen ta co: 

Ptm = PJS>) = P„(i) + c = 0 (10a) 

Con cac bi6n phan dM{L), S<p^L) phai thoa man he phuang trinh thuan nhat 

P „(L)SM(L-)+P^(.L)S<p(L) = 0 

TlSM{L) + {!]- \}rS(f(L) = 0 

Til do 

' / P , - ( ' 7 - l ) ' - n , = 0 <10b) 

Thay ki hieu cho biln lien hgp: 

lPr--'"H 

1 P«=Va 
(11) 
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dx GJ(x) 

\—f- = -J(x)pof(p„ 
dx 

dP, 

ydx 

(12) 

3ff 
dm 

2J(x)/7(»V« 

7 M „ ( i ) + (77-l)r«J„(i) = 0 (13) 

So sanh he (3), (4) va (12), (13) co the ket luan ve quan he giiia cac bien frang thai va bien 
liSn hgp thong qua mot he so ti le k: 

\kM„=M 

1 k(p„=(p 

Ya dau ciia k co the xac dinh dupe bang each lay tich phan phucmg trinh cu6i trong (12) co 
tinh tai (13b) 

(14) 

]pjx = P^{L) - PJO) = -c = ^ ^ ^ jj(x)(p^dx (15) 

Vai ket qua (14), (15) nhan dugc, bai toan dieu khien toi uu xac dinh luat dieu khiln J(x), 
(0<x<Z,)th6a man dieu kien (5) cho he dong luc co cac bien trang thai M,(p,(i) vai dilukiSn 6 
diem dau, cuoi (4) de cue tieu (6) co dieu kien can toi uu: 

H =-k{-^^-i-J{x)pof,p^) = max, k = — ^ — \j{x)<l>^dx 
GJ(x) c J 

(16) 

Ta cung luu y la trong cac bieu thiic chua hi co noi den do la tan so rieng thii miy va tich 
phan hiiu han trong (15) luon ducmg. Dilu do co nghia la dilu kien cin tii uu nhan dugc la cho 
tan so rieng bat ki. Mat khac do dang dao dgng rieng phu thupc vao mgt hing si bit dinh vi du 
gia tri M(0) hay ^(L) nen dieu kien (15) co thi su dung duoi dang: 

H = sign{c)(-——+J{x)po^f) = max, M(0) = 1. 
GJ(X) 

(17) 

3. THUAT TOAN 

/i(x) = J, ~comt,J^{x) = J^ =const,c = \ (hoac -1), chia L thanh 19 doan vai cac niitO,..., 

Bu&c 1: Chgn J{x) = J , . Giai he phuang trinh vi phan bang phucmg phap s6: 

dlj) _ M 

dx ' GJ(x) 

am 

\{d^' 

(18) 

-J(x)pQ) (^ 
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Voi cac dieu kien: 

^ (0 )=0 ,M(0) = 1, 7]M{L) + (i]-\)r(p{L) = Q (19) 

De CO cac gia tri tai cdcniit ^,,/l/,,(/ = 0,..n-I,«=20) va O): 

fiuo-c 2: Vai cac gia tn ^^,M va flJthayviio: H = sign{c){ + J{x)pa)^^^) 
GJ{x) 

Vai cacgiatri J(x) = J,+yA,(y = 0,...9) de xac dinh/(x) ling v a i / / = max. 

Budc 3: Tra lai buac 1 vai cac gia fri J(x) xac dinh dugc cho cac mit. 0ieu kien dimg 
chuang frinh khi a hai buac lap lien tuc tan so thay doi it ban dg chinh xac chap nhan AQ)<£ . 

4. Vi DU SO 

Xet true chiu xoin co dutmg kinh d, e [0,05 -̂  0,1] m, ting chilu dii true L chia thanh n 
doan bac CO chilu dai bang nhau, G = 0,769EI I Pa, p= 8000kg/m^. Cac truang hgp dugc khao 
sat bao gom: 

- Truong hgp 1 (THI): L = 2m,n = 40, 7/ = 0 (dau phai c6 dinh), c = -I(ham muc ti6u (i)[ = 
max). Ham mgc tieu (16) se la: 

H = -k{ + J{x)po^<!p') = max, k = Ipo^ \j{x)$^dx 
GJ{x) J 

- Truang hgp 2 (TH2): L = 2 m, o = 40, // = 0 (diu phai cl dmh), c = -l(ham muc tieu o^ = 
max). Ham muc tieu (16) sg la: 

H = -k{ + J(x)pa^^^) = max, k = 2po^ \j{x)^^dx 
GJ{x) J 

- Truang hgp 3 (TH3): L = Im, n = 20, T} = l(diu phai tu do), c = -Uham muc tieu Q)\ = 
max). Hiim myc tieu (16) se la: 

H = --k{-^^— + J{x)po^f) = max, k = -2po^ \j{x)^^dx 
GJ(x) J 

- Trucmg hgp 4 (TH4): i = 1 m, n = 20, ^ = 0 ( dau phai cl dinh), c = -l(ham myc ti6u 6)1 = 

max). Ham muc tieu (16) se la: 

H = -k{-^^— + J{x)pQ^f) = max, k = -Ipo^ y(x)fdx 

Cac ket qua dugc dua ra frong phin niiy bao gom cac gia tri tin so rieng thii nhit (o,, tan s6 
rieng thu hai Q}\, hieu s i giiia cac tin s i rieng Oh- o>i va tong thi tich tryc T cua true. 

Tii bang 1 vii hinh 1 co the thiy: 

- V6i THI va TH3: Ciu hinh tii uu va till tich ciia TH3 diing bing 50 % cua THI, gia fri 
tin s6 Oh cua hai trudng hgp nay la bing nhau. NghTa la, de giai bai toan cue dai tin so thir nhit 
ciia tryc chiu dilu kien bien ngam - ngam (THI) chi can giai bai toan cue dai tin s6 thii nhit cua 
tryc chiu dieu ki^n bien ngam - t\r do va co chieu dai bang 50 % ciia THI. Tir cau hinh tii uu 
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cua TH3 CO the suy ra cau hinh toi uu cua THI co dang doi xiing va chilu dai gap doi, suy ra cau 
hinh ciia cac true co dieu kien bien ngam - ngam hoac ngam - tu do voi cac tnrcmg hgp toi uu 
tin so cao hon va chieu dai gap nhieu lan hon so voi TH3,... 

Bang ]. Ket qua tinh toan tSn so rieng va the tich true 

Tnrong hgp 

THI 

TH2 

TH3 

TH4 

cOi (rad/s) 

9093 

2334 

9093 

17851 

(Dl (rad/s) 

11470 

17851 

13877 

22423 

6Ji - a), (rad/s) 

2377 

15517 

4784 

4572 

l ' (m ' ) 

0.00906 

0.00921 

0.00453 

0.00461 

2 3 4 S 6 7 8 9 10 II 12 13 14 15 16 17 18 19 20 2122 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 

Hinh 1. Can hinh toi uu cua cac trucmg hgp khao sat. 

- Voi TH2 vii TH4: Co the nhan xet tuang tii khi cau hinh tii uu va thi tich cua TH4 diing 
bing 50% cua TH2, gia tri tin s i (Wi cua TH4 bing (O^ ciia TH2. 

- Su tuang dong ve cau hinh toi uu va gia tri tan so toi uu co the dugc giai thich nha xet 
din cac dang rieng tuang dong cua cac truong hgp khao sat. Vi du nhu tren Hinh 2: 

+ Chiing ta c6 the thay nhiing quan h? cac tan so va nhip thanh cho nhiing giai phap tii uu. 
Trucmg hgp (a) ling voi cue dai cho tin s6 thii hai, dang dao dgng la hai iiua buac song va mit 
song a giua nhip thanh U{LI2) = 0. Coi mit song do la dilu kien lien kit diu phai cua phin niia 
thanh trai thi dang dao dgng o phan do la niia buac song (b) va gia tri tin so thir nhit dao dgng 
ciia nua thanh LI2 co dinh hai diu do bing gia tri tin s6 thii hai cho thanh dai L cd dinh hai diu 
a fren. Do cung la tin si thii nhit cho thanh dai i /4 vai diu phai tij do M(L/4) = 0 (c). 
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1, (ciia ben phai dai 1/4) v; 

Hinh 2. Vi dn ve cau hinh toi im va gia tri tan so toi uu. 

+ Nhu vay biii toan tim giai phap toi uu cho tan so thii 2« cue dai ciia thanh dai L voi hai 
dau cl dinh ciing chinh la giai phap toi uu cho tin so thii nhat cue dai cua thanh hai diu c6 dinh 
dai Ll{2h) nhu fren Hinh 2.d. 

- Cac ket qua nghiSn ciiu frSn ciing co the mo rpng cho cho cac truomg hgp c =1 (cue tilu 
tan so) hay r cho truoc vai gia tri //G (0,l), nghia la dau ben phai cua true chiu lien ket danhli. 

5. KET LUAN 

Trong bai bao, b^i toan nghien cim cau hinh toi uu true chiu dao dgng xoan cho tan so rieng 
thii nhat va thii hai dugc trinh bay. Cac ket qua cua bai biio cho thay co su tuang dong vl ciu 
hinh toi uu, tan so toi uu giua cac true co chieu dai, dieu kien bien va thii bac tin so khao sat 
khac nhau. Cac bien doi su dung nguyen li cue dai Pontryagin trong bai bao cho phep thiet lap 
dieu kien toi uu tan so cho cac true co lien ket ben phai la dan hoi va day ciing chinh la huang 
phat frien tiep theo ciia bai bao. 

L&i cam ffn. Nghien ciru nay dugc tai trg bai Quy phat tnen khoa hgc va cong nghe Quoc gia 
(NAFOSTED) trong dl tai ma s6 107.02-2014.02. 
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ABSTRACT 

APPLICATION OF PONTRYAGIN'S MAXIMUM PRINCIPLE ON OPTIMIZING 
EIGEN FREQUENCIES OF A TORSIONAL SHAFT 

Tran Due Trung, Bui Hai Le , Tran Minh Thuy 

Hanoi University of Science and Technology, School of Mechanical Enginnering 

Email: le buihai@mail.hust.edu vn 

In this paper, problem of optimizing the two first eigen frequencies of a torsional shaft 
using Pontryagin's maximum principle, an optimal confrol one, is presented. Where, confrol 
variables are diameters of elements, objective function contains the first or second eigen 
frequencies of the shaft. Results of the paper allow determining sign of ratio coefficient of 
optimal condition, the equivalent optimal configurations and eigen frequencies of shafts 
subjected to different boundary conditions. 

Keywords: eigen frequency, Pontiyagin's maximum principle, torsional shaft, optimization. 
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