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Abstract

This article uses the functional integral method and eikonal approximation to calculate the
first-order correction for the energy and (effective) mass of the Polaron. The obtained results
have demonstrated the effectiveness of the functional integral method compared to
conventional perturbation theory when considering the Polaron problem in solid crystal.
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1. Introduction

The polaron concept was first introduced by Lev Landau in 1933 [1] in his very
short article [1], which was later developed by Solomon Pekar in 1946 [2], who studied
the most basic properties of static polarons in the limiting case of very strong electron -
phonon interactions. Many other famous researchers, including H. Froélich [3],
R. Feynman [4, 5] and N. N. Bogolyubov [6]... then went on to contribute to the
development of Polaron theory.

A polaron is a quasiparticle used in condensed matter physics to describe an
electron moving in a dielectric crystal where the atoms displace from their equilibrium
positions to effectively screen the charge of an electron, known as a phonon cloud. This
lowers the electron mobility and increases the electron's effective mass. So it can be
simply said that a Polaron is an electron "dressed” with its cloud of phonons and the
properties of an electron wearing such a coat are in many cases completely different from
the properties of a "bare™ electron.

Various theoretical methods have been employed to approximate the polaron self-
nergy and effective mass. They are all functions that depend on the Polaron interaction
constant o, [3].

The Polaron problem was first studied by Feynman [4] using the path-integral
variational method and ordinary perturbation theory. With this method, he calculated the
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ground state energy and effective mass of Polaron [7] according to the weak interaction
constant a (in the system 7 =Cc =1, a is a dimensionless constant).

2

E, ="
2lueff

where . is the electron mass, p is the initial momentum of the electron before interacting
with the phonon.

— O oy =,u(l+%j 1)

For large o, Landau and Pekar [4] had pointed out

2
E, = zp —aa?; gy = p(1+ba*) @)
zuef'f

where the constants a and b are determined phenomenologically in asymptotic form.

A few further refinements in the strong-coupling theories have also been worked
out. However, calculating higher-order corrections for the above quantities is still
difficult. Among the many methods of quantum field theory for this problem, the
functional integration method appears to be an effective method. It has been used by many
authors with many different approaches to calculate the correction energy and effective
mass of Polaron [8]. The difficulty of this method is to encounter divergent integrals and
accurately evaluate the integrals to calculate higher-order energy correction terms. To
overcome this difficulty, we used the eikonal approximation to calculate the Feynman
integrals of the Green function in the external field, which is a technique that is quite
commonly used in the high-energy particle interaction problem of quantum field theory.

The purpose of this article is to use the eikonal approximation and the Feynman
function integral method to calculate the ground state energy, its first-order energy
correction, along with the effective mass of the Polaron. The outline of this article is
organized as follows. In section 2, we will find the Green function of the polaron system
in the crystal in the form of a general functional integral. Thanks to the eikonal
approximation, we have linearized the Laplace operator from which we can find the
Green function in the momentum representation. In the third section, we use the Green
function obtained in Sec. 2 to find the ground state energy and first-order energy
correction of the Polaron as well as find its effective mass. The discussion of the obtained
results is presented in the last section.

2. The Green function of the polaron in the framework of functional integrals

For any interacting system in physics, the Green function is an important physical
quantity because it describes the interactions of the system and allows us to find the basic
physical quantities of the system such as energy, momentum, scattering amplitude...
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In this section, we will find the Green function in representing the momentum of the
polaron system in the form of functional integral based on solving the Schrodinger
equation in the crystal lattice.

In the Frohlich model of the Polaron, The Hamiltonian is determined by the sum of
the free Hamiltonian Ho, and the interaction Hamiltonian Hint, in which Ho includes the
kinetic energy of the electron and the energy of the phonon and Hint is the interaction
potential energy of these two types of particles’ [8].

H:H0+Him{iAr+%Zwk(b;bk+bkb;)}+{gz(/xemfbk+A;‘e—iffb;)} ®)
” k

where b;,b, are the operators that create and annihilate phonons with wave vector k
such that [b;,bk.] =0, o, Is the lattice oscillation frequency; u is the effective mass

of the electron; A, is the Laplace operator in coordinate representation; g is the lattice
connection constant; A, are the Fourier expansion coefficients of the current density.

Using the Bogoliubov canonical transformation, we substitute the following
guantities into the Hamiltonian (3):

b, =& =e¥b; by > & =e™b; -V, >P-YK&EE, (4)
Hamiltonian (3) is rewritten as:
H =i[ﬁ—2k‘@*§kj oY a(E6 68T (AGHAE) O

The Green function of the polaron system corresponds to the Hamiltonian (5) in the
momentum representation determined by the operator-form Schrodinger equation

(H - E).G =1 (6)
Using the inverse operator representation proposed by Fock-Feynman [9], we write
G- 1 __ _iJ‘dsei(H—E+ig)s _ ijdse—i(E—ig)sGs @)
H-E+ie 5 5

where Gs is determined by*

G, =¢" :exp{zi_sﬂ(ﬁ‘ﬁé;r:kj oS0, (5668 ) e X (AL + ’W)} “

k

 Use the atomic unit systemz=c =1

t G, satisfies the equation —i aaGS =HG,; G(s=0)=1
S
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1
The Baker-Campbell-Hausdorff relation, e**® =e”e®.e 2lA*]

commutations in (8).

, is used to calculate the

G, = exp{‘gzcok (&6 )}.gs (9)
where
0. =exp{2‘—s[ﬁ—ZE§;§k] +igsZ[Mk(1+iswk)+xfz(l—iswk)]}
H k k
(10)

~exp {i—s(f’ DI fk) +igs) | ALe ™ + ALe™ ]}

in (10), the approximation €* ~1+ x has been used.

The exponential function of (10) is expressed in terms of T-product (Time-ordered
product):

Texp{ Idr[ Zkfkék] +|gjer[A<§k o p NEe %]} 11)

In (11), expressions in exponential functions that have non-commutative quantities
suchas & (7),a, (7)according to Feynman are considered T, -exponent. The variable ¢
has the meaning of a proper time divided by the mass of the particle and plays the role of

T-product in (11). The subscript s means proper time. All operators are considered
commutative functions of the variable 7 .

The first term of (11) is a quadratic function according to the differential operator,
SO we can represent it as a product of lower order operators by using the Weierstrass
transformation [10] in the 4-dimensional function space as follows:

exp{IA[dr}—exp{Idf[(A[+ “(7)-20(2)A, )~ (*%n-zvm&)}}
(12)

_ C.exp{— j dr.ﬁz(r)}.exp{Z j dr.ﬁ(r)A} = j [5D]Z.exp {2jdr.ﬁ(r)/&,}

where A’ ——ﬂ( Zkikgkj .

The functional integral is expanded on the 4-dimensional function space v(r)
according to the Gauss measure, the C-constant is determined by the condition:
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C[svexp {—ijﬁz (T)dr} =1 (13)
and
ovexp {—ijﬁz (r)d Z}

j SV exp{—ijﬁz(r)dr}

is a volume element of the functional space of the 4-dimensional function defined on the
interval 0 <7 <s[10].

[6v(D)]; = (14)

The functional variables v(z) formally introduced for obtaining the solution of the
Green function describe the deviation of a particle trajectory from the straight-line paths.

The functional with respect to [517(1)] corresponds to the summation over all possible

trajectories of the colliding particles [10].
The expression (11) become:

g, = [5a(f)];exp[i % | drﬁ(r).ﬁ}f(ﬁ) , (15)
where f(v) is determined by
fw)=T exp[—i % [dev(0).Y k&g, +ig[dry (A&e™™ + Agre™ )} (16)

Debug the operator according to Feynman's rule and use the following displacement

formula % f (x) = f (X+¢,) [10], (16) is expressed as a functional integral
- 2%, - ~ .
f(v):exp{—l\/;.[drv(r).Zkfk gk}.
0 k

,i.:[dn[wk 7\/3&(1)] ild"[@‘ 7\/%\7(1)] 17)

.exp igzk:A{;jJ'dre .exp igzk:Akng'dre
0 0

Substitute (17) into (15) and (9), the final expression for the Green function of the Polaron
in the crystal is obtained as follows:
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G= dese‘(E‘E’S exp {gz o (EE+EE )}

xj[&?(r)]g exp[i\/zjdff(f)ﬁJ-eXp{—i\/%idfﬁ(f)-zk: Rfﬁfk}
| i dn[wk—\EEV(n)] if dn[wﬁﬁv(nﬂ (18)

X eXp |gZAk§k'|'dre g exp |gZAk§kfdre°

[ o B

xexp| —g Z|Ak| Idrl

We will study processes whose initial and final states do not have free quanta. Then,
the vacuum mean value of Green's function takes the form:

0/G|0 EGO(S):iwdse*“E*if)S. Sv(z)] expl| i —strﬁ(r)ﬁ
< | | > _([ .” ]o

(19)
[ —4—kv(n)] Idrz i| dn[a»kff—kv(mj

X eXp —gZZ|AX|2J'drle°
k 0

Note that
G, (s) = <o\e-3” o> - Z{o\e-sH ¢n><¢n 0)=3 e (g, |0)
_ e—sEo { <¢n |0>‘2 + Ze—s(En—Eo) <¢n |0>‘2} (20)

=G, (s) > e

2
L]0}
where E; = EO(IS) is the basic energy level of the system given the momentum P,

|0) is the vacuum state of the system without taking into account interactions, |, ) is the

complete set of states of the Hamiltonian operator H with energy En.

In the next section, we will use the expression of Green's function (19) to find the
energy in the ground state and the first-order correction for the energy along with the
effective mass of the Polaron in the case of weak bond and medium strong bond.
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3. The first-order correction for the energy spectrum and the effective
mass of the Polaron

In this section, the Green function in the straightline path approximation will be
used to deduce the expression for the energy in quantum states. Performing calculations
in the limit cases where the electron momentum is large and small, we will find the
effective mass of the Polaron and the first-order corrections for the energy in the cases of
weak bond and medium strong bond.

3.1. The vacuum expectation of the Green's function in the eikonal approximation

To calculate the vacuum expectation value for the Green function according to
expression (19), we will perform a series of complex functional transformations and use the
properties of the eikonal approximation. The first is to perform functional transformation

P (r) > ¥(2) +—— (21)

N

and change the order of integration, then (19) becomes:

2

(0/G|0) = deseis[E;’ig]. [[57()];

., (22)
S 7 iJ.dﬂ - EIZ\7(77) 7 N LD
xexp —gZZ|Ak|2Idrl.Idrze° [ \[ jexp ijdn(a)k—Fk\?(n)—k—Pj
k 0 0 7, H H
In (22), Gaussian integration was used:
T - 2 . — — - PZ — T
ov —|d Pl=i—||o 23
Il v(r)]oexp[l ﬂ! v (7) j |2uj[ V@), (23)
and continue to use the following eikonal approximation
#[v(@)] = [[6v(0)], Z[V ()],
(24)

I[&?(r)]; exp(F(v))~exp F(V) = exp“&?(r)]g F (%)
We set

F0) =o' ZIAf | dfl-rfdfzeildq[wﬁwj exp{iffdn[wk —F va)—lz_ﬁﬂ
k 0 0 : yr P o5

- _922|Ak|2.[d71'-fd72 exp[i(a)k _kzpl(rl —rz)}exp{—i %Efdnﬁ(n)}

T2
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to calculate _[[517(1)]; F(v)by using (23) and (24). The vacuum mean value of the Green
function is

i Efp—fig

(0/G|0) = dese'{ z jx

(26)
exp{—gzzk]AkF!drl.gdrz exp[i(a}k —%R.ﬁ +ik2j(rl —rz)}}

Setting Q, = o, —llih.l5+2ik2 (Polaron effective frequencies), then, integrating
u H

over the variables z,,z, and s, we obtain the final expression of Green's function

o s L |Ak|2 i _
<0|G|0>:|E|)‘dse [ 2 ]xexp{gzzkzg—k(e Qk—|st—1)}
(27)
:;P(”k) p? |':<|2
‘ E—Zlu—gzggzk—;nkgk—lg

where P a is the Poisson probability, nk are positive integers indicating the energy

state index.
|2
R

ne) zl_le_ﬁk (ﬁk)nk'; n = 92 |A< (28)

2
n,! Q,

From (27), expression of the Polaron energy is derived (singularity of Green's function)
E=—+0°) —2-+> nO 29
24 g ; 0, Zk: k= 2K (29)

In the expression of Q, , there is an additional term 2i k?, which means that in the
y7j

eikonal approximation the recoil of the particles when interacting with the field is
included. However, this effect only takes into account the elastic interaction with the
recoil particle’'s momentum equal to the forward particle's momentum, not taking into
account that these momentums are different. This will be a problem that we will continue
to consider in the future.
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3.2. Ground state energy and effective mass of Polaron

In the Frohlich model of the Polaron, particle interactions in the periodic field of
the ionic lattice were considered [8]. Using perturbation theory for this model one has

oA =—‘ik—?‘1/@ (30)

where e is the electron charge, V is the system volume, @, are lattce vibrations, ax are
dimensioness constants.

In the ground state, we set nk = 0 into (29) and assume that «, and ax do not depend
on k, and also consider that the system volume is very large to switch from summation to

integration over the particle's momentum, iz — %Idlz, we have
VA (27)
_P’ 2mas 1 e
2wV O£Q \kT
(31)
P> ewa;,~1 1 P* 2uewag - 1
R L [ g _
2u (27) kK2'Q, 2u (27) K (k +2,ua)—2kP)
The following integration formula has been applied to (31)
1 ¢ 1
=|dx > (32)
ac, 3 [ax-a,d-x)]
then
P? 2ue’wa dk
0=2——‘; = [ ox[ — - . (33)
o (27)° [k2+2,ua)(1—x)—P2(l—x)2]
to introduce the dimensioness constants
H2
0= a—ae? £ (34)
2uw 2w
and use Feynman integration
3
oL (3)
(27)° (K*+a®) 8zva

The expression for ground state energy is obtained

40



Journal of Science and Technique - ISSN 1859-0209

E, = 0*w—Awf (), (36)

where

%arcsine if <1

1t dx
fO) == —= (37)
2 x(1-0°x) %(% -arcos@) if >1
We consider two limited regions when @ is small and & is large.
: 1 . . :
« When @ is small then f (6) z1+g¢92.8ubst|tut|ng f (0) into (33) yields
2 1, P?
E, =0 0-lo—=Awld" =5+ : (38)
6 2:ueff

where & =—Aw and g :Lzy[lJr%/lj.
o)

[1-37

This result completely coincides with the results obtained from perturbation theory [4].

« In the opposite case, when @ is large, the expression f(6) is in asymptotic form

fO)~ Z+i|n(29)+o(i2j and we have
0|2 0

E, =0’ — ﬂg"[z +i In(2¢9)}+0(01 ) (39)

3.3. First-order correction for the energy in the ground state of the Polaron system

To calculate the first-order correction for the energy in the gound state based on the
eikonal approximation, we must retain the interaction terms ki, k;j (i #j), which are related
to the interaction between particles and the quantum of the field. This correlation
contribution is expressed according to the following expansion

[[6v(@)]; -exp{F (%)} = exp{F( ) —= Ids(?:((v))j +] (40)

where F(V) is determined by (25).
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The first term in (25) was calculated based on approximation (24). The second term
will be determined as follows:

SF (v SF(v ) Y, _ kP
5‘/((‘;)) :”51/(2')] 5‘/((:)) =—g Zk:|py| '([dfl-!dfz exp[l(wk —ZJ(rl—rz)}

(41)
OoF (V) N P
o —-i |—k|d
xJ'[ v(7)] 5(0) exp{ | ,ﬂ J; 77‘/(77)}
SF(V) ., fz ST I .
—=—ig°, =) k dr,.|dz, exp|iQ, (7, - 42
ov(z) g ,Uzk: |Ak|! 71_([ 7, p[ (7, Tz)] (42)
where Q, has been defined in (26).
Performing integration over the variables, we get
5'5(‘7) -2 2 > 2 1 - Qs
——ig? =Yk —|iQ,s—e"* +1 43
o)~ 9 AT grlione e ] )
then
1 SE Y 1 1T 2
SE,=—=[d =—| >N Kk|A] = | [iQs-e2 +1
=2 o | | TZRIAF & | [is-e T s .

2
1 2 " 2 1 1 552 22
~—1g°) k|A —} S=—nP =wn0
Zu{ zk: A o) 2u
In (44), we have approximated to the first order term. The parameter a is determined from
the condition

. 1 -
QZZk|Ak|2—QZ =nP, (45)
k k

From (45), we see that the condition for applying the eikonal approximation is 7 <<1, i.e.

the sum over momentum k must converge. Comparing with expressions (36) and (37),
we deduce the value of parameter 7 is

& if 6<1
6
il .
———1In(20) if 6>1
Y (20)

n= 2—*9 £1(6) = (46)

Substitute (46) into (44) to obtain the expression of the first-order correction for the
ground state energy
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A20?
36

w if 0<1

SE, = (47)

FLI
—0lIn2(20) if 0>1
@7 (29

From the condition to apply the eikonal approximation of n <<1, we see:

e For slow particles (i.e. 6 << 1) the condition is A << 1, this case describes the
polarization state of the particle when interacting with the field, it corresponds to the
"weak coupling™ of the particle with the field.

2In(26)

e For fast particles (i.e. 6 >> 1) the condition is P << 1, which corresponds

to the “moderately strong coupling” of the particle with the field.

Higher order approximations to the ground state energy can show that the ground
state energy of the Polaron can be expressed as

Ey =00’ — 2w _(16°)f,(6) (48)

where f_(6) is a regular function, receiving a non-zero constant value when ¢ = 0.

4. Conclusion

To summarize, the functional integration method and the eikonal approximation
have been effectively used to determine the energy in the ground state and its first
correction as well as calculate the effective mass of the Polaron when electrons interact
with the crystal field. In addition to basic results that coincide with the results obtained
by many previous authors using other methods, we have calculated the first-order
correction term and generalized it to the higher-order term.

There exists an enomours amount of literature on the subject of the “polaron mass”.
A large group publication is concerned with direct pertubational or variational treatment of
the Hamiltonian. We find excellent agreement for small , in intermediate and middle strong-
coupling. The functional integral bounds are systematically lower than all others, leading to
the conclusion that this method is more adequate. It is well known that many authors used
functional integral methods before us in polaron physics. However, we still use that method
because it is one of the few places where path integration not only helps you find the answer
but is also the best way to calculate the answer even if you already have it.
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CACH TIEP CAN TiCH PHAN PHIEM HAM
VA PHEP GAN DUNG EIKONAL KHI TINH TOAN NANG LUONG
VA KHOI LUONG POLARON

Nguyén Nhu Xuan', Vit Toan Thing?

Khoa Hoa - Ly kp thudt, Truong Pai hoc Ky thudt Lé Quy Pén, Ha Néi, Viét Nam

2Khoa Co ban, Truwong Pai hoc Ngé Quyén, Binh Dwong, Viét Nam

Tém tit: Bai bao str dung phuong phép tich phan phiém ham va phép gan dung eikonal dé

tinh toan b chinh bac nhat cho ning luong va khdi lugng (hiéu dung) cua Polaron. Cac két qua

thu duge da chimg to sy hitu hiéu ciia phuong phap tich phan phiém ham so véi 1y thuyét nhidu
loan thong thuong khi xem xét bai toan Polaron trong vat ran.

Tir khéa: Bai toan Polaron; tich phan phiém ham; gan diing eikonal.
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