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Abstract

We investigate the intricate interactions between a beyond-band discrete solitons (BBDSs)
and Dirac solitons in a binary waveguide array (BWA). Through comprehensive analysis, we
demonstrate that the behavior of these soliton interactions remains largely unaffected by the
presence of central peaks or dips at the center of each soliton, or the initial phase differences
between them. Our research highlights the critical role of the BBDS intensity in determining
the nature of its interaction with Dirac solitons. We reveal that low-intensity BBDS exhibit
consistent attraction towards Dirac solitons across multiple encounters, while high-intensity
BBDSs show an initial phase of attraction followed by a repulsion phase, causing a
subsequent divergence. These findings not only enhance our understanding of soliton
interactions on a fundamental level but also set the stage for the development of innovative
optical communication and signal processing technologies leveraging the distinctive
properties of BBDSs and Dirac solitons.
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1. Introduction

Waveguide arrays (WASs) are at the cutting edge of photonic research, embodying a
unique interplay of discreteness, periodicity, and nonlinearity that has unveiled a multitude
of fascinating photonic phenomena. These include, but are not limited to, the discrete
diffraction [1-3] and the formation of discrete solitons [1, 4], phenomena that have not only
enriched our understanding of light propagation in structured media but also bridged the
gap between spatial and temporal nonlinear optical effects. The similarity of these effects
to those observed in fiber optics [5, 6], such as diffractive resonant radiation [7], albeit
manifested in the spatial domain, underscores the versatility and potential of waveguide
arrays in exploring optical phenomena.

Beyond the fundamental insights, WAs offer a tangible platform for pioneering
applications in photonic circuitry, enabling the development of all-optical routers and logic
functions essential for the advancement of optical computing and information processing
technologies. Waveguide arrays are also a great tool to investigate nonrelativistic quantum
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mechanics phenomena, including photonic Bloch oscillations [8-10], Zener tunneling [11, 12],
and dynamic localization [13, 14], further amplifying their significance in both theoretical
and applied physics.

The exploration of BWAs, a subclass of WAs characterized by the alternation of
two types of waveguides, has opened new avenues for simulating relativistic quantum
effects. Through BWAs, phenomena governed by the Dirac equation, such as Klein
tunneling [15-17], Zitterbewegung [18, 19], Dirac solitons [20], and topological Jackiw-
Rebbi states [21], have been earlier studied, providing a rich framework for understanding the
complexities of relativistic quantum effects in a controlled, optical setting.

The study of discrete gap solitons in BWAs has revealed a variety of dynamic states
including gap, out-gap solitons, breathers, and pulsons, expanding the understanding of
light propagation in discrete systems. The pioneering work identified discrete gap solitons
within a discrete diatomic lattice model [22], laying the groundwork for subsequent
explorations into their nature and dynamics. A significant breakthrough was achieved when
these discrete gap solitons were recognized as optical analogs of Dirac solitons, derived
from the relativistic quantum one-dimensional Dirac equation with Kerr nonlinearity [23].
This revelation underscored the potential of BWAs to simulate complex relativistic
guantum phenomena through optical means. Further research has deepened the
understanding of Dirac solitons within BWAs, exploring their stability, interactions [24],
and the formation of Dirac light bullets [20].

The concept of beyond-band discrete solitons (BBDSs) in BWAs has been recently
introduced as a new class of localized structures with unique properties [25]. These BBDSs
are localized structures that are not only out- gap but also beyond the band, as their
detunings are outside the two bands of linear plane waves in a periodic BWA. This
characteristic, along with their approximation through hyperbolic secant functions,
distinguishes BBDSs from other soliton classes previously studied in BWAs [25]. The
interaction between BBDSs has been systematically studied in [26].

This article aims to further the understandings on BBDSs by investigating the
interactions between them and Dirac solitons. Given the importance of optical pulse and
soliton interactions in both fundamental and applied nonlinear optics, our study seeks to
provide comprehensive insights into these phenomena. The article is structured as follows:
Section 2 revisits the foundational results on BBDSs necessary for our further analysis. In
Section 3, we focus on the interaction between a weak BBDS and a Dirac soliton, while in
Section 4, we examine the interaction between an intense BBDS and a Dirac soliton. We
conclude in Section 5 with a synthesis of our findings and their important implications.
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2. Equations governing beyond-band discrete solitons

The propagation of light beams within a discrete and periodic BWA, operating under
the regime of Kerr nonlinearity, is governed by the subsequent dimensionless coupled-
mode equations [16, 27]:

. da, (z)
I——=—x(a
dZ K( n+1

where a, represents the amplitude of the electric field in the n-th waveguide, where n spans
discretely over the set of [-(N -1)/2,...—-1,0,1,...(N —1)/ 2], with N denoting the total odd
number of waveguides in the BWA. The variable z corresponds to the longitudinal
coordinate along the axis of the BWAS, 20 and x denote the propagation mismatch and
the coupling coefficient between adjacent waveguides, respectively, while y represents the
nonlinear coefficient of the waveguides. For simplicity, it is assumed that all waveguides
within the BWA possess an identical value for y. It is pertinent to note that variables in the

+a,,)+(-)"ca,—7la,| a, @)

equations can be normalized such that the absolute values of both y and x equate to unity.

Moreover, the same BWA can be employed to investigate scenarios wherein o alternates
its sign from 1 to -1 and vice versa, simply by shifting the position n of the waveguide
system by any odd integer. This adjustment results in the reclassification of waveguides
from even to odd and vice versa. Hence, if a waveguide was initially classified as even,
following the inversion of & to —o , it will subsequently be regarded as odd,
and conversely.

Utilizing the ansatz of a plane wave that propagates obliquely within BWAs entails:

a,(Q) ~ exp[i(Qn—wz)] @)

In the linear regime, the application of this approach yields the following dispersion
relations [27]:

@, (Q) = i\jlaz +4x%cos’ Q 3)
In the context, Q denotes the normalized wavenumber associated with the plane wave. This
parameter further encapsulates the phase shift occurring between consecutive waveguides,
a phenomenon attributable to the angled propagation of beams within BWAs. Now we can
use the following ansatz to search for BBDSs in BWASs [25]:

a =be” (4)
where b, is a real coefficient, solely a function of n, and ¢ represents the detuning of each

BBDS. The detuning parameter for each BBDS corresponds to an eigenvalue, which must
be determined based on the peak amplitude among other relevant parameters. Following
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this, the ansatz (4) is substituted into Eq. (1), leading to the derivation of a corresponding
system of algebraic equations [23]:

~6b, +«[b,,, +b, ,]-(-D)"ob, + 7|b,[*b, =0 (5)
In the quasilinear regime, where the intensity of all components remains low, it is justifiable
to neglect the nonlinear term present in Egs. (1) and (5). Under such conditions of low
intensity, an approximation can be employed to represent BBDSs in a simplified manner.

Specifically, this simplification yields representations in the form of two hyperbolic
functions, differentiated for even and odd components, as delineated in [25]:

psech (@j
2 e

Byn1 {Zn —1j
gsech
(- no -

where p and g are the peak amplitudes corresponding to the even and odd components,
respectively. When the central amplitude b, =p of the BBDS is specified for the

(6)

waveguide at n = 0, the two parameters 6, and q of the BBDS can be readily calculated as
follows, according to [25]:

o, = +yo? +4K*? (7
:bO(Ui‘\/02+4K'2) (8)
2K

where &, signifies the detuning parameter o in scenarios devoid of nonlinearity or within

q

the low-intensity regime. As elucidated in [25], with Kerr nonlinearity, the sign of y

(positive or negative) dictates the adoption of the corresponding sign for the squares in
Egs. (7) and (8). Evident from Eqg. (6), the even or odd components of BBDSs are
characterized by a hyperbolic secant function, maintaining their sign consistency across the
transverse direction of the BWAs as n varies. Additionally, as previously discussed, the
detunings associated with these BBDSs extend beyond the two linear plane wave bands
within BWAs. These characteristics distinctly differentiate BBDS from other discrete
solitons observed in BWAs [25].

3. Interaction between a weak BBDS and a Dirac soliton

In this section, we investigate the interaction dynamics between a weak BBDS and
a Dirac soliton. It is important to highlight that these solitons represent distinct categories
within the spectrum of discrete solitons in BWAs. As delineated in the subsequent
analysis, the characteristics of their interaction are invariant with respect to the initial
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phase difference, denoted as &, between the two solitons. The initial condition for
integraring Eq. (1) are as follows:

8,(0)=S;)y, +15,7),€" ©)
where S denotes the Dirac soliton with its center lying at the waveguide position

n+An,
n=-An and S denotes the BBDS with its center lying at the waveguide position

n=An,, ris the scaling factor which is set to be unity in this work.

In Fig. 1, the dynamics of interaction between a weak BBDS and a Dirac soliton
with variable peak amplitude and width is explored. Figure 1(a) illustrates the profiles of
these solitons under the condition where the parameter o =1 for the BWA, the phase
difference € =0, and the scaling factor r =1. The Dirac soliton is positioned on the left,
centered at n =—18, with a peak amplitude of a ,, =0.4 and a width parameter of n, =5,
as defined by the Dirac soliton solution detailed in Eq. (6) from [23]. Conversely, the
weak BBDS is located on the right, with its center at n=19, a peak amplitude of
a,=0.2, and a detuning & =2.3004. Consequently, the initial distance between the
centers of the two solitons is D =37 waveguides. This separation distance is consistently
maintained in Figs. 1(a), 1(b), and 1(c), but is increased to D =41 waveguides in
Fig. 1(d), wherein the initial center of the Dirac soliton shifts to the waveguide at n = 23.

amplitude a,
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Fig. 1. The interaction between a weak BBDS and a Dirac soliton
(a) The configuration of two in-phase solitons: The Dirac soliton is positioned with its center at
n = -18 and exhibits a width parameter no = 5, while the weak BBDS is located with its center at
n =19 and has a peak amplitude of a;s = 0.2 (b), and (c) Show the interaction dynamics between
the BBDS and the Dirac soliton with an initial center-to-center distance of D = 37 waveguides,
for width parameters no =5 and no = 6, respectively. (d) Focuses on the interaction under the
condition where no=5 and the initial center-to-center distance is extended to D = 41 waveguides.
The parameters set for these interactions include o =1, y =1, x =1, and a phase difference of

6=0.
49



Section on Physics and Chemical Engineering - Vol. 02, No. 01 (Apr. 2024)

The interaction depicted between two solitons, as initially outlined in the profiles
presented in Fig. 1(a), is elucidated further in Fig. 1(b). Initially, the solitons exhibit
mutual attraction, progressively narrowing the distance between them until they intersect
at an approximate distance of z=1400. Subsequent to this intersection, the solitons
engage in a series of oscillatory movements, characterized by brief periods of separation
followed by convergence and recurrent crossings. These oscillatory interactions persist
as the solitons maintain proximal trajectories. However, subsequent to their inaugural
crossing, the BBDS incurs significant radiative losses towards the lattice's edges. This
radiative dispersion is subsequently reflected by the lattice boundaries, delineated at
n =-150 and 150 within Fig. 1(b), contributing to a notably disordered background when
z>3500. When z>3500 the diminished BBDS ceases to retain its beam structure,
attributable to the radiative loss and the background noise. Contrarily, the more robust
Dirac solitons demonstrates resilience, persisting amidst the prevalent noise.

In Fig. 1(c), the parameter width n, of the Dirac soliton is increased to 6, resulting
in a diminution of its initial peak amplitude to approximately a ,, = 0.333. Conversely,
Fig. 1(d) retains n, =5, but extends the initial center-to-center separation between the

two solitons to D = 41 waveguides. Despite these modifications, the principal
characteristics of the beam interactions depicted in Figs. 1(c) and 1(d) remain
fundamentally akin to those observed in Fig. 1(b), with only quantitative variances
evident among these depictions. For example, relative to Fig. 1(b), the initial point of
intersection between the two beams in Fig. 1(c) is positioned closer to the input facet,
indicative of a more pronounced initial overlap of the beams' extremities, whereas in Fig.
1(d), this crossing is situated further from the input facet, reflecting a lesser degree of
initial overlap. These two solitons gradually close the gap between them at a distance
z>2200. It is observed that as the initial center-to-center distance between the solitons
increases, their mutual attraction decreases. This behavior can be attributed to the
increased width of the waveguide, which weakens the interactions between the solitons.
As a result, a larger initial distance is required for the solitons to first intersect from the
initial input facet.

4. Interaction between an intense BBDS and a Dirac soliton

In Fig. 2, the examination focuses on the interaction between an intense BBDS and
a Dirac soliton, both of which exhibit variations in peak amplitude and width.
Specifically, Fig. 2(a) delineates the profiles of these solitons under the conditions where
the parameter o =1 is applied to the BWA, with =0, and r = 0. The Dirac soliton,
positioned on the left with its center at n = —18 and peak amplitude at a ,; =0.4, is
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characterized by a width parameter n, =5. Conversely, the BBDS is situated on the right,

with its center at n = 18, featuring a central dip with an amplitude approximately
a,; =0.2363 and a detuning & = 2.3004. The initial separation between the two solitons

in Fig. 2 is consistently maintained at D = 36 waveguides. Figure 2(b) illustrates the ensuing
interaction, where the solitons initially exhibit mutual attraction, culminating in a collision
at a distance z=1750. Subsequent to this collision, a singular robust beam emerges,
ascending, while a dispersion of weak and broad radiation is observed spreading.

In Figs. 2(c) and 2(d), the width parameter of the Dirac soliton no is augmented to
values of 6 and 7, respectively. Consequently, the maximal amplitude of the Dirac soliton
diminishes to 0.333 and 0.286, in each case. It is important to highlight that, apart from
the alterations in no, all other parameters remain consistent with those delineated for
Fig. 2(a). In Fig. 2(c), an initial attraction between two solitons is observed; they approach
each other closely, reaching a proximity at a distance z = 800, yet without intersection,
thereafter repelling and progressively distancing from one another. Contrastingly, Fig.
2(d) presents a divergent scenario wherein, although a weak attraction between the
solitons is noted, it significantly differs in dynamics. Initially, the broad Dirac soliton and
the BBDS appear to propagate parallel to the longitudinal axis. Subsequently, at z = 400,
the BBDS is marginally pulled upwards towards the Dirac soliton, which, in turn, ascends
further away from the BBDS. Following this interaction, the solitons rapidly diverge and
proceed in opposite directions.

It is important to reiterate that the interaction between a Dirac soliton and a BBDS
is, to a large extent, independent of the initial phase difference 6 that exists between them.
This is totally different from the interaction between solitons of the same kinds, for
instance, between two BBDSs [26] where their initial phase difference 0 plays a crucial
role. Furthermore, our simulations, which are not presented herein, indicate that the nature
of interactions between Dirac solitons and BBDS remains consistent, regardless of
whether there is a dip or a peak at the center of each soliton. This stability is due to the
complex dynamics of superposition and compensation when Dirac solitons interact with
BBDS. These dynamics involve a more intricate exchange of energy and momentum than
is typical in interactions between similar solitons. As a result, variations in soliton
profiles, such as the presence of central peaks or dips, have a minimal impact on their
interactions. It is noteworthy that this transition - from a peak to a dip at the soliton’'s
center - can be achieved through a mere shift of the soliton's center by one waveguide
within the same BWA.
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Fig. 2. An examination of the interaction between an intense BBDS and a Dirac soliton.

(a) The profiles of the two distinct solitons: A Dirac soliton positioned at n = — 18 with a
parameter width, no =5, and an intense BBDS centered at n = 18; (b, c, d) lllustrate the dynamics
of interaction between these solitons for varying parameter widths no = 5, 6, and 7 respectively.
The interactions are characterized under the parameters: o =1, y =1, x =1, and a fixed center-

to-center distance D = 36.
5. Conclusion

In conclusion, our study has advanced the understanding of the dynamics involved
in the interaction between BBDS and Dirac solitons in a BWA. We have established that
the qualitative behavior of these interactions is remarkably robust, showing little
sensitivity to the characteristics of the solitons involved, such as the presence of a peak or
a dip at their centers or their initial phase differences. Crucially, we have identified the
intensity of the BBDS as a decisive factor in dictating the nature of the interaction with
Dirac solitons. Specifically, a low-intensity BBDS consistently exhibits attraction to a
Dirac soliton during repeated crossings, while a high-intensity BBDS initially attracts but
subsequently repels the Dirac soliton, leading them to diverge over time. These findings
not only provide new insights into the fundamental properties of soliton interactions but
also pave the way for designing novel optical communication systems and signal
processing technologies that leverage the unique characteristics of BBDS and Dirac
solitons. Future research will be aimed at exploring the implications of these interactions
in practical applications, particularly in enhancing the efficiency and stability of soliton-
based transmission systems.
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TUONG TAC GIUA SOLITON ROI RAC BEYOND-BAND VA
SOLITON DIRAC TRONG MANG ONG DAN SONG NHI PHAN

Poan Tung Anh?, Tran Xuén Trudng®
1Khoa Hoéa - Ly kj thudt, Truong Dai hoc Ky thudt Lé Quy Dén, Ha Noi, Viét Nam

Tém tat: Bai béo trinh bay viéc nghién ciru sy twong tac giita cac soliton roi rac beyond-
band (BBDS) va soliton Dirac trong mang 6ng dan song nhi phan BWA. Cac két qua tinh toan
mo phong chi ra ring twong tic gitta hai loai soliton nay phan 16n khong bi anh huéng bai sy hién
dién cta cac dinh hoic hd trung tdm va sy khac biét pha ban dau. Nghién ctru cling xac dinh vai
tro quan trong ciia cuong d6 BBDS trong dnh hudng dén su tuong tic ciia nd voi soliton Dirac.
Céc BBDS cudng do thap co xu hudng bi hut vé phia soliton Dirac nhiéu l1an, trong khi BBDS
cuong d6 cao chi bi hut vé phia soliton Dirac ¢ giai doan ban dau, sau d6 chung diy nhau, gay ra
hién tuong phéan ky. Két qua nghién ctru nay khong chi cung cip thém thong tin quan trong vé su
tuong tac clia cac soliton ma con tao tién dé cho su phat trién ciia cac cong nghé truyén va xir 1y
tin hi¢u quang hoc, dua trén céc tinh chit dic biét cua BBDS va soliton Dirac.

Tir khéa: Soliton roi rac beyond-band; soliton Dirac; mdng ong dan séng nhi phan.
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