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Tom tat:

Trong diéu kién khi tuwgng bt thuong hién nay, mo phong dong chay ngap lut d6 thi dang 1a bai toan @ng dung thuc
tién rit cao trong tinh toan du bo thién tai ciia mdi quoc gia, dic biét 1a nhlrng qudc gia chiu anh hwéng 16m tir
bién déi khi hiu nhw Viét Nam. Bai bao nghién ciru xay dwng mdt mo hinh s6 md phong dong chiy sau vo dap trén
nén day ha lwu phirc tap, c6 kha ning ing dung cao trong mé phong du bao ngép lut dé thi. Mé hinh s sir dung hé
phuong trinh phi tuyén nwéc nong diung hé toa dd (b, s) ¢6 wu diém don gian nhung hi¢u qua trong mé phéng cac
hién twong dong chiy khong nén dwgc. Phwong phap hdn hop thé tich - sai phan hiru han va phwong phap twong
minh Runge - Kutta 3 buéc bac 3 dwoc sir dung dé roi rac héa hé phwong trinh chii dao twong ng theo khong gian
va thoi gian. M6 hinh s dwoe kiém chuin véi két qua tir mé hinh giai tich va mé hinh vét Iy cho bai toan day ha luu
don gian. Véi treomg hop day ha lwu phirc tap, mé hinh tiép tuc mé phéng chinh xac téc dd va chiéu sdu dong chay
cho trwong hop day go ghé va diy nghiéng nham.

Tir khéa: day phire tap, hé phwong trinh phi tuyén nwéc ndng, mé hinh s6, mé hinh vat Iy, mé phéng vé dap.
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Abstract:

Under the current abnormal meteorological conditions, urban flood flow simulation is an efficient problem in
disaster prediction calculations for every country, especially those significantly impacted by climate change, such as
Vietnam. This article presents the development of a numerical model simulating flow after a dam break on complex
downstream beds, with high applicability in urban flood forecasting. The numerical model uses the shallow water
nonlinear equations employing the (b, s) coordinates and has the advantage of being simple but effective in simulating
incompressible flow phenomena. The hybrid finite volume-the finite difference method and the explicit three-stage,
third-order Runge-Kutta method are used to discretise the governing equations in space and time, respectively. The
numerical model is validated with results from analytical models and physical models for the problem with a simple
downstream bed. For complex downstream bed cases, the model accurately simulates flow velocity and flow depth
for both hump and rough inclined beds.
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1. Ddt van de

Bai toan m6 phong v& dép (dam-break simulation) duoc
{ing dung pho bién trong thyuc té cho van d& du béo thién tai,
(g pho véi bién d6i khi hau ngay cang gia ting & cac qudc
gia trén thé gidi [1-4]. Piac biét, dong chay sau v& dap hinh
thanh dong chay lii & dy ha luu tac dong 1én co so ha tang
va do thi, de doa tinh mang, nha ctra va tai san cua nguoi
dan. Pé mo phong v dap, ngoai mé hinh giai tich [5, 6]
va mé hinh vat 1y [7, 8] thi mé hinh s6 [9, 10] dugc xem la
¢6 uu thé hon vi dé dang sir dung va it ton kém. Trong mo
hinh sd, tuy theo kich thudc ctia mién tinh toan dé chia va
Iya chon cac md hinh, nhu mét chiéu [1, 11], hai chiéu [12],
ba chiéu [13, 14]. M6 hinh nhiéu chiéu thi cho két qua tinh
toan c¢6 d6 chinh xac cao hon nhung thoi gian mé phong va
tai nguyén may tinh thuong yéu cau cao. Do d6, trong mot
s0 bai toan cu thé, mo hinh mét chiéu thudng duoc st dung
vi d6 chinh xac kha phu hop va khong yéu cau cao vé tai
nguyén. Hau hét cac mo hinh mé phong dong chay 1i st
dung bién chiéu sau dong chady theo h¢ toa do dia phuong
[15-18], cac nghién ctru su dung hé toa do (b, s) con kha
han ché.

Bai bao trinh bay két qua nghién ctru 1a mot mo hinh sb
sir dung hé phuong trinh phi tuyén nudc nong [15, 19, 20]
dung h¢ toa do (b, s), trong d6 b 1a cao do day khong xoi, s 1a
cao do mat nudc tinh tir mat ph:fmg chuén. bay 1a mot dang
cua hé toa do téng thé, dé dang xac dinh dugc mat day va
mit nude trong tinh toan mo phong ma khong phai chuyén
ddi nhu st dung h¢ toa do dia phuong [21]. M6 hinh s6 dé
xuit duge kiém chuin v6i mo hinh giai tich va mé hinh vat
1y cho truong hop day phéng dé thay duoc dd chinh xéc cao.
Véi trudng hop day phirc tap, mé hinh tiép tuc mo phong va
d6i sanh vi thi nghiém vat 1y cho trudng hop day go ghé va
day nghiéng nham.

2. M6 hinh phi tuyén nudc ndng
2.1. H¢ phwong trinh chu dao

L |

Hinh 1. So’ 6 va cac bién tinh toan mé hinh phi tuyén nwéc ndng
trong hé toa do (b, s).
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Heé phuong trinh chi dao ctia mé hinh s6 mé phong song
nude sau v dap 1a hé phuong trinh phi tuyén nudc nong
mot chiéu dudi dang bao toan dung hé toa d6 (b, s) (hinh 1)
[10] nhu sau:

o Ols=bu]_ (1)
ot ox

! 0 | b0
(s=bul+=| (s=bu’ +—o(s=b)* |= o(s=b)| ——

alt )”]+ax[(s L )} 8005 (5-)"

trong do: s (m) va b (m) tuong g la cao do mat nudc va
cao d6 day; u (m/s) 1a van tdc trung binh theo chiéu dimg
ctia phan tir nwéc theo phwong ngang; : vi phan ting phan;
g: gia tdc trong trudng; -0b/ox 1a thanh phan ngudn thé hién
dd déc day; n la hé s6 nham Manning thé hién thanh ph'?m
luc can do ma sat bé mat. Hé phuong trinh chu dao trén 1a
dang khong thudn nhat (inhomogenious) dang thuan nhat
(homogenlous) dugc thiét 1ap bang cach bo di thanh phin
ngudn & vé phai cua phuong trinh dong luong (2).

2.2. Phwong phap gidi

Dé giai tich phan hé phwong trinh (1), (2) cia mé hinh
vO dap theo thoi gian, phuong phap tuong minh Runge-
Kutta 3 budc bac 3 dugc st dung [22]. Phuong phap nay
cho dd chinh xé4c v6i budce thoi gian du nho va dugce ting
dung rong rii trong linh vue md phong dong chay. Dé giai
tich phan h¢ phuong trinh chu dao theo khong gian, phuong
phép hdn hop thé tich hitu han - sai phan hitu han dugc sir
dung. Phuong phap nay gan day duoc sir dung phd bién nhur
su két hop gifra bai toan ¢ diéu kién ban dau khong lién tuc
va lién tuc [23]. Trong d6, phuong phép thé tich hiru han
ap dung giai thanh phan thong lugng cho diéu kién bé mat
khong lién tuc, con phuong phap sai phan hitu han ap dung
giai thanh phan ngudn c¢6 do dbc day lién tuc.

3. Kiém chuan mé hinh

Loi giai s6 1a 101 giai gan dang khi roi rac hoa hé phuong
trinh vi phan (1) va (2) theo khong gian va thoi gian [23].
Do chinh x4c cua 101 gidi phu thudc vao phuong phép giai
gan dung. Trong khi 101 giai giai tich 1a 1o giai chinh xéac
khi sir dung cac ham todn hoc, con Kkét qua thi nghiém vat
Iy thé hién dong chay thyc té trong diéu kién bién thyc. Tuy
nhién, 10i giai giai tich c6 han ché khi cac diéu kién bién qua
phirc tap hodc tinh chat dong chay phi tuyén bac cao, con
mé hinh vt 1y thuong kha ton kém khi xay dyng. Vi vy,
mo hinh sé van 1a m6 hinh d3 va dang duoc st dung rong réi
khi c6 thi nghiém kiém chudn véi 16i giai giai tich hojc mo
hinh vét 1y Trong nghién clru nay, két qua ctia mo hinh sb
o dang thuan nhat duoc kiém chuan véi 10 giai giai tich va
md hinh sé & dang khong thuan nhit dwoc kiém chuin voi
két qua ciia mo hinh vt 1y.
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3.1. Kiém chudn véi mé hinh gidi tich

H¢ phuong trinh chu dao (1) (2) dudi dang thudn nhét
(b6 qua thanh phan ngudn & vé phai) va mé hinh giai tich
trong tai lidu [5] dwoc gidi véi cing diéu kién bién va diéu
kién ban dau dé co thé kiém chudn mot cach chinh xéc.
Mién tinh toan la dai 28 m trong d6 ctra dap duoc dat o
khoang cach 10 m so v&i bién trai. Chiéu cao cot nude ban
dau 1a 7,4 cm, diéu kién bién trai 1a tudng clng con didu
kién bién phai la ctra chay tu do. Cac két qua dugc kiém
chuén 6 hai thoi diém khéc nhau 1a 3,75 s va 9,4 s nhu thé
hién trén hinh 2.

008 - 0.08 §
77 —mé hinh s0 —m6 hinh so

0,08- i ~mé hinh gid tich 0,06 ~~md hinh gii tich
S Eppe
i £
002- t=375s - 002-
0 | -\ 0 | =
0 3 6 9 12 15 1B 0 3 6 9 121518 21 24 27
X (m) x(m)
(A)t=3,75s (B)t=9,40 s

Hinh 2. Kiém chudn mé hinh sé vé&i mé hinh giai tich.

Trén hinh 2, két qua ctia mé hinh s6 va mo hinh giai tich
tai hai thoi diém khac nhau 1a hoan toan tring khép, ngoai
trir mép phai cta 101 giai s6 khong duge cong tron nhur 16
giai giai tich. Diéu nay co thé 1y giai do 10i giai s6 phai gia
sir chiéu cao cot nudc dung sai ¢ day kho 1a 10°m dé cho
nghiém cua bai toan dugc lién tuc. Chidu cao dung sai nay
s& phat sinh sai sb dan dén két qua khong cong tron trén.
Tuy nhién, sai s6 ndy 1a twong di nho va c6 thé chap nhan
dugc. Tir d6 c6 thé thady mé hinh s6 & dang thuan nhat mo
phong khé phu hop so vdi moé hinh giai tich.

3.2. Kiém chudn véi mé hinh vit ly

M@ hinh vat ly dugc st dung trong nghién ctru nay la mo
hinh mét chiéu (klch thudc chiéu dai 1on hon nhiéu so voi
chiéu rong va chiéu cao) trong tai lidu [7]. Trong thi nghiém
nay, mot mang nude dat phang c6 chidu dai 18 m dwoc thiét
1ap, trong d6 10 m dai bién trai dugc dd nude voi chidu cao
7,4 cm va ngin cach véi ngan kho bén phai bing mot cira
kin nudc. Cua s€ dugc mo trong mot khoang thoi gian du
ngin dé dam bao diéu kién ca khdi nude s& d6 xudng cung
mot thoi diém nhu didu kién ban dau cho bai toan v& dap.
Puong mat nudce sau khi vo dép s€ dugec mo phong tai cac
budce thoi gian khac nhau.

Dé kiém chuan voéi mo hinh vat 1y, hé phuong trinh chu
dao day di cia mo hinh sé dugc giai xap xi va kiém chuin
& ciing mot budce thoi gian voi két qua tir md hinh vat 1y nhu
thé hién trén hinh 3. Mién tinh todn, diéu kién bién va diu
kién ban dau duogc xéac dinh giéng nhu bai toan kiém chuan
v&i mo hinh giai tich. Hé s6 nham Manning duoc chon 1a
0,01 m's theo dic diém cuia bé mat day thi nghiém.

%H%-IE 66(11) 11.2024

008—— —— 0.08 ‘ 3 hinh
~ Lmshish « —md hinh s0
006 L |omb hinh vt i 006 N | *mohinh vt 1

Eon Eppe
< t=3755 < 29405
002 002
a
0 - 0 ‘
003 6 9 12 15 18 003 6 9 121518 21 % 27
X (m) x(m)
(A)t=3,75 s (B)t=9,4 s

Hinh 3. Kiém chudn mé hinh s v&i mé hinh vat ly.

Trén hinh 3, tai cac thoi diém rat ngén ngay sau v dap
t=3,75 s hay mot khoang thoi gian dai sau v& déap t=9,4 s, két
qua dudng mat nude tir mo hinh sé déu ¢ su phu hop véi két
qua tir thi nghiém mo hinh vét ly. Diéu nay chimg t6 mo hinh
s6 mo phong dudng mit nude sau v dap 1a chinh xac vé ban
chat chuyén dong vat 1y ciia dong nude. M6 hinh sé duge dé
cap dén trong nghién ciru nay chinh xac vé mat toan hoc va vat
1y, ¢ thé tmg dung d& mo phong nhimg bai toan v& dép trong
thyc té. C6 thé d& dang nhan thy, so voi 10i gidi cia md hinh
giai tich, van toc dong chay cham hon va duong mit nudc bén
phai khong cong tron do anh hudng ciia ma sat day. Didu nay
ciing hoan toan logic vé& mat co hoc.

4. Két qua md phéng cho day phiic tap
4.1. Pdy go ghé

Mo hinh s6 dugc mg dung dé md phong dong chay sau v
dap qua day go ghé. Dy 1a thi nghiém mé hinh vét 1y ty 1¢ lon
[1], mién tinh toan dai 38 m, cira dap cach day thuong lwu 15,5 m.
Chiéu cao nudc phia dap 14 0,75 m, sau dap la d4y kho. Phia day ha
luu dap xudt hién mot d4y tam giac can nhé cao 0,4 m, rong 6 m va
dinh tam gi4c cach cira dap 13 m. Céc thong s6 m hinh dugc thiét
lap: bién trai 1a tuong, bién phai 13 tw do, hé s6 nhim Manning 12
0,0125 m3s, kich thudc ludi la 5 cm va thoi gian mo phong 1a 90
s. Két qua md phong chiéu cao dong chy theo thoi gian ciia mé
hinh s6 duge so sanh voi két qua tir mo hinh vat Iy [1] tai 4 diém
diém do cach cira lan luot 4, 10, 11 va 13 m nhu thé hién trén hinh
4. Piém do 1 va 2 ndm trén d4y bing, diém do 3 nim trén mai dc
trai ctia tam giac va diém do 4 nam trén dinh tam gi4c.

bién

tuong dap

0,75 m

%4 diém 1

15,5m 4m

6m VLZm‘L
I'm

Hinh 4. Mién tinh toan mé phéng dong chay trén nén day ha lwu
g6 ghé [1].
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Hinh 5. Két qua mé phéng dong chay trén nén day ha lwu go ghé
v6i két qua tev thi nghiém vat Iy [8].

Hinh 5 thé hién két qua mo phong sb va sb liéu thi
nghiém vat 1y ctia chiéu sau dong chay theo thoi gian. Nhin
chung, két qua tir mo hinh sé kha phu hop voi s6 liéu thi
nghiém, cho thdy mé hinh phi tuyén nuéc néng md phong
duogc kha t6t hién tuong dong chay phirc tap nay. O nhiing
bude thoi gian dau, ngay sau khi v& déap, nudc s& chay tir bé
thuong luu vé ha luu nhu dong chay lii. Khi dong chay gip
mai dbc trai ciia day tam giac, nudc s& leo 1én mai dbc trai
va vuot qua dinh tam giac chay tran sang mai ddc phai va
thoat ra ngoai bién tw do mot phan. Dudi tac dung cua day
tam giac, dong chay sé& hinh thanh song phan xa truyén vé
phia bién thugng luu. Séng gédp bién thugng luu s€ phan xa
lai nguyén ven va tao song t6i truyén vé phia day ha luu, qua
trinh 1ap lai dén khi muc nuéc khong vuot qua dugce dinh
day tam giac ha luu. Theo két qua mé phong & diém do 2,
3 va 4, trong khoang 90 s m6 phdng, hinh thanh 3 con song
phan xa tai cac thoi diém tuong tng t=10's, 40 s va 70 s.
Tir két qua mé phong cho truong hop don gian nay, mo hinh
s6 ¢6 thé mod phong chinh xé4c cho cac truong hop ngap lut
phte tap hon phia ha luu nhu khu d6 thi hay cong trinh co
so ha tang.

4.2. Day mai nghiéng nham

Pé tiép tuc kiém chimg mo hinh da phat trién, nhém
nghién ctru tién hanh mé phong song leo va song rut trén bai
nghiéng nham va so sanh véi két qua thi nghiém tir mé hinh
vat 1y [16] dugc thé hién trén hinh 6. Chiéu cao cot nudce ban
dau H.=0,65 m voi chiéu rong L,=1 m, d6 sdu nudc phia
bai H =0,06 m, véi chiéu rong L, 3 8 m. B nham cua bai
duoc tao ra bang cach su dung 1 1orp da cudi nho co duorng
kinh d=5+6 mm xép phia trén mai doc ctng c6 do ddc tan
0=0,1. Hé sb nham Manning dugc su dung trong tinh toan
12 n=0,028m"3s. Cot nudc ban dau sau khi d6 xuéng sé tao
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dong chay lan truyén ¢ phan nudc ha luu, sau d6 dong chay
s& tao song leo 1én mai ddc khé theo truc x nhu hinh 6. Két
qua mo6 hinh duogc so sanh voi s6 liéu thi nghiém tai 4 vi tri
x=0,5m, 2,35 m, 3,0 m, 3,55 m.

— A
Ho e

L "

Hinh 6. Thi nghiém séng leo Ién day nghiéng nham [16].

Hinh 7 thé hién mé hinh s dd mo phong thanh cong hién
tugng dong chay phia ha luu hinh thanh song leo trén bai
nham tai 4 vi tri khac nhau. Trong d6, su phu hop dugc thé
hién ca vé van tdc song leo va chiéu cao song leo. Dic biét,
tai vi tri cao nhat, vi tri x=3,55 m, hau nhu khong c6 su sai
léch gitra két qua mo hinh s hién tai va s6 liéu thi nghiém.
Két qua ciing cho thdy hiéu qua ctia mo hinh khi mé phong
thuc té hién tuong 10 lut phia ha luu 1a nhiing dang dia hinh
mai nghiéng nhu béi bién, suon nii... trong thuc té. Tir do,
c6 thé cho thay kha ning g dung ciia mo hinh phi tuyén
nudce nong trong viéc mo phong cac dia hinh khac nhau phia
ha luu.

mé hinh s6 mo hinh s6

° thi nghiém vat ly o thi nghiém vat ly

(B)x=2,35m
X 0‘2 X
mo hinh s6 mo hinh so
0.15 ° thi nghiém vat ly 0.15 o thi nghiém vat ly

(C) x=3,00 m

(D) x=3,55m

Hinh 7. Két qua mé phoéng chiéu cao séng leo va séng ruat trén mai
déc nham véi két qua thi nghiém vat ly [16].

5. Két luan

Bai bao da nghién ctru xay dung dugc mot mo hinh phi
tuyén nudc néng mod phong dong chay sau v& dap trén nén
day ha Iuu phirc tap. M6 hinh phi tuyén nudc nong dung hé
toa do (b, s) co thé mo phong cac dia hinh thyc té nhd thém
vao thanh phan d6 dbc va do6 nham day trong hé phuong

64



Khoa hoc Tu nhién | Khoa hoc tinh toan; Khoa hoc Ky thuét va Céng nghé | Ky thuat dan dung: ky thuat thdy loi n—

trinh chu dao. Loi giai sb ap dung phuong phéap hon horp thé
tich - sai phan hitu han nhim phat huy t6i da wu diém cua
ting phuong phap. M6 hinh s6 thiét 1ap dugc kiém chuin
v6i mé hinh giai tich cho dang thuan nhat va v6i mé hinh
vat 1y cho dang day dii. M6 hinh sau kiém chuéan dugc tiép
tuc mo6 phong cho hai truong hop day ha luu phirc tap. Vi
truong hop day ha luu g6 ghé, mo hinh mé phong chinh xéac
vé van tbc va chidu cao dong chay khi gip vét can co kich
thudce hinh tam gidc. Véi truong hop day nghiéng nham,
hién tuong séng leo va song rut dugc moé phong phu hop
v6i ban chit vat 1y ctia dong chay. M6 hinh hai chiéu c6 thé
dugc phat trién trong tuong lai dé c6 thé md phong cho mot
luu vuc bi ngdp lut trong thuc té.

LO1 CAM ON

Nghién ctru nay dugc tai trg boi Truong Pai hoc Hang
hai Viét Nam trong dé tai ma s6 SV22-23.33. Céc tac gid xin
chan thanh cam on.

TAI LIEU THAM KHAO

[1] F. Belkhandoun, L. Monthe, 1. Elmahi (1999), “A splitting
finite volume Roe scheme for shallow water equations with source
terms”, Concerted Action on Dam-Break Modelling, Wallingford,
United Kingdom, pp.63-88.

[2] D. Liang (2010), “Evaluating shallow water assumptions
in dam-break flows”, Proc. Inst. Civ. Eng. - Water Manag., 163(5),
pp.227-237, DOI: 10.1680/wama.2010.163.5.227.

[3] P.V. Khoi, V.N. Vu, C. Lee (2020), “Numerical simulation
of tsunami due to submarine landslide using extended Boussinesq
equations”, Proc. 10" Int. Conf. Asian Pac. Coasts APAC 2019 Hanoi
Vietnam (in Vietnamese).

[4] P.V. Khoi (2022a), “Integrated numerical model of submarine
landslide-induced tsunami: Verification to one-dimensional domain”,
Journal of Marine Science and Technology, 69, pp.62-66 (in
Vietnamese).

[5] A. Mangeney, P. Heinrich, R. Roche (2000), “Analytical
solution for testing debris avalanche numerical models”, Pure Appl.
Geophys., 157(6-8), pp.1081-1096, DOI: 10.1007/s000240050018.

[6] C. Ancey, R.M. Iverson, M. Rentschler, et al. (2008), “An
exact solution for ideal dam-break floods on steep slopes: Dam-break
problem on sloping bed”, Water Resour. Res., 44(1), pp.1-10, DOI:
10.1029/2007WR006353.

[71 A. Schoklitsch (1917), "Dam break waves", Proceedings of
The Royal Academy of Sciences, 126, pp.1489-1514 (in German).

[8] A.F. Khankandi, A. Tahershamsi, S.S. Frazdo (2012),
“Experimental investigation of reservoir geometry effect on
dam-break flow”, J. Hydraul. Res., 50(4), pp.376-387, DOI:
10.1080/00221686.2012.690974.

[9] Q. Liang, F. Marche (2009), “Numerical resolution of
well-balanced shallow water equations with complex source
terms”, Adv. Water Resour., 32(6), pp.873-884, DOIL: 10.1016/.
advwatres.2009.02.010.

&%H%%E 66(11) 11.2024

[10] P.V. Khoi, C. Lee, V.N. Vu (2019), “Numerical simulation
of subaerial and submarine landslides using the finite volume
method in the shallow water equations with (b, s) coordinate”, J.
Korean Soc. Coast. Ocean Eng., 31(4), pp.229-239, DOI: 10.9765/
KSCOE.2019.31.4.229.

[11] J. Paik (2015), “A high resolution finite volume model for
1D debris flow”, J. Hydro-Environ. Res., 9(1), pp.145-155, DOL:
10.1016/j.jher.2014.03.001.

[12] X. Xia, Q. Liang (2018), “A new depth-averaged model
for flow-like landslides over complex terrains with curvatures
and steep slopes”, Eng. Geol., 234, pp.174-191, DOI: 10.1016/j.
enggeo.2018.01.011.

[13] P.V. Khoi, V.V. Nghi (2021), “Flow-3D model: Theory,
verification and application to simulate siphon spillways”, Journal of
Marine Science and Technology, 67, pp.73-77 (in Vietnamese).

[14] P.V. Khoi, P.T Nga, D.T.H. Ngoc (2022b), “Flow-3D model:
Air vent tool and application to control the outflow discharge of
siphon spillways”, Journal of Marine Science and Technology, 69,
pp-57-61 (in Vietnamese).

[15] S. Nickovic, G. Pejanovic, V. Djurdjevic, et al. (2010),
“HYPROM hydrology surface-runoff prognostic model: Hydrology
prognostic model”, Water Resour. Res., 46(11), pp.1-18, DOI:
10.1029/2010WR009195.

[16] T. O’Donoghue, D. Pokrajac, L.J. Hondebrink (2010),
“Laboratory and numerical study of dambreak-generated swash on
impermeable slopes”, Coast. Eng.,57(5), pp.513-530, DOI: 10.1016/;.
coastaleng.2009.12.007.

[17] V.M. Dansac, C. Berthon, S. Clain, et al. (2017), “A well-
balanced scheme for the shallow-water equations with topography
or Manning friction”, J. Comput. Phys., 335, pp.115-154, DOI:
10.1016/j.jep.2017.01.009.

[18] J. Hou, T. Wang, P. Li, et al. (2018), “An implicit friction
source term treatment for overland flow simulation using shallow
water flow model”, J. Hydrol., 564, pp.357-366, DOI: 10.1016/;.
jhydrol.2018.07.027.

[19] J.S. O’Brien, PY. Julien, W.T. Fullerton (1993),
“Two-dimensional water flood and mudflow simulation”, J.
Hydraul. Eng., 119(2), pp.244-261, DOI: 10.1061/(ASCE)0733-
9429(1993)119:2(244).

[20] J. Xia, R.A. Falconer, B. Lin, et al. (2010), “Modelling flood
routing on initially dry beds with the refined treatment of wetting
and drying”, Int. J. River Basin Manag., 8(3-4), pp.225-243, DOIL:
10.1080/15715124.2010.502121.

[21] E.D.F. Nieto, F. Bouchut, D. Bresch, et al. (2008), “A new
savage-hutter type model for submarine avalanches and generated
tsunami”, J. Comput. Phys., 227(16), pp.7720-7754, DOI: 10.1016/j.
jcp.2008.04.039.

[22] D. Dutykh, T. Katsaounis, D. Mitsotakis (2011), “Finite
volume schemes for dispersive wave propagation and runup”,
J. Comput. Phys., 230(8), pp.3035-3061, DOI: 10.1016/.
jcp.2011.01.003.

[23] E.F. Toro (2001), Shock-Capturing Methods for Free-Surface
Shallow Flows, John Wiley & Sons, 328pp.



