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ABSTRACT

This study proposes a nomnparametric estimation method for computing the probability
0=P(X,<Y,), where X, and Y, are two m—dependent stationary processes subject to noise
generated from a mixture of two normal distributions. Observations are made at discrete time points
t,=jA, with A being a positive constant. This method has high practical significance in fields
that require handling time-dependent random processes, such as reliability assessment for systems
involved in the relationship between applied pressure and capacity (stress-strength model), or in
analyzing Receiver Operating Characteristic (ROC) curves. We explore how to address complex
noise structures and present results on the convergence rate of the Mean Squared Error (MSE) as
well as the asymptotic normality of the estimator. The effectiveness of the method is demonstrated
through detailed simulations and an application analysis using real data from Duchenne Muscular
Dystrophy (DMD), highlighting that simple noise assumptions based on normal distributions may
not be sufficient to accurately capture the complexity observed in real-world scenarios.

Keywords: Asymptotic normality;, Deconvolution;, m— dependent; Mean squared error, Mixture

distribution; Stationary process.
In this scenario, the variables ( Y )

t.

are observed under the influence of noise as
! ’

(X,j ,Ytj_ ) , where

1. INTRODUCTION X,

1
In statistics, estimating probabilities for
random variables influenced by noise is a

significant and practical topic, particularly
in fields such as economics, medicine, and
data science. One commonly encountered
model to describe noise is the mixture of
two normal distributions, known as the
mixture model. This approach allows for the
representation of heterogeneity within the
data, with different components potentially
reflecting different underlying processes
within the same dataset.

Consider paired random variables
(th,Yt_) for j=1,..,n generated from m—
depjend/ent stationary processes X, and Y.
We are interested in estimating the probability
of a specific event:

0=P(X,<Y,) 1)

23

=Y

L

X”z - X’.f + é/tf > Y’: (2)

Here, the random variables ¢, and 7,
J J
are modeled as noise, generated from m—

+1, -

dependent stationary processes, each drawn
from a mixture of two normal distributions.
Specifically, we assume:

é/zj ~/11N(:u1a01)+(1_ﬂl)N(V1’51)’ 3)
771,. ~22N(,L12,02)+(1—22)N(V2,52)

with 0<A4,4, <1 being the mixing
probabilities for each distribution in the
mixture. This model allows us to account for
the inherent variability and complexity in
the noise, providing deeper insights into the
nature of the data.
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For simplicity, we assume that the
observations are made at discrete time points
t;=JjA (A is a positive constant), and we use
j to represent ¢,. Then, equation (2) can be
rewritten as follows

X=X, +¢, Y)=Y +1,.

The model (1) has key applications in
reliability theory and medical diagnostics.
In reliability, X and Y represent strength
and stress, with 6 indicating component
reliability (see Kotz, Lumelskii and Pensky
[1]). In medicine, 6 corresponds to the area
under the ROC curve, assessing diagnostic
test accuracy (see Zhou [2]). Estimation of
6 has garnered attention, particularly with
independent and identically distributed (iid)
assumptions for X,Y and errors. Extensive
studies exist for the error-free case (¢ =7=0)
(see Woodward and Kelley [3], Reiser and
Guttman [4], Kundu and Gupta [5], Zhou
[2], Motoya and Rubio [6]) and there is also
substantial research addressing cases with
noise, including work by Reiser [7], Dattner
[8], Trong, Nguyen and Phuong [9], Phuong
and Thuy [10], Trong and Hung [11].

In practical applications, iid assumptions
are unrealistic for time-dependent random
sequences like X, and Y,, which are often
generated by stochastic processes. Jose and
Drisya estimated stress-strength reliability
over time (see Jose and Drisya [12,13]), and
Kamarudin et al. examined time-varying
ROC curves (see Kamarudin, Cox and
Kolamunnage-Dona [14]). However, these
studies assume error-free data and lack

rigorous proofs.

To address limitations within the context
of a —mixing stationary processes, Trong and
Hung [11] studied the estimation of & in model
(1) where X,, Y,, ¢, and 7, are o —mixing
stationary processes, with errors in the super-
smooth density class. Building on this work,
the present paper focuses on the estimation
of @ in model (1) where X, and Y, are m—

dependent stationary processes, and the errors
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are a mixture of two normal distributions.
Specifically, we assume conditions

fgﬁ (P)=4p(u,0,)+(1=24)p(v,.5).

fqﬁ (p):ﬂz(p(,uz,O'Z)+(l—/12)(0(V2,52),

where ¢(u,0) = exp(i,up —~ 0'2p2/2) and
fgﬁ , fnﬁ are the Fourier transforms of ¢,7.
This study is important as, in some practical
scenarios, noise is generated from a mixture
of complex distributions rather than a single
distribution, as illustrated by the DMD data.

The structure of the paper is as follows:
Section 2 introduces the proposed estimator,
Section 3 presents the key results on MSE
convergence rate and the asymptotic normality
of the estimator, Section 4 is devoted to
simulation studies, Section 5 explores
empirical applications with a particular focus
on the analysis of DMD data, and the paper
concludes with a summary of the key findings
in Section 6.

2. THE PROPOSED ESTIMATOR

For o >1, let LQ be the set of Lebesgue
measurable functions f that satisfy the

+00 0 /e
condition ||f||@=(j7 7 () dx)l < oo. For

f €L, define the Fourier transform of f
as f"(p)= r:e’p"f(x)dx. In this paper,
we focus on m— dependent processes. To
formally define an m—dependent process,
we conceptualize it as a dependence structure
where the distance between random variables
is the key factor. Specifically, a (discrete-time)
stationary process {X j}]_GZ is considered
an m—dependent stationary process if two
subsets of random variables, {...,X, ,X,}
and{X,,X,,,,...}, are independent whenever
h—k>m. To retain as much information
as possible from the data, it is essential to
appropriately aggregate the relevant terms. A
powerful method to handle the dependence
structure  and
efficiency involves pairing the data from
and Y,.

computational
X

t

improve
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We subsequently introduce the following
estimator for the invariant density function
1 (x) of the process Z, = X, -Y,:

fn(x)zz—:miy/(x) VxeR,

where
o K" (pb,)
AT

i is the imaginary unit (z'2 :—1), b, is the
bandwidth satisfying b, >0 VneN, K
denotes a known kernel function and K’
represents the Fourier transform of K .

v (x)=

5

Building on this estimator, we present an
estimator for the parameter & as follows:

Zn:j:l//(x)dx VxeR. (4

j1
3. MAIN RESULTS

3.1. Some assumptions

(i) The kernel function K € L, (R)NL,(R),

IjK(u)du:l , _[juK(u)du:O ,

J.ﬂouzK(u)du<oo, xK(x)—>0 as x> o

and the Fourier transform K’ is symmetric
function, supported on [—1;1].

(i) Let 0<A,A <L w,v,i,v,€R;
0,,0,, 0,,0, >0. For p e R, the mixtures of
normal noise densities fg and f,7 have

Fourier transforms satisfying:
f1(p)=2o(1.0)+(1-24)(v.6).
£ (P)= 20 (4,0,) + (1= ) 9(v2,6,)

where p(u,0)= exp(i,up —O'zpz/z) :

(iii) Let my,m,,m ,m, be positive
integer constants. The processes X,,Y, ¢, and
and m, —dependent

mg,

17, are my—,m,—m, -
stationary processes , respectively.

(iv) Let Z;=X;-Y/. The invariant
density function f, (x) of the process
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, w 12
{Zj} 1s bounded and -[0 [fz,(x) dx<oo.

Furthermore, the 2-dimensional probability
density function f,, , (u,v) exists and is

bounded for all 1< j,k<n.

3.2. Theorem 1 (MSE convergence)

Letp, € (O,l/(min{O-IZ’(Sﬁ}+min{0'22,522}))
and let the assumptions (i)—(iv) hold. If
f,(x) is twice differentiable and [} (x)
is continuous and bounded, by choosing the
bandwidth b, = pbn‘l/ *(In n)fl/2 ,we have

B0, -6) <0((inn)?)
when 7 is large enough.

Remark 1. Theorem 1 demonstrates that
the convergence rate of the MSE for the
estimator 6 1izn m—dependent stationary
processes is equivalent to the convergence
rate of the MSE for the estimator f,(x)
in Theorem 3.2 (with =2) of Hung and
Phong [15] in the o —mixing setting. This
rate is also comparable to the one that Fan
[16] proved to be optimal for iid observations.
This similarity highlights the efficiency of the
estimator ¢ and affirms that it can achieve a
rapid convergence rate similar to that in the
1id setting.

Proof of Theorem 1. Let

m :max{mx,my,mg,mn}.
Then,

@y, (K) =, ()=, ()=, (k) =0

when k > m . Where

avr(k):sup sup ]P’[AB]—]P’[A]]P’[B]‘

JeN der! BeFy,
and F/ denote the o —algebra of events
generated by the random variables
{Vj,ISlSjSh}. Therefore, for £ >0, by
selecting the appropriate coefficients, we

obtain

ay, (k).a, (k)a, (k).a, (k) <O(1/k*)
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Now, let
A1=min{ﬂ1,1—21} =1, f=min O-— 5—
272
2 62
A, =min{4,,1-4,},B, =1,}/=min{72 72}

We have
Aexp(-BIpF)<|f2 (p)|<Bexp(-BI pF),

A exp(-7pP)<| ) (p)|< Byexp(-71 pP).
Using Theorem 3.4 of Trong and

Hung [I1], by choosing the bandwidth
b,=p, *(In n)_l/ ?, we conclude

B(6,-6) <0((lnn)”)
when 7 is large enough.
3.3. Theorem 2 (Asymptotic normality)
Let o, = exp[—(min{ofﬁf} +min{0'22,522})b;2}
and let the assumptions (i)—(iv) hold. If the
bandwidth b, is choosen so that nb,w; — o
and s, = {(nb; )I/ZJ —ooas n— oo for some

7 >1, we have
D
limsup{ R [0 E(H ):|}—)N(0;O'2).

Where o =limsup [nbna),fn Var(&n )} <C,

andC:[1/(27rmin{ﬂl,lz,(l—ﬂq)a(l_ﬂz)})}
el [k (o] o

Remark 2. 1If we choose the bandwidth
b,=p, " (lnn)_l/ * for a particular choice

of p, e (O, 1/(min{0'f,§12} +min{022,522}))
as stated in Theorem 1, then the condition
S, = Unbn’ )1/2J — o0 as n — oo for some 7 >1
is automatically satisfied.

Proof of Theorem 2. The proof of this
Theorem is lengthy and quite complex, and it
is not feasible to present it in full within the
scope of this paper. However, the result of the
Theorem can be obtained by making some
modifications to the proof of Theorem 3.5 of
Trong and Hung [11].
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4. SIMULATION STUDY

The m —dependent processes play a vital
role in modeling time-based dependencies
across diverse real-world scenarios. In finance,
they aid in simulating complex interactions
within stock markets, interest rates, and
macroeconomic trends. In meteorology,
they effectively capture weather dynamics,
considering the interrelations between
temperature, atmospheric pressure, and
rainfall patterns over time. In data science,
m—dependent processes are invaluable
for analyzing time series data, enabling the
modeling of sequential dependencies that
frequently arise in practical datasets.

4.1. Simulation with Gamma Distribution

We now consider {X j}jeZ and {Yf}jez
as 30— dependent and 20— dependent
stationary processes, where their invariant
distribution follow Gamma distributions
with shape parameters «, and «a, detailed
in Tables 1 and 2, and rate parameters
By =B, =1. For simplicity, the noises ¢,
and 7, are iid random variables generated
from a mixture of two normal distributions
as described in (3), with 4, =0.5,0; =0.5,
w=v,=u,=v,=0,6 =65, =1. The values
of 4 and o} are given in Tables 1 and 2.

To simulate data for {X ,}jeZ, we begin
by generating 30 independent data points,
each sampled from a Gamma distribution
with shape parameter «, and rate parameter
p X, .The 31st data point is then chosen either
from the first 30 data points with a probability
of 0.5, or as a new independent sample
from the Gamma distribution with the same
parameters, also with a probability of 0.5. For
data points indexed by (30+/), with />2,
each point is selected from one of the previous
30 data points with a probability of 0.5. If the
(30+/-1)th data point matches the (/-1)
th point, it is discarded. Alternatively, it can
also be independently drawn from a Gamma
distribution with the same parameters with a
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probability of 0.5. The same approach is used
to simulate data for {¥,}, ,
iid data for noises ¢ and 7 then construct
the dataset {X;=X,+{.,Y/ =Y, +n,}
Finally, we employ the proposed estimator

. We also generate

]ln

givenin (4) toestimate #. The authors choose
the bandwidth p = [1/ (1. 11))]71/2 (In n)_l/z, with
v= (min {012 : 512} +min {022 ,55 }) according
to Theorem 1 and the kernel function

K(x) =20 (1150 ) -5 o),

with K/ (p) = (1 -p’ )3 I[_U] (p) , where

(P)={

These simulations include three different
sample sizes: n = 100, n = 200, and n = 500,
enabling an analysis of the estimation’s
sensitivity to sample size. Each simulation
consists of 100 replications of observations
for the processes {X j}_ _, and {v, i}y The
empirical Mean and MSE (multiplied by 100
for easier interpretation) are presented in

Tables 1 and 2.
Table 1. Empirical Mean and MSE (x100) for
Estimator (4) at @ = ]P(Xj < Y,) = 0.5 with

Sample Sizes n € {100, 200,500} for Gamma
Invariant Distributions

48cosx

1 when pe [—1,1]

1 .
0 when pe[-11]

[-11]

a, —S,aYI—S 60=0.5
A, o] n= 100 200 500
Mean | 0.496 0.503 | 0.501
0.5 [0.25
MSE | 0.474 | 0.281 | 0.105
Mean | 0.495 0.497 | 0.498
05 | 0.5
MSE | 0.358 0.243 | 0.087
Mean | 0.495 0.498 | 0.502
0.75 | 0.25
MSE | 0.412 0.298 | 0.096
Mean | 0.493 0.505 | 0.499
0.75 | 0.5
MSE | 0.365 0.224 | 0.102
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Table 2. Empirical Mean and MSE (x100) for

Estimator (4) at 0 =P (X, <Y,) =0.637 with

Sample Sizes n € {100, 200, 500} for Gamma
Invariant Distributions

a, = 4, a, = 5 0=0.637
A, o/ n= 100 200 500
Mean | 0.628 | 0.631 | 0.633
0.5 |0.25
MSE | 0.489 | 0.218 | 0.113
Mean | 0.624 | 0.632 0.63
0.5 0.5
MSE | 0.354 | 0.228 | 0.099
Mean | 0.626 | 0.634 | 0.629
0.75 | 0.25
MSE | 0.472 | 0.254 | 0.093
Mean | 0.627 | 0.621 | 0.636
0.75 0.5
MSE | 0.405 | 0.237 | 0.097

4.2. Simulation with Normal Distribution

}_[EZ and {Yj}jeZ as
stationary processes that are 15— dependent

X,

We now examine { ;

and 10—dependent, respectively. Their
invariant distributions are normal, with means
Hy and g, outlined in Tables 3 and 4, and
variances O')Z(t = 0'2 =2. The noise terms ¢,
and 7, are iid random variables generated
from a mixture of two normal distributions
as described in (3), with parameters
A :0.5,0'12 =0.54=01 v,=-0.1, and
w, =v,=0,6 =6, =1. The values for A,

and o, can be found in Tables 3 and 4.

First, we generate iid normal random

variables {U f'}Jez’ {V'}/ez Subsequently,

J
15— and 10-dependent stationary processes

{ } o 30d {Y -}/EZ are constructed with
X, =(1 15)(U ot Uy ), i =1 and
Xj—(lo)(V+ AV )i = 1,...,n. Using

the same bandwidth 5, and kernel function
detailed in Subsection 4.1, simulations are
performed for three sample sizes: n =100,
n=200, and n=500 to assess the effect of
sample size on estimation sensitivity. Each
simulation is repeated 100 times, and the
results are summarized in Tables 3 and 4.
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Table 3. Empirical Mean and MSE (x100) for

Estimator (4) at @ = P(X], < Y/) =0.637 with

Sample Sizes n € {100, 200, 500} for Normal
Invariant Distributions

=5, =2 0=0.067
A, | e | n= | 100 | 200 | 500
Mean | 0.069 | 0.066 | 0.068
0.5 | 025
MSE | 0.549 | 0.251 | 0.094
Mean | 0.068 | 0.065 | 0.066
0.5 | 0.5
MSE | 0.556 | 0.313 | 0.103
Mean | 0.07 | 0.067 | 0.064
1 ]02s
MSE | 0.538 | 0.229 | 0.101
Mean | 0.072 | 0.064 | 0.07
1|05
MSE | 0.466 | 0.268 | 0.098

Table 4. Empirical Mean and MSE(x100) for
Estimator (4) at @ = P(Xj < Yj) = 0.5 with
Sample Sizes n € {100, 200, 500} for Normal
Invariant Distributions

I“X,:S’/‘Y, =5 6=0.5
A, o n= 100 200 500
Mean | 0.508 | 0.503 | 0.498
0.5 |0.25
MSE | 1.276 | 0.721 | 0.329
Mean | 0.505 | 0.502 | 0.499
0.5 0.5
MSE | 1.489 | 0.711 | 0.381
Mean | 0.494 | 0.509 | 0.495
1 0.25
MSE | 1.412 | 0.696 | 0.344
Mean | 0.492 | 0.503 | 0.501
1 0.5
MSE | 1.342 | 0.745 | 0.317

S. DMD DATA

The dataset is from a study on Duchenne
muscular dystrophy (DMD), a severe genetic
disorder affecting children and typically fatal
by the early 20s (see Reiser [7]). Screening
for female carriers is crucial due to the lack of
effective treatment. The dataset includes blood
samples from 38 DMD carriers and 87 healthy
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individuals, focusing on serum creatine kinase.
Subjects provided between 1 and 7 samples
each, resulting in an unbalanced dataset. Upon
examining the data, significant skewness in
the marker values was observed, prompting
the application of a log transformation to
improve normality.

Let X and Y represent independent
random variables for the marker distribution
in diseased and healthy populations, with
random samples X,,..,X, and Y,... 7Y, .
Reiser notes that these variables are often
unobservable and measured with additive
normal measurement error. Let X, and ¥,
denote the /;th replicate for the jth diseased
subject and the s,th replicate for the kth
healthy subject, respectively. Thus

Xj’,j =X, +§j,l/’ J=Leonl =1,...p;,

Y, =Y +n.,. k=L..ms, =1..q,

with ¢, ~N(0,07), My ™ N(0,0;). In this
context, the sequences of random variables

X e Xy e Xy X, and YY)
oY 15 Y, Tepresent  p—  and  g-
dependent processes, respectively, where

p=max{p,..,p,} and ¢g=max{q,...q,}.
Under the premise that X ~ N ( ,uX,Jf() and

Y~N ( ,uy,oﬁ), Reiser employed maximum
likelihood estimation (MLE). The estimates,
computed using the SAS MIXED procedure,
are shown in Table 5.

Table 5. MLE for the DMD data

2 2
o Y

Parameters g

Hy o

4.73

Hy
3.58

Estimates 0.66 0.07

However, in practice, the noise may not
simply follow a normal distribution, but rather
a more complex one, such as a mixture of
normal distributions. Using Gaussian Mixture
Models (GMM) and the mixtools package in
R, we analyzed the data and found that the
noise in the measurements from the diseased
group (4’ ) follows a mixture of two normal
distributions with the estimated parameters, as
shown in Table 6.
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Table 6. Parameters of Noise Variable (éu )
for Diseased Group (GMM)

A= | 0.5136433 I-A= 0.4863567
u,_ | 0.009519739 V= -0.01005388
o/ | 0.005514073 o} 0.1829592

We now consider the noise 7 for the
healthy group, which is assumed to follow
a normal distribution. The parameters for
n are computed using the standard formula

o =[3,@-0] 2, X, (Y, -V)

resulting in 4, =0 and o, =0.016063469 .

We apply estimator (4) to estimate
H:IP’(X <Y)using paired data. To
balance the diseased group {X m} and the
healthy group {Yk,sk } , we replicate data
for individuals in the patient group with
fewer than 5 measurements, ensuring the
process remains 5-—dependent. Note that
estimator (4) does not assume normality or
independence among the data, making it
more practical for real-world applications.
The estimated results for 8, using maximum
likelihood estimation and estimator (4)
with both mixture normal noise and simple
normal noise (as in Trong and Hung [11]),
are presented in Table 7. For the estimator (4)
under mixture normal noise, we continue to
use the same bandwidth and kernel function
as detailed in Subsection 4.1.

Table 7. Estimator (6)) for the Probability
0= ]P(X <Y ) Based on the DMD Data

Method MLE Estimator (4)
(Reiser) Simple Mixture
Noise Noise
(0) | 0.089156 | 0.088086 | 0.089666

6. CONCLUSION

Inthisstudy, weproposedanonparametric
estimator for estimating the probability
49=IP’(X <Y), where X, and Y, are two
m—dependent stationary processes subject
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to complex noise structures. The noise in
our model follows a mixture of two normal
distributions, which distinguishes this work
from previous studies using simpler noise
models.

Key advantages of this study include:

e Stable and efficient estimation: The
results from our simulations demonstrate that
the proposed estimator performs efficiently
and stably, with convergence improving as
the sample size increases. Specifically, as we
tested sample sizes of 100, 200, and 500, the
MSE values decreased with increasing sample
size, confirming the estimator’s accuracy and
effectiveness in various scenarios.

e Handling complex noise structures:
Unlike  traditional methods assuming
simple normal noise, our estimator offers
the flexibility to handle more intricate noise
structures, such as the mixture of normal
distributions. This is particularly useful for
real-world applications where noise may not
follow a simple normal distribution, making
the method highly adaptable.

e Application to real-world data: We
applied the proposed estimator to real-world
DMD data, where we compared our method
with Reiser’s MLE technique. The results
indicated that our estimator performs similarly
to MLE in the case of simple normal noise and
shows promising results when dealing with
the more complex noise structure, such as the
mixture of two normal distributions.

Overall, the proposed estimator provides
a robust and reliable method for estimating
probabilities in the presence of dependent
data and complex noise. The flexibility and
adaptability of the method make it suitable
for a wide range of real-world applications,
where noise structures may be more complex
than the simple normal distribution. Future
research will explore further applications,
including handling even more intricate
noise models and extending the method to
multidimensional processes.
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