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Abstract: Attribute reduction of the decision table is the process of selecting a subset
of the conditional attribute set that preserves the degree of information measurement.
Attribute reduction of numerical decision table according to fuzzy rough set approach
has been studied extensively in recent years. Attribute reduction methods according to
the fuzzy rough set approach inherit traditional rough set methods with fuzzy
equivalent relations replacing the equivalent relations. The value of fuzzy similarity is
in the range [0, 1] which shows the close or similar properties of two objects. The
fuzzy equivalent relations process directly on numeric value domain without through
steps of discrete data. The original method is a fuzzy positive region. Researchers
have developed methods using fuzzy entropy and fuzzy distance to improve the quality
of the classification accuracy and reduce the execution time of the algorithm. This
paper proposed a fuzzy distance and constructed a heuristic algorithm to find one
reduction set of numerical decision tables which is called the reduct. The proposed
method preserves information measurement of the conditional attribute set.
Experiments on datasets taken from the UCI repository show that the proposed
method improves the quality of classification accuracy and execution time of the
algorithm compared with the methods using fuzzy positive region and fuzzy entropy on
most experimental datasets.
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1. INTRODUCTION

Attribute reduction is an important problem in the data preprocessing step which goal
reduces the number of attributes by eliminating redundant data to improve the efficiency of data
mining and machine learning algorithms. Attribute reduction of the decision table is the process
of selecting a subset of the conditional attribute set that preserves the decision table's
hierarchical information, called reduce. It’s difficult to find the best reduction for the problem
related to the class of NP-Hard problems. The results of attribute reduction directly affect the
efficiency of implementing mining tasks: increased speed of excution and improved the quality
of classification accuracy.

Dubois, D et al (1990) 1 proposed fuzzy rough set theory as a combination of rough set
theory (Pawlak et al (1982) 2) and fuzzy set theory (Zadeh et al (1965) 3) to approximate fuzzy
sets based on fuzzy equivalence relation which is determined by the attribute value domain.
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Attribute reduction of the numerical decision table based on fuzzy rough set has good results in
recently years.

Fuzzy rough set theory uses the fuzzy equivalence relation to replace the classical
equivalence relation. The value similarity is in the range [0, 1] shows the close or similar
properties of two objects. Attribute reduction methods based on fuzzy rough set approach have
the potential to preserve the classification accuracy and not transform the value of attribute in
the data table. The filter-type approach performs attribute selection independent of the mining
algorithm that is used later. Attributes are selected based on their importance. The heuristic of
the algorithm finds one reduct by following these steps: Define the reduct, define the
importance of the attribute and then construct a heuristic algorithm to find one reduct. Common
results of the filter-type approach are:

The method uses fuzzy positive region (Pawlak et al (1982) 2, Hu et al (2006) 4):
considered the original method, derived from rough set theory to find one reduct of decision
tables with discrete value domains. Later, Dubois, D. et al (1990) 1 developed the fuzzy rough
set theory to reduce properties of the numeric value domain decision table.

The method uses fuzzy entropy (Dai et al (2013) 5, Xie et al (2023) 6, Li et al (2023) 7):
entropy is an important measure in Shanon’s theory of information. Based on entropy construct
measurements that evaluate the dependency of the attribute reduction of the decision table.

The method uses fuzzy distance (Giang et al (2012) &, Qian et al (2015) 9, Tan et al (2022)
10): has developed from the fuzzy entropy method which has similarities to the fuzzy entropy
method. Although the technique distance was published later but it has played an important role
in data mining. Especially with attribute reduction according to the fuzzy rough set theory
approach has obtained many good results. In Vietnam, the distance method has been studied
and achieved certain results by Giang N.L et al.

Attribute reduction of numerical decision table based on fuzzy rough set to preserve the
measurement is diagram as follows by Xu et al (2007) 11 and Zhong Yuan et al (2021) 12.

Suitable
subset

Attribute

Subset

Figure 1: The diagram of the heuristic algorithm finds one reduction

The criteria of comparing and evaluating among methods is execution time of the algorithm
and the classification accuracy of reduct.

The structure of this paper is as follows. Part 1 is the introduction. Part 2 gives some basic
concepts of fuzzy rough set theory, presents a method of attribute reduction using fuzzy
distance according to the heuristic algorithm and evaluates the experimental results. Part 3 is
some conclusions and future development trends.
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2. CONTENT
2.1. Definitions

Definition 2.1. The decision table with numerical attributes

Let decision table DT = (U,C U D), if the value domain of all attributes ¢ € € is numerical
attributes then the decision table DT is a numerical decision table.

Example 2.1. Let a numerical decision table DT = (U,CuUD) (Table 1)
with U = {uy, u, Uz, ug,us, ugl,C = {c1,62,¢3,€4,65,¢¢).

Table 1: The decision table with numerical attributes

¢ &) C3 Cy Cs Cg D

u, 08 102] 06 |04 1 0 0

0.8 | 0.2 0 06 | 02 | 0.8 1

Uy 06 | 04 | 08 | 02 ] 06 | 04 0

0 04 | 06 | 04 0 1 1

ws, | 0 [06]06 |04 0 [ 1 |1

U 0 0.6 0 1 0 1 0

Definition 2.2. The fuzzy equivalence relation

Let decision table DT = (U, U D) with numerical attributes, the relation # defined on

value attribute domain is called fuzzy similarity relation if it satisfies the following conditions
x,y,zeU

1) Reflexive: B(x, x) = 1;
2) Symetric: B(x, v) = B(yv,x);
3) Max-min transitive: B(x,z) = min{R(x,y), B(yv,2)};

Let two fuzzy equivalence relation Ry and R which define on attribute set P and Q, for any
x,y €U we have (Qian et al (2015) 9):

2) Reng = Rp URg < R(x,y) = max{Rp(x,9), Ro (x)) )
3) Reug =R N Ry & Rlx,y) = min{Rp(x,9), Ro (x)}; e
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Definition 2.3. The fuzzy equivalence matrix

Let decision table DT = (U, € U D) with all ¢ € € are numerical attributes and U = {x,,x,,.... %,
and R is the fuzzy relation which defined on P < €. The relation K denoted by M(&,) = [’}U]r'xr' is
defined as Qian et al (2015) 9:

Pix Piz -+ Pin
M(RP]I — Pz1 FZZ Pzn (5)
ni Paz - Pun

where  p;; = Bp(x;x;) is  fuzzy relation  value of X, and x, on P,
€01l x,x;e U, 1<ij=<n.

In this paper, we use fuzzy equivalence according to formula (6) to construct fuzzy
equivalent matrices directly from the attributes of numerical decision tables.

[pCx) - p(x;)

( _
14+ |px}l P(xj)| i <0.25

Pij = |pmax plﬂllll : |pmax mel B (6)
0, otherwise

where p(x;) is the value of attribute p at object X, ; Pmax, Prmin iS maximum value and minimum

value of attribute p. It is easy to see that the values of the elements of fuzzy equivalent matrices
belong to the [0,1], if Pmax = Pmin then p;; = 1. Then the fuzzy equivalent relation in

formulas (6) and (7) are the same.
py = 1ifx; € [x;]pand p; = 0if x; € [x;]p (7)
In other word, the equivalent class [x;]; can be considered a fuzzy equivalent class, denoted
as [x;]3, with the function of pp.j, (x)=1 if x; € [x;]5 and b pp. 5 (x)=0 if x; & [x,]3.

Definition 2.4. The fuzzy partition and the fuzzy equivalent class

Let a decision table with numerical attribute DT = (I/,€ U D) and P, Q@ € C. According to
Qian et al (2015) 9 we have Rp =, _,R. and HRP,_,Q =Rsn ﬁq, which means that for any
x,¥ € U, Rpyg(x,y) = min{Rp(xy),Ry(x,3)}. Suppose that M(Rp)= [Pij]uxu and
M(Rg) = [as] .,

matrix on the attribute sets § = P U @ is defined as:

M(Rs) = M(Rpug) = [sy]  withs; = min{p;,qy]} (8)

are fuzzy equivalent matrices of Bp, ﬁq corresponding, then the relational

For P € C, U = {xy,%5,...,%x,), fuzzy equivalent relation B can be generated from the
fuzzy equivalence relation m(P) = U/Ry on U

n(Re) = U/Rp = {[x i) _, = {IxJitpr-. . [xulip) (9)

Where [x;]z, = pi1 /%1 + Dia/x2+.. . +Ps [, 1s a fuzzy set, is called a fuzzy equivalence of
object x;. The degree functions of the objects are determined by:

J“[x:‘]ﬁP{xJ') = yﬁp{xi,xj} =R; {xi,xj-} = py; forany x; € U. (10)
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Then, the cardinality of fuzzy equivalence [x;]z, is calculated as Qian et al (2012) 9:

|[xi]ﬁp| = ZP;‘; (11)
=1

2.2. A fuzzy distance based on attribute reduction method in decision tables with
numerical attributes using heuristic algorithm.

In this part, we introduce a fuzzy distance-based attribute reduction method that performs
directly on the decision tables with numerical attributes that preserve the information
measurement (Cao Chinh Nghia et al (2016) 13).

Definition 2.5. Let a decision table with numerical attributes DT = (U,C U D)
with n(ﬁ PJ, n(ﬁq} are two fuzzy partitions which construct by fuzzy equivalent relation Rp, ﬁQ
on P, Q € C. Then, the fuzzy distance between two attribute sets P and @, denoted as
dyr(P,Q), is defined between two fuzzy partitions m(Rp) and m(Rg) it means that

dyp(P,Q) = Dyr (’”(FRP)J ﬂﬁa))-

Theorem 2.1. Let DT = (IJ,C U D) is a numerical decision table where U = {x,x5,...,x,,]
and 'TT( ﬁp], -rr( ﬁQ) are two fuzzy partitions which generated two fuzzy equivalent relations R
,Rgon P,Q cC. Then:

Dy (n(Rp).m(Ro)) = - (

|Ledze| + |z, | — 2 |Ixdz, 0 [xi-]ﬁﬁ.|)

- (12)
i=1
is fuzzy distance between m(Rp)and H(ﬁq).
Proof: We have Dyr (H(ﬁp},ﬁ(ﬁgj) =0 and
Dyr { (Rp), n(ﬁq}) = Dyr (ﬁ{ﬁ@),ﬁ(ﬁp)). We need to prove triangular inequality. No loss of
generality, with all n(Rp),m(Ry).m(Rs) e P we have proved

D‘-.;F(Ir(ﬁp},n(ﬁq.})+ DNF (Tr(ﬁp), H(R_r;)) = DNF (ﬁ(é@),ﬁ(ﬁs)) For any x; (=) we
have: dyr ([xiJap brilag ) + dr (Lxilp [xidas) 2 duve ([xiJag bxils ). Therefore:

Dyr (n(ﬁp}, n{ﬁQ}) + Dyr (_n'(ﬁp),. n(ﬁg))

= lz": Inr ([x,. li, s [x ]z, ) N lz": dyp ([x ]zp [x]:) 1 Z e ([x,.],;g [x Iz, )

n - n n n - n

<Dy (o). (%))

It easy to see that 0 = Dyg (ﬁ(ﬁp}, ﬁ(ﬁq)) =1

Proposition 2.1. Let DT = (U, C U D) is a numerical decision table U = {xy,%5,...,%,)and R
is a fuzzy equivalence relation determined on conditional attributes. Then, the fuzzy distance
between two attribute sets C and € U D which is determined as:
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dyp(C,CU D) = % Z(|[ﬂ‘-i]ﬁc| - |[A‘-i]3‘z.: n [x-a']ﬁ|) (13)

n

=1

Proof: We have:
n
dyr{C,CUD) = Dyp (Wiﬁc}J E(-ﬁcuD}) = i Z (lLrJEC|+|Ltﬂf‘!f-'uﬂl_‘l["ﬂﬂcr"[ﬁ“]ﬂo"ﬂl) =

n
i=1 "

et ; |[“"']R|:'|+|[“"]Rc“[‘r‘]ﬂp|_zl["’dﬂc”[’rdﬂnl _1 ; |L*f]Rc|_|er]Rcﬁ[“]RDI _
n n - n n -
i=1 i=1 "
mn
" |t |- |txida ol
; n
i=1

It is easy to see that 0 = dys(C,CUD) = 1— i

In the next part, we present a heuristic method to find one reduct of the decision table with
numerical attributes using the fuzzy distance. Our method includes: defining the reduct based
on fuzzy distance, defining the importance of the attribute and designing a heuristic algorithm
to find one reduct based on the importance of the attribute.

Definition 2.6. Let DT = (U, U D) is a numerical decision table where B € € and B is a
fuzzy equivalent relation which determined by the value of the conditional set. If:

1) dﬁp(:B,B U D) = d‘w-(jC. cu D) (14)
2)¥b € B, dys({B—{b}},{B—{b}}UD)) # dys(C,CUD) (15)

Then B is a reduct of C based on fuzzy partition. Formula (14) ensures that the
preservation of the measurement of the information of the reduced attribute set and the
condition attribute set compared to the decisive attribute set is the same.

Definition 2.7. Let DT ={(U,CUD) is a numerical decision table with Bc C
and b € € — B. The importance of attribute b with respect to B is defined as

The importance of SIGg(b) characterizes the classification accuracy of attribute b with
respect to decision attribute D. It is used as the attribute selection criterial for heuristic

algorithms to find the one reduct.
The diagraming of the algorithm constructing steps is as follows

Attribute set

I Defind reduct

:

Defind the importance of attribute

'

Algorithm’s heuristic

v

Figure 2: Steps of heurictic’s method finds one reduct
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The algorithm’s heurictis finds one reduct of the numerical decision table as follows

Algorithm NF_DBAR: A heuristic algorithm finds one reduct by using fuzzy distance.
Input: Decision table with numerical attributes bT = (U, ¢ u D), fuzzy equivalence relation &
Output: The Reduct 5
1. B« 0;M(B5) = [lpen,
2. Calculate the relation matrix M(R.), calculate equivalence matrix M(IND(D})), calculate
fuzzy distance dy:(C.C u DJ;
3. While dyz(8.8 u D) = dyg(c.c uD) Do
4. Begin
5. Foreachaec -5 Do
SIGg(a) = dyg(B.BUD) —dyg(BU{a}l,B U{a}uD);
6. Select a,, € ¢— 8 That5I6:(a,,) = .!.fgxﬂgs;.:;ﬁq‘g;.};
7. B=Buf{ay) =
8. End;
Foreachaem
9. Begin
10. Calculate dyz(8 — {a}. B — {a} U DJ;
11. If dyz(B —{a}.B —{a}u D) =dyz(C.c UD) then B =5 — {a};
11. End;
12. Return B;

By using NF_DBAR algorithm to find one reduct of table 1, we have reduct B = {c4,c}.
2.3. Experiments

We have selected six sample datasets taken from the UCI data repository (2024) 14 with
numerical value domains to conduct the test. The test environment is a PC with a Pentium core
15 2.4 GHz CPU, 8 GB of RAM, using the Windows 10 operating system.

We have chosen algorithms FA FPR (Hu et al (2007) 15) (find one reduct based on the
fuzzy positive domain) and GAIN_RATIO_AS FRS (Dai et al (2013) 5) (called GRAF) (find
one reduct based on the fuzzy entropy) to compare with the algorithm proposed algorithm on
the classification accuracy of reduct and execution time. For testing, we perform the following
tasks:

1) Code FA_FPR, GRAF and NF_DBAR algorithms by program C#, Algorithms used the
fuzzy equivalence relation defined by the formula (6).

2) Execute three algorithms on six datasets by environment testing.

3) Use C4.5 algorithm in WEKA (Eibe Frank et al (2016) 16) tool to evaluate the
classification accuracy of three algorithms by selecting 2/3 first objects as the training set and
the remainder of the objects as the testing set.

Table 2 shows the testing results of six datasets where U] is the number of objects, |C| is the
number of the conditional attribute, |R| is the number of attributes of the reduct for each
algorithm, ¢ is the average time after three performance of the attribute reduction of algorithms
(in seconds).

Table 2: The experimental result of three algorithms FA_FPR, GRAF and NF_DBAR

FA_FPR GRAF NF_DBAR

Id Datasets ICl
|R| t |R| t |R| t

1 Fisher Order 35 21| 0.193 21 0.107 | 18 0.079
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2 | Tris 4 2 0.003 2 0.003 |1 0.002
3 | Glass 10 7 0.036 8 0.028 |7 0.024
4 | Sonar 60 12 | 2.889 23 1.980 | 13 2.433
5 EZ“SOY—ReadmgS— 24 | 15| 2465 | 12 [1.986 | 14 |2.005
6 | EEG_Eye_State 14 7 4.069 7 3.790 |7 3.046
5
A
3
2 ==@==FA_FPR
1 =@ GRAF
© 5 - - < e . NF_DBAR
& & F _sF / o
o o = & 2
7 J\b\\ &Y
< Nl e
Figure 3: The executed time of FA_FPR, GRAf and NF__DBAR
Table 3 represents the number of attributes of reduct and the classification accuracy of three
algorithms GRAF, FA FPR and NF_DBAR on six experimental datasets.
Table 3: The classification accuracy C4.5 of FA_FPR, GRAF and NF_DBAR
FA_FPR GRAF NF_DBAR
Classifica Cla§s1ﬁ Classifica
Id Datasets I Ul | C] tion cation tion
accurac
R | accuracy | Il of |gl | accuracy
of C4.5 Lis of C4.5
0, * 0,
(%) %) (%)
1 Fisher Order 47 35121 76.60 21 | 76.60 18 78.72
2 Iris 150 4] 2 94.00 2 | 94.00 1 94.67
3 Glass 214 10| 7 81.56 8 81.70 7 81.56
4 Sonar 208 60 | 12 70.60 23 | 71.67 13 76.25
5 Sensor_Readings 24 5456 |24 | 15 95.12 12 | 92.25 14 94.84
6 EEG_Eye_ State 14980 | 14 | 7 81.25 7 81.25 7 81.25
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Figure 4 is a chart comparing the classification accuracy by the C4.5 algorithm in WEKA's J48
tool (Eibe Frank et al (2016) 16) of three algorithms on six datasets.
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' NF_DBAR
& # e

w
~ AN 4 - X
o 6 & o 9

100

80 -
60 >
40 ‘
20 |
0 |
; &

S

Figure 4: The classification accuracy C4.5 of FA_FPR, GRAF and NF_DBAR

The experimental results show that the method using fuzzy distance gives a better rate of data
classification accuracy at 3/6 datasets, the method using fuzzy entropy and the method using fuzzy
positive region have the same classification accuracy at 1/6 datasets and the three methods have the
same classification accuracy at 1/6 datasets. The classification accuracy depends on special reduct
according to each method. The execution time of three methods was averaged after three test runs
with each dataset. Specifically, the method of using fuzzy distance is the fastest at 4/6 datasets,
followed by the method of using fuzzy entropy is at 2/6 datasets and the method of using fuzzy
positive region is at 0/6 datasets. If the methods for the same reduct with a particular dataset then
the method using fuzzy distance has the shortest execution time, followed by the method using
fuzzy entropy and finally the method using fuzzy positive region. This is in line with the theory
because the computational complexity of methods in the general case are the same but the fuzzy
positive region has the most complex calculation formula by the combined operations of the lower
approximations. Methods of finding reduct using fuzzy entropy and fuzzy distance have simpler
calculation formulas. However, the method of using fuzzy distance does not use logarithm functions
such as the fuzzy entropy method, so the calculation time is minimized. Experimental results on six
datasets show that the proposed method is more effective than methods using fuzzy entropy and
fuzzy positive region according to the evaluation criteria of execution time and classification
accuracy on some experimental datasets.

3. CONCLUSION

This paper proposed a distance measurement between two fuzzy partitions and constructed a
heuristic algorithm to find one reduct of the decision table with numerical attributes. Experiments
on six datasets taken from the UCI repository show that the proposed method improves the quality
of classification accuracy and the execution time of algorithm compared with methods using fuzzy
positive region and fuzzy entropy on most experimental datasets. The effectiveness of methods on
each dataset also depends on the data distribution of each experimental dataset. The scientific
contribution of this paper provides an effective attribute reduction method of numerical decision
table according to the fuzzy rough set approach based on the fuzzy distance. In the future, we will
focus on researching methods of attribute reduction of the numeric value domain decision table in
the trend of filter/wrapper hybrid to improve the efficiency of data mining
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PHUONG PHAP RUT GON THUQC TiNH CUA BANG QUYET PINH
MIEN GIA TRI SO DUA TREN KHOANG CACH MO SU DUNG
THUAT TOAN HEURISTIC
Tém tit: Rut gon thugc tinh cua bang quyét dinh la qua trinh lya chon mét tap con cua
thudc tinh diéu kién ma bdo toan dwoc thong tin phan I6p cia bang quyét dinh. Rit gon
thudc tinh ciia bang quyét dinh mién gid tri sé theo tiép cdn tdp thé mo thu hit dwoc nhiéu
nha nghlen clitu quan tam trong giai doagn hién nay. Cac phu(mg phap rut gon thudc tinh
theo tiép cdn tdp thé mo la sw ké thira ciia tdp thé truyén thong véi quan hé twong duwong
mo thay thé cho quan hé twong dwong. Pé tiwong dwong mo ciia hai doi twong la mét gid
tri nam trong doan [0,1] cho thdy tinh gan nhau, hay khd nang phdn biét giita hai doi
twong. Quan hé twong dwong mo givip xit Iy triee tiép trén mién dir liéu gid tri s6 ma khong
can théng qua bude roi rac héa div liéu. Xudt phat tir phwong phdp sir dung mién dwong
mo, nhiéu phwong phdp méi ra doi nham cdi thién chat lwong phdan 16p di liéu va giam
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thoi gian thue hién thudt todn. Bai bdo ndy dé xudt mét do do khoang cach mo vd xdy
dwng phwong phdp heuristic rit gon thudc tinh ciia bang quyét dinh mién gza tri 56 theo
tiép cdn tdp thé mo bao toan duwoc do do thong tin cua tdp thuoc tinh diéu kzen Thuyc
nghiém trén mét s6 bé dir liéu tir kho dir liéu UCI cho thdy, phwong phdp dé xudt hiéu qua
hon phwong phép sir dung entropy mo va phiong phap sir dung mién dwong mo theo tiéu
chi chat lwong phdn lop dir liéu va thoi gian thuc hién thudt toan.

Tir khéa: Bang quyét dinh mién gid tri s6, heuristic, khodng cdach mo, tdp thé mo, tdp rit
gon.



