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1. MO PAU

Khéng gian md tuong quan tuyén tinh duoc xay dung bang cach cb dinh mot s6 mo A bét
ki. Str dung mot anh xa phu thude tuyén tinh ¢,: R? - R (4), ta nhan duge cac toan tir c6 dang
gA @ r trong 46 (g,7) € R%. Piéu tha vi 1a Rz (a) €6 thé dugc nhiung vao Ry nhu mét khong
gian con tuyén tinh khi A 14 s6 md khong ddi ximg. Vi toan tir 1, duoc gidi thiéu trong [8] 1a
song anh tir khong gian Euclide hai chiéu sang khong gian mo twong quan tuyén tinh. Do dé,
phép hiéu c6 thé bit ngudn tu nhién tir phép cong va phép nhan v hudng théng qua anh xa
P, ! Didu nay dan dén hiéu hai s6 md ludn ton tai. Tir d6, Esmi cling cong su [8] da dua ra
khai niém kha vi Fréchet cho mét ham m¢ twong quan tuyén tinh. Diém dic biét ciia khong
gian Ry (4 trong truong hop A la s6 mo khong dbi xing ciing cho phép ta c6 thé chuyén dbi
mot cach tuong tmg mot phuong trinh trong khéng gian cac sé mo vé mot hé phuong trinh
tuong tng trong khong gian céc sb thuc.

Vao nam 2010, phuong trinh vi phan m& phan thi (FFDEs) trinh bay lan dau tién boi
Agarwal va cong su trong tai li¢u [2]. O dé, cac dinh nghia vé dao ham phan thtr cho cac ham
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s6 mo da duoc dé cap. Pao ham mo phan thir Riemann-Liouville theo hiéu H va tinh duy nhét
nghiém ctia mot 16p FFDEs c6 tré duoc nghién ctru trong [2]. Nam 2011, dao ham phan thit mo
Riemann-Liouville theo dao ham Seikkala di duoc dé xuit trong [3]. Cung vé1 d6, mot sb
nghién ctru vé FFDEs véi cac diéu kién ban ddu mo theo dao ham nay da duoc dé cap trong
[3, 4]. Trong ndm 2012, phuong trinh vi phan phan thir md theo khai niém dao ham Caputo két
hop véi dao ham SGH da duoc nghién ciru véi hai loai biéu dién khac nhau [9, 14]. Trong [14],
tac gia cho thdy rang mot FFDEs cua bac B € (0; 1), trong mét sé diéu kién, c6 thé co hai loai
nghiém tuong tmg véi dang thir nhat va dang thtr hai cia dao ham dang Caputo theo hiéu gH.
FFDEs theo khai niém dao ham phan thir Caputo-Fabrizio két hop véi dao ham SGH (dao ham
Caputo Fabrizio SGH) di duoc nghién ctru vao nim 2018 trong [1]. Gan day, khai niém méi
vé dao ham phén thir granular ¢6 tng dung cho FFDEs da duoc Najariyan va Zhao [12] thiét
lap. Dao ham phan thir mo granular dua trén cac ham lién thudc va hi¢u granular c6 mot s6 uu
diém so v&i cac dao ham trude d6 vi né 6 thé duoc tinh toan truc tiép thong qua phép bién doi
nguoc cla cac tp murc, xem [10,12]. Mot Gng dung m& rong cua dao ham phan thir granular
cho phuong trinh vi phan tuyén tinh bac hai da dwoc xay dung trong [16, 17]. Diéu nay thiic
déy chung t61 nghién ctru dao ham twong quan tuyén tinh Caputo cho cac ham md twong quan
tuyén tinh va mot s6 tinh chét cua loai dao ham nay. Bang viéc ket hop giita dao ham tuong
quan tuyén tinh Caputo va cic tinh chat méi cua khong gian cac sé mo tuong quan tuyén tinh,
chung t6i tim hiéu tinh giai duoc va cac diéu kién dé c6 nghiém duy nhét cho bai toan Cauchy
cho phuong trinh tién hoa phan thir theo dao ham twong quan tuyén tinh Caputo trong truong
hop s6 mo khong dbi xtng.

2. KIEN THUC CHUAN BI
2.1. Khéng gian sé6 mo
Dinh nghia 2.1. [6] Cho tap X khac rSng. Mot tap mo A trong X dugc dac trung bét ham thude
u:X - [0,1]

trong d6 u(x) thé hién murc d6 thudc cia x d6i véi tap A. Ta ki hiéu F(X) 1a tap hop tit ca
cac tap con mo cua X.

Dinh nghia 2.2.[6] S6 md 1a mét tip mo trong R c6 ham thudc u théa man cac yéu cau sau:
(i) u chuan tic nghia 13 t6n tai t, dé u(t,) = 1,
(ii) u 16i theo nghia véiy,n ERva0 <k < 1:
u(ky + (1 —1)n) = min{u(y), u()}
(iii) u nira lién tuc trén trén R (nghia 1a v&i moi t, € R, ton tai @ > 0 sao cho Vt :
|t — to| < othiu(t) —u(ty) < evdimoie > 0)
(1v) u c6 gia compact.

Dinh nghia 2.3. [8] Mot sb mo u duge goi 1a dbi xtmg néu ton tai diém t € R dé
u(t —y) = u(t +y) véi moi y € R. S6 mo u duoc goi la khong dbi ximg néu khong ton tai
t € R sao cho u 1a déi xtmg. Theo [8, Lemma 3.5], ton tai duy nhit mot diém t € R sao cho s
mo A dbi xtmg qua t.

2.2. Khéong gian mo twong quan tuyén tinh R (a)
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Dinh nghia 2.4. [8] V&i mdi sb mo A, ta dinh nghia anh xa ¢,: R X R = R x4c dinh boi
(q,7) = Palq,7)
vé1 tap mire xac dinh theo cong thirc
[Wala, M1 = {qy +r:y € [A]"},a € [0,1]

Véi A € Rg, ta ki hiéu sé mo 1,(q,7) boi gA @ r va mién gid tri ciia 1, 1a Re(,y. Ta goi
R#(4) la khong gian mo twong quan tuyén tinh. Ta ki hiéu IR;S&) la khong gian mo tuong quan
tuyén tinh véi A € R™. Néu s6 mo u = ¥, (g, ) thi ta néi u dwoc biéu dién tuyén tinh qua q
var.

Theo [8], néu A 1a s6 mo khong déi xtmg thi 1, 1 song anh tir R? vao Rz, Do d6, cac
phép toan trong ]R;s&) dugc xéc dinh thong qua 4nh xa ;L.

Dinhnghia 2.5 ([8]). Lay A € R} . Céc phép toan trén khong gian ]R’;S(i) nhu phép cong,
phép nhan v6 hudng, phép trir duwoc dinh nghia nhu sau:

D uDsv=1,(¥a' @ +¢a' 1),

(i) 2 Oa u = Ya(Ap7' W),

(i u O v=u®,u (v =yP,(Pi'(w) + Dy (),

trong d6 u,vE€E ]R;S(z), AER va 4anh xa Yy h: ]R;l_,s(ﬁ) - RXR, dugc cho bai
Yi11(gA @ r) = (q,7) 12 4nh xa nguoc cua Y.

Dinh nghia 2.6. Gia st A € R Véi mdi u = Y,(q,, 1), v = Y,(qy, 7,), ta dinh nghia

dy,(w,v) = max{lq, — q,|, In, — 1,1} (D

Ki hiéu [l u ll,= dy,, (1, 0), v6i 0 = 1,(0,0).

Theo [8], (R;S(ﬁ),(i) 1,P A) la mot khong gian Banach.

Ménh d€ sau trinh bay mot s6 tinh chét cta dy,:

Mgnh dé 2.1. Néu A € R;™ thi dy,, théa mén:

(i) de (u; Daw,u; Byw) = dl[)A(uliuZ)’vuliuZ’W = R;s(ﬁ),

(ii) V6i k € R,dy,(k Qg iy, k O ) = [kldy, (11, u5), Viig, u € REY,

(iii) dy ,(uy D4 Uz, V1 Dy vy) < dy, (g, v1) + dy, (Uz, V32), YUy, Uy, V1,1, € REZ)’
(iv) dy,, (U1 ©4 uy, 0) = dy, (ug,up), Yy, u, € R;a).

Trong [21], thc gia d4 dua ra dinh nghia hiéu LC cho hai sé mo tuong quan tuyén tinh trong
truong hop A 1a sé md khong d6i xtng nhu sau:

Dinh nghia 2.7. [21]1 Véi u = Y,(qu, 1), v = Y4 (qy, 1) € Ry, Higu LC ciau va v ki
hiéu la u H, v va dugc tinh nhu sau:

ubHyv = lpA(qu — 4y, Ty — rv) = (qu - qv)A GBA nw—nh
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Nhan xét rang trong trudng hop A 1a sé mo khong déi xtmg thi hidéu H, va hiéu © 4 1 nhu
nhau. T [20], néu u = ¥4(qu, ), v = ¥a(qy, 1) € Ry, chuan II. 1,4 va metric dy, (u, v)
duoc xac dinh nhu sau:

Il ull,= max{|q,l, ||}
dy,(w,v) = lluB, v, = max{lq, — g, 1% — 1}

Ta ki hi¢u [R;Sy 1a khong gian cac s6 mo khong dbi xtng.
2.3. Pao ham twong quan tuyén tinh Caputo

Binh nghia 2.8.[19] Cho A € Rz7), f:] = RE(, véi f(£) = a(q(0), 7()) véiq,r:] -
R. Khi d6, tich phan tuong quan tuyén tinh Riemann-Liouville bac p € (0,1] cua £ (t) x4c dinh
theo cong thirc:

8351 = 9 (I0a@®), (@) €.

B6 @ 2.1.[19] Cho A € R3Vvaf, g h:] - R4 Ta co céc tinh chit sau.

(i) Néu £(6) D4 9(8) = h(t) thi CDY.f(t) B CDF.g(t) = fcDgrh(t).
(i) Néu £ () Ha §(©) = h(t) thi £:DF.f(0) BY £:DF.4(t) = £:DF.A(L).
Mg¢nh dé 2.2.[19] Cho A € Ry va f:] = Rg(4) khd vi twong quan tuyén tinh. Khi d6

c R t
RLPE PP F(r) = f f1o(s)ds.
0

3. BAI TOAN CAUCHY CHO PHUONG TRINH TIEN HOA MO PHAN THU
THEO PAO HAM TUONG QUAN TUYEN TINH CAPUTO.
3.1. Dit bai toan

Xét phuong trinh tién héa md phan thir theo dao ham twong quan tuyén tinh Caputo nhur sau:

€DP () = 4(t,20),
Dy =5(05O) ey oo @
x(o) = in

trong do chg+ §(t) 1a dao ham tuong quan tuyén tinh Caputo bac p € (0,1],u, € Rz (a)

v6i A 1a s mo bat ki va g: I x C(I, RT(A)) = Rg(4). Trong phan nay, ching t6i quan tim dén
tinh giai duoc ctia bai toan (2). Chung t6i xay dung cac diéu kién dé bai toan (2) c6 nghiém.

Ta xét bai toan (2) trong khong gian ]R;a).
Bodé 3.1.Néuzx € C (I , R;S(ﬂ)) thoa man hé (2) thi X thoa man phuong trinh tich phan sau:
2(t) = %, DE- 78, G(t,2@)), t €L
A3)
Chung minh. Néu £ € C (I , [Rl;a)) la nghiém cutia bai toan (2), ta c6
FETge 21 () = §(6.2(D).
Sau d6, 14y tich phan phan tht bac p hai vé, ta nhan dugc

L 1-p A A A
Reaby I (@) = FHI0,6(8 2(0))
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Diéu nay din dén
t . s B
Jy ®ic()ds = £e8 g(t, (D).

Ap dung Nhén xét 5.6 trong [21], ta dwoc phuong trinh (3). Didu can chimg minh.

Dinh nghia 3.1. Néu % € C(1, R}, ) thoa mén phuong trinh tich phan (3) thi ta goi # la
nghiém tich phan cua bai toan (2).
3.2. Tinh giai dugc cua bai toan

Tiép theo, chling t61 dua ra cac diéu kién dé dam bao su ton tai nghiém tich phan cta bai
toan Cauchy (2). Nhéc lai metric supremum p va metric yéu d,trén C (I 3 R;a)) duoc xac
dinh nhu sau:

p(B(s),y(s)) = S‘éllf’dm(ﬂ(s).)f(s)). dn(B,¥) = Sslg{smdm (B(),7()}

trong d6 B,y € C(I, [R;S(ﬁ)).

Gid thiét (HI) Ton tai L € R*sao cho
dy, (9(6:20(0), 4(t.2,(6))) < Ldyy, (2:(8), %,(1))

nsy

voi moi 2y, 2, € C(I, Ry ) vat € 1.
Pinh ly 3.1. Néu gia thiét (H1) duoc thoa mén thi bai toan (2) c6 duy nhat mot nghiém tich
A A nsy
phan trén C(I, ]RT_(A)).

Chiing minh. Xét T: C(1, RE ) = €(1, RES, ) xée dinh theo cong thire

T[2](t) = %o ®F" 774(t, 2(1))
Voimdit €1 va X € C(I, R;g)), tir tinh chét metric d,,, va gi thiét (H1), ta duoc
danh gi4

dy,(T[21(0), T[x](1)) < %tw—ldl_p(ﬁ, %)
Suy ra
t17Pdy, (T12], TR < 552 d; (2, %) @
Véin € N, toan toe T [£](¢t) = T(T”_l[ﬁ] (t)) vGimoi t € J. Lap luan tuong tu, ta dugc
Lb™T(p)

dy—p(T"[2], T [x]) < dy_p(%,%) > 0 khin - oo

r((n+ Dp)
Vay 7™ 1a anh xa co véi n da 1én. Do d6, 7™ ¢ duy nhat diém bit dong thoa man phuong
trinh tich phan (3). D6 chinh la nghiém tich phan cta bai toan.
Vi du 3.1. Xét phuong trinh vi phan phan thir sau:
{ch§+9?(t) =7(t) O 2() Dan(®), t € [0,5]

£(0) = A ©®)
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nsy

trong do fﬂ)élfc la dao ham tuong quan tuyén tinh Caputo, p € (0,1],A4 € Rz~ va
7,1:[0,5] = R 1a kha vi trén [0,5]. Nhan xét rang vé phai 7(t) O 4 £(t) + n(t) thoa mén diéu
kién Lipschitz L = maxos7(t). Vi £(t) € ]R;z) nén ton tai cap (qe(6),1%(t)) € R? dé
£(t) = Aqz(t) + 14(t) v6i t € [0,5]. Do d6, f (¢, £(t)) cé bicu dién
f(t,2(©) =) (Age(t) +12(8)) +n(e)
= At(t)qz(t) + ()7 (t) + n (D).
Ki hiéu
qp(t)  =1(t)q: (D),
rp(6) = 1(®)re(t) +n(0).

Véit € [05] vau € C([0,5] R ), ta co

dy, (F(£20).f(£3®)) = [r®Oa:(0) — 7(O)g5®)] + [rOre(t) — 1(©)r3 (0]
< trer%g)élr(t)(l%(t) — g3 O] + [ () = 3@
< trer%%r(t)dw (2O, y®).

Ap dung Pinh 1y 3.1, bai toan (5) ¢6 duy nhéat nghiém tich phan trén [0,5].

Néu xét bai toan (5) véip = %,T(t) = %x/Et,n(t) = %E va A = (1; 3;4) thi ta nhan duoc
nghiém tich phan la
2(t) = Pa(qe(®), 12 (®)) = a(t?,t) = (¢ + t;3t% + t; 4% + 1)
4. KET LUAN

Bai béo da dua ra dugc cac diéu kién du dé bai toan Cauchy cho phuong trinh tién hoa mo
phan thtr theo dao ham tuong quan tuyén tinh Caputo trén khong gian mo tuong quan tuyén
tinh 1a c6 nghiém.

TAI LIEU THAM KHAO

1. R. Abdollahi, A. Khastan, J.J. Nieto et (2018). On the linear fuzzy model associated with Caputo-
Fabrizio operator. Bound. Value Probl., 91, 1-18.

2. R.P. Agarwal, V. Lakshmikantham, J.J. Nieto (2010). On the concept of solution for fractional
differential equations with uncertainty. Nonlinear Anal., 72(6), 2859-2862.

3. S. Arshad, V. Lupulescu (2011). On the fractional differential equations with uncertainty. Nonlinear
Anal., 74(11), 3685-3693.

4. S. Arshad, V. Lupulescu (2011). Fractional differential equation with the fuzzy initial condition.
Electron. J. Differential Equations, 34, 1-8.

5. B. Bede, S.G. Gal (2005). Generalizations of the differentiability of fuzzy-numbervalued functions
with applications to fuzzy differential equations. Fuzzy Sets and Systems., 151, 581-599.

6. B. Bede (2013). Mathematics of Fuzzy Sets and Fuzzy Logic. Springer.

7. B. Bede, L. Stefanini (2013). Generalized differentiability of fuzzy-valued functions. Fuzzy Sets
Syst., 230, 119-141.

8. E. Esmi, F.S. Pedro, L.C. Barros (2018). Fréchet derivative for linearly correlated fuzzy-valued
function. Inform. Sci., 435, 150-160.



48 Hanoi Metropolitan University

9. M. Mazandarani, A.V. Kamyad (2015). Modified fractional Euler method for solving fuzzy
fractional initial value problem. Commun. Nonlinear Sci. Numer. Simul., 26(1), 276 — 277.

10.M. Mazandarani, N. Pariz, A.V. Kamyad (2018). Granular differentiability of fuzzynumber-valued
functions. /IEEE Trans Fuzzy Syst, 26(1), 310-323.

11.D.A. Murio (2006). On the stable numerical evaluation of Caputo fractional derivatives. Comput.
Math. Appl., 51(9), 1539-1550.

12.M. Najariyan, Y. Zhao (2018). Fuzzy fractional quadratic regulator problem under granular fuzzy
fractional derivatives. IEEE Tran Fuzzy Syst., 26(4), 2273-2788.

13.M. Najariyan, Y. Zhao (2020). On the stability of fuzzy linear dynamical systems. J. Franklin Inst.,
357(9), 5502-5522.

14.S. Salahshour, T. Allahviranloo, S. Abbasbandy et al. (2012). Existence and uniqueness results for
fractional differential equations with uncertainty. Adv. Difference Equ., 112, 12-26.

15.N.T.K. Son (2018). A foundation on semigroups of operators defined on the set of triangular fuzzy
numbers and its application to fuzzy fractional evolution equations. Fuzzy Sets and Systems., 347, 1-
28.

16.N.T.K. Son, N.P. Dong, H.V. Long (2019). Fuzzy delay differential equations under granular
differentiability with applications. Comp. Appl. Math., 38(3), 107-136.

17.N.T.K. Son, N.P. Dong, H.V. Long et al (2020). Linear quadratic regulator problem governed by
granular neutrosophic fractional differential equations. IS4 Trans., 97, 296-316.

18.N.T.K. Son, H.T.P. Thao, N.P. Dong, H.V. Long (2021). Fractional calculus of linear correlated
fuzzy-valued functions related to Fréchet differentiability. Fuzzy Sets and Systems., 419, 35-66.

19.N.T.K. Son, H.T.P. Thao, H.V. Long, T. Allahviranloo (2022). State feedback control for fractional
differential equation system in the space of linearly correlated fuzzy numbers. Fuzzy Sets and
Systems., 453, 164-191.

20.Y. Shen (2022). First-order linear fuzzy differential equations on the space of linearly correlated
fuzzy numbers. Fuzzy Sets and Systems., 429, 136-168.

21.Y.Shen (2022). A novel difference and derivative of linearly correlated fuzzy numbervalued
functions. Journal of Intelligent Fuzzy Systems, 42(6), 6027-6043.

22.Y. Shen (2022). Calculus for linearly correlated fuzzy number-valued functions. Fuzzy Sets and
Systems., 429, 101-135.

EXISTENCE OF A SOLUTION TO THE CAUCHY PROBLEM FOR THE
HIERARCHICAL FUZZY EVOLUTION EQUATION ACCORDING TO
THE LINEARLY CORRELATED DERIVATIVE CAPUTO
Abstract: In this paper, we introduce and prove some properties of the Caputo fractional
linear correlation derivative. From there, we study the existence of solutions of Cauchy's

problem for the evolutionary equation in the space of linearly correlated fuzzy numbers
according to the Caputo order differential linear correlation derivative of the form

{&Dé&fc(t) = 4(t,2(0)),
fC(O) = JACo,

where fCD§+J“c(t) is the Caputo linear correlation derivative of order p € (0,1] of the function

tel=1|0,b]

£(.), %o € Rya) where A is an asymmetric fuzzy number and §: 1 X C(I, Rga)) = Re(a)-

Keywords: Caputo order linear correlation derivative, linearly correlated fuzzy space, fixed
point theorem.



