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Tém tit: Véi mét ideal don thirc reg(IS) la mot ham tuyén tinh khi s di lom la tinh chdt
quen thugc cua ham chi 56 chmh quy. Vin dé xdc dinh chi s6 dirmg sq @é reg(IS) la ham
tuyén tinh va xdc dinh cac h¢é s6 a,b trong bzeu dién reg(ls) = as + b véi moi s = s,
dwgc rat nhiéu nha khoa hoc quan tam. C6 thé tiép cdn cdac van dé nay tir khdi niém ddi tw
do t6i tiéu hay dia vao tinh chat ciia cac phan tie sinh ciia ideal I hay dira vao bai todn quy
hoach tuyén tinh. Trong bdi bdo ndy tdc gid sé chi ra rang ham chi sé chinh quy cia bao
dong nguyén ciia luy thira ideal canh reg(IS) la ham tuyén tinh cé hé sé goc 2 véi n di lon
va chi so ding reg — stab(I) véi do thi Petersen thong qua da dién Newton va bai todn
quy hoach tuyén tinh.
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1. PAT VAN DE

Chi s chinh quy Castelnuovo-Mumford (goi tat 1a chi s6 chinh quy) dugc bat ngudn tir
cong trinh vé duong cong xa anh cua Castelnuovo va dugc Mumford [2] phat biéu dinh nghia
cho cac da tap xa anh. Khai niém nay thiét 1ap mdi lién hé gitra 1y thuyét ddi dong diéu dia
phuong va cac modun xoin phan bac hiru han sinh trén vanh da thtc trén mot truong. Véi
R = k[xy, ..., x,] 1a mot vanh da thic va m = (x4, ..., x,) 1a ideal thuan nhat cuc dai trong
R.Cho M 1a R —médun hitu han sinh, véi mdi i = 0, ..., dimM, bat bién a; ctia M duoc dinh
nghia nhu sau:

a;(M) = max{t|Hy, (M), # 0}, (1)
& do Hi (M) 1a md dun d6i dong diéu dia phuong ctia M vdi gia m, véi quy ude ring
a;(M) = —oo néu Hi,(M) = 0. Khi d6 chi s chinh quy ctia M duoc dinh nghia boi
reg(M) = max{a;(M) +i|0 < i < dim M}. (2)

Véi I 1a mot ideal thuan nhat thyc sy cta R ta c6 nhan xét rang reg (I) = reg (R /1) +
1, diéu nay giup ta nghién ctru véi reg(R/I) thay vi nghién ctru véi reg(l).

Bao dong nguyén cua ideal I 1a tap I gdbm cac phan tir x € R thoa man mot quan hé
nguyén dang:

x"+a. x" T+ ax" 2+ +a,.x+a,=0,a; €l},i=12,..,n 3)

Nam 1999, Cutkosky, Herzog va N.V. Trung [1] va doc lap véi ho c6 Kodiyalam cung
chtng minh duoc rang reg(I5) 1a mot ham tuyén tinh khi s du 16n. Gia sa reg(Is) = a.s +
b véi s du 16n. Khi d6 ta c¢6 khai niém chi s6 dimg ctia ham chi sb chinh quy:

reg — stab(I) = min{so >1|reg(I) =as+b,s = s,}. 4)

Chi s6 chinh quy reg(I5) va chi s0 dumg reg — stab(l) 1a d6i tuong nghién ctru cua
nhiéu nha khoa hoc. Pay 13 cac van dé kho, chua co cach tiép can mang tinh tong quat va
hiéu qua. Hién nay, cac nha khoa hoc dang tap trung nghién ctru hai khai niém nay d6i voi
cac ideal dac biét [3], [5], [6]. Trong bai bao nay tac gia s€ trinh bay cac kbt qua lién quan
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dén chi s6 chinh quy reg(I5) va chi s6 ding reg — stab(I) dbi véi I 1a ideal canh ciia dd
thi Petersen.
2. NOI DUNG

Trong phan nay, ta xet R = k[xl,xz, ..., X,]. Trude tién, tac gia nhic lai vé phirc don
hinh va mot s kién thirc dai s6 to hop.

2.1. Phirc don hinh, da dién Newton va cong thirc Takayama

Phitc don hinh A trén tdp V = {1,2, ..., 7} la tp hop cdc tap con cta V, goi la cac mat,
thoa min rang néu F € A,G € F thi G € A Mot mat cua A khong chira trong mot mat khac
cua A dugc goi la mat cuc dai. V6i T c V, ki hiéu x; = [[;er x;. Ideal Stanley-Reisner lién
két v&i phtic don hinh A 1 ideal don thirc khong chtra binh phuong Iy = (x7|T & A). Néu I
1a mdt ideal khong chira binh phuong thi n6 1a mot ideal Stanley-Reisner ciia phttc don hinh
A(I) = {T c V|xy & I}. Néu I 1a ideal don thirc bat ki ta cling dung ki hiéu A(I) 1a phirc don
hinh trng v6i ideal don thirc khong chira binh phuong

VI = {fEle"EIVO’lnEN*naodo}

Pé mo ta mot ideal don thic ngudi ta dung da dién Newton, diéu nay gitp vige nghlen

cu'u cac ideal don thirc phan ndo bét triru twong. Cho vecto cot a € N” ta viét x
Ur

Xt

Dinh nghia 1. Cho I 1a mét ideal don thure cia R. Ching ta dinh nghia

(i) VGi mot tap con A € R, tAp cac mii cia A 13 E(A) == {a|x* € A} c N".

(i) Pa dién Newton cta I 1a NP(I) := conv{E (I)} 1a bao 16i ctia tip cac mil cia I trong

khong gian R”.

Bao dong nguyén cua mot ideal don thic I ciing 1a mot ideal don thirc, ta cling ¢6 thé

miéu ta I nhu sau:

E() =NP()NN" ={a € N"|x™ € I",n > 1 nao d6}.

NP(I™) = nNP(I) = nconv{E(I)} + R, véi moin > 1.
Bo dé 2. ([3, B dé 3.3]) Pa dién Newton NP (I) 1a tip nghiém cua hé bat phuong trinh c6
dang

{X € eraix > bi,i = 1,2, ...,S},

& day a; = (a;q, ..., aiy) 12 cac vecto dong, sao cho mdi siéu phang véi phuong trinh a;x =
b; x4c dinh mot mat cuc dai cuia NP (1), chira t; diém doc lap affine cua E (G ¢ )) G(I)1ahé
cac don thuc sinh ra ideal I, va song song vO1 r — t; cac vecto co s& chinh tic. Hon nira
ching ta c6 thé chon 0 # a; € Nr cac so nguyen duong b;,i = 1,2, ...,s sao cho a;j, b; <
d ()% v6i moi i, j, trong d6 t; 1a s6 thanh phan toa do khac khong cua a;.

Véi I 1a mdt ideal don thic khac khong, vi R/I 1a mot dai s6 N phén bac nén H i m(R/D)
la mét R/l m6 dun Z" phan bac véi moi i. Véi moi bac a = (ay, ay, ... ,ay) €Z", d€ tinh
dimy, H:,(R/I), ta dung cong thirc dugce dua ra bi Takayama cai duoc tong quat tir cong
thirc cia Hochster trong trudong hop I 1a ideal khong chira binh phuong.

bat G, = supp~(a) = {i|la; < 0}. Véimottapcon F c V,dat Ry = R[xi'1|i € F].Khi
d6 phuc bac A, (1) duge xac dinh bai:

Ag(D) = {F € V\Gg|x* & IRpyg, }- (5)
B6 dé 3. ([4, Pinh 1y 2.2] -cong thirc ctia Takayama]). Ta c6
dimy HE (R/T), = {dimk Hii,1-1 (Be(D; k) néusupp™(a) < A(D) - (©)
0 nguoc lai
Goi I' © A(I™) 1a mdt phirc don hinh con véi tap dinh V(I') < [r]. Ching ta dat
o () = sup{lal| a € Z" va A, (I") = T néu Hiyy(r)|—r-1 (T3 K) # 0
i —o00 trong truwong hop khac. (7)
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Hé qua 4. ([3, Hé qua 3.5.]) Ta ¢6 a;(R/I™) = max{ar;(I")|T' c A(I™)} va néu
Hiyy@)=r-1 ([ K) # 0 thi a;(R/T) € Z.
Ta goi supp(a;) = {jla;; # 0} 1a gia cta a;.
Bo dé 5. ([3, Bo dé 3.7.]) Giit nguyén céc ki hiéu cua B6 @€ 2. Cho a € Z7,n > 1. Gia stt
rang supp~ (a) € A(I). Khi d6 ta co
A (I™) = ([r]\(supp(a;) U supp™ (a)|i < 25; supp™(a) (®)
c [r]\supp(q;) va Z a;ja; < nb;).
., _ jésupp™(a)
2.2. Pa dién nguyén va bat bien a;(R/I™)
T cong thic (1) va (2) ta c6 thé gia st HL(R/[M), #0 véi i =20,n>1,a =
(ay, ay,...,a,) ETT.
Theo B6 dé 3, ta c6 dimy HY (R/1), = dimy H;_ ¢ -1 (A,(I™); k) # 0. Theo Hé qua
4tasuyra a;(R/I™) € Z.
Cho I" 1a mgt phirc don hinh con cta A(J) sao cho I' = A, (I™) v6i a € Z" nao d6, n >
1. Khong mat tinh tong quat ta gid st V(I') = 7,7’ < r sao cho supp™(a) = {r' + 1, ..., 7},
hon nita ta c6 thé gia st supp~(a) < [r]\supp(ay),i = 1,2, ...s" va supp~ (a) khong nam
trong [r]\supp(a;) voii > s',s’ < s. Khi d6 theo (8) ta c6 thé gia st rang
I = ([r]\supp(a;) Usupp~(a)|i =1, ...,s") vois" < s’ 9)
Véi vecto dong a = (aq,ay, ...,a,) € R” ki hiéu a’ = (aq,...,a,7) € R". Tuong tu
vecto dong. Ta xét cac da dién:
a.x' <nb;—1i=1,..,5s"
Qrn =4x' €R"|a;.x" =2n.b;—1,l=5"+1,..,s'
x;=20,j=1,.,r
a;.x' <nb,i=1,..,s'
Pr,=4x" €R"|a.x" 2n.b,l=5"+1,..,5"¢ (11)
x;20,j=1,..,7
B6 dé 6. ([3, Pinh 1y 3.8.])) Khi H;4,/_y_1(T;K) # 0 thi
ar;(I") = sup{x; + -+ xv|x' € Qr, N NT'} +r' —r. (12)
Ta c¢6 nhan xét réng, néu goi
Y = max{x; + -+ x| x" € Pry},
¥, = max{x; + -+ x| x" € Qrp,}, (13)
M, = max{x; + -+ x./|x" € Qr, N N™'J.
thi Y = Y4, YPy, ¥, dat duoc tai mot dinh cua Pr 4, Pry, Qrp, va Y, = yn. Theo [3, ménh dé
1.3.]taco ¥, = .n + b, khi n du 16n. Theo cong thie (12) ta c6 ap;(I") = M, + ' — .
Do Qr, € Pr,, nén M, < ¥, <1,. Bidu nay giup ta khang dinh tinh tuyén tinh ctia ham
reg(I™).
Hai két qua dudi day cho ta thdy reg (/™) 1a mot ham tuyén tinh khi n du 16n va mot
chin trén chi s6 dimg reg — stab(I).
B6 d& 7. ([7, Pinh 1y 4.10]) Cho I 13 mot ideal don thirc khac khong ciia R. Khi d6 ¢6 sd
nguyén duong p va mot s khong nguyén khong am 0 < e < dim(R / ) sao cho reg (Im =
pn + e v6i n du 16n. Hon nita pn < reg(I™) < pn + dim(R/I) v&i moi n > 0.
B6 dé 8. ([3, Pinh Iy 3.13]) Cho I1a mdt ideal don thuc khac khong cua vanh R =
k[x, ..., x,] c6 bac sinh cuc dai 1a d(I). Khi d6 ton tai s6 nguyén duong p < d(I) va mot sb
nguyén khong am 0 < e < dim(R/I) sao cho reg(I") = pn+e véimoin = (r+ 1)(r +

: (10)

!
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2).r".d(D*" vi pn<reg(I") <pn+dim(R/I) v6i moi n=1. Dic biét
reg —stab(I) < (r + )(r + 2).7r". d(D?"".
2.3. Ideal canh ciia mjt don do thi
Mot don d6 thi G 14 mot cap (V, E) trong d6 V = {1,2, ..., 7} goi 1a tip dinh cua G, tap
E = {{i,j}|i,j € V} goi la tdp canh cua G.
Ideal canh cua do thi G 13 ideal don thirc dugc sinh tir canh ctia dd thi G tic 131 = I(G) =
(xix;|{i,j} € E).
Vidu 9. Cho dd thi G = (V,E) v6i V = {1,2,3}, E = {{1,2},{2,3},{3,1}}, day la mét chu
trinh C5 nhu hinh dudi day:

2 ° 3
Hinh 1. Do thi Cg
Ideal canh ctia d6 thi C3 12 1 = (x;x,, X,Xx3, X3%1) € k[xq, X5, X3]
2.4. D0 thi Petersen va chi s6 chinh quy
D6 thi Petersen G = (V, E) véi tap dinh V = {1,2,3,4,5,6,7,8,9,10} vatap canh E =
{{1,2}, {2,3},{3,4},{4,5},{5,1},{6,7},{7,8},{8,9},{9,10},{10,6},{1,9},{2,7}, {3,10}, {4,8}, {5,6}}.
Ideal canh cua d6 thi G 1a ideal don thirc, khong chira binh phuong trong R =
k[x1, X5, ..., X10], duoc xac dinh: [ = I(G) = (xl-xj|{i,j} € E)
Tu Bb dé 2. ta c6 duoc da dién Newton cia ideal I 1a nghi¢m cua h¢ bét phuong trinh:
( X1+t X3+x4+Xg+x7+x92>1
Xy +X3+X4+X5+Xg+%X7,+x9=>1
X1+ x, +x3+x,+x5+xg+x92>1
Xy + X3+ X5+ X5+ Xg+x92>1
X1 +x3+x5+x5+x;,+xg+x92>1
X1+ x+x4+xg+xg+x021
X1+ X+ X3+ X5+ X5+ Xg+x02=1
X1 +x3+x5+x7,+xg+x0=>1
{ X1+ X+ X4+ X5+ X7+ X5+ X021
X1+ X3+ x4 +Xg+ X7 +x3+ %021
Xy + X4 +x5+%x7+X9g+ %1021
X1 +x3+x4+Xx5+X7+X9g+x90=>1
Xp+ X, + X4+ X6+ X7+ X9+ X021
Xy + X4+ X5+ X+ Xg+ X9+ X901
X, +Xx3+x5+x;,+xg+ X9+ x0=>1
X1+ X, + X3+ x4+ X5+ X6+ X7+ Xg+ X9+ X199 = 2
\ x; =20,i=1.2,..,10.

hay Ax = b, (6) trong do
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bat a; = (a4, ---, aj10) 12 vecto dong thlr i cia ma tran A, b; la hang i clama trdn b, i =
1,2,..,26.
Véi ideal canh [ cua d0 thi Petersen ta c6: r = 10,R = k[xy, ..., X10],d(I) =
2 vadim R/I = 4. Theo Bb d& 8. Ton tai cic sd nguyén p,e saocho 1 <p <2vas6 0 <
e < 4 thoa man reg(I™) = p.n + e véi moi n > 132.101°, 2200
Tur d6 két hop cong thure (2) va hé qua 4. ta co
reg(I™) = 1+ max{a;(I") +i|0 < i < dimR/I}
= 1+ max{ar;(I") + |0 < i < dim R/I ,I' © A(J/™) 12 mdt phirc don hinh con}
=yY.n+ b,.
trong d6 ¥ = 1 = max{x; + -+ x,7|x" € Pr1}.
Do I=1(G)=(xx;|{i,j}€E) nén phic don hinh A()={TcV|x; &} =
({1,6,8},{1,7,10},{2,6,9},{2,8,10},{3,7,9},{3,6,8}, {4,7,10}, {4,6,9}, {5,8,10}, {5,7,9}).

e
\A%/

5 4
Hinh 2. Do thi Petersen
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Véia € Z'°, supp~(a) = @ € A(I). Khi d6 da dién Pr, gém cic x € R'° thoa mén:
X1+ X3+ X, +X5+xX7+x92>1
Xy + X3+ X4+ X5+ Xg+x7,+%x9>1
X1+ X, +x3+x,+x5+x5+%x92=1
Xy, + X3+ X5+ X6 +Xg+x9=>1
X1 +x3+x5+xg+x;,+x5+x92=1
X1+ X+ X4 +Xg+xg+x02>1
X1+ X+ X3+ X5+ x5+ x5+ x0=>1
X1 +x3+x5+x;,+xg+x190=>1
X1+ X+ x4+ X5+ X7+ x5+ x0=>1
Xy +tx3+x4+x5+x;,+xg+x0=21
Xy + X4+ X5 +X7+ X9+ x1902=1
X1+ X3+ X4 +X5+xX,+x9+x902>1
X1+ X, +xX4+Xg+X7+Xg+x90=1
Xy + X4+ X5+ X+ Xg+ X9+ X921
Xy + X3+ X5+ X7 +Xg+ X9+ X901

L x;=0,i=12,..,10.

Pa dién Pr; nay c¢6 mét dinh (1,1,0,0,0,0,0,0,0,0). Do vay ¢ > 2. Ket hopp=9¢y <
d(I)=2 nén 1y = 2. Do d6 véi n du 16n reg(I™) = 2n + e, véi e 1a hang sd nguyén 0 < e <
4.

3. KET LUAN

Trong bai bdo trén tac gia da chi ra véil 1a ideal canh ctua dd thi Petersen moi n =
132.101°,2200 thi reg(I™) 1a ham tuyén tinh v&i hé sd goc 2 vata co reg — stab(l) <
132.1019. 2290 Mat huong nghién ctru tlep theo 1a tim ra chi s6 ding reg — stab(I) nho
hon va tim chinh xac duoc hang s0¢e,0<e<4thoaminreg(I™) = 2n + e.
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CASTELNUOVO-MUMFORD REGULARITY
OF THE INTEGRAL CLOSURE OF POWERS
OF THE EDGE IDEAL OF THE PETERSEN GRAPH

Abstract: For a monomial ideal, the function reg(I¥) being linear for sufficiently large s
is a well-known property of the regularity index function. The problem of determining the
stabilization index s, such that reqg(IS) becomes linear, and finding the coefficients a, b in
the expression reg(IS) =as+b for all s >s,, has attracted much attention from
researchers. This problem can be approached through the concept of minimal free
resolutions, the properties of generators of the ideal 1, or linear programming methods. In
this paper, I show that the regularity index function of the integral closure of powers of the
edge ideal reg(I®) is a linear function with slope 2 for sufficiently large s, and determine
the stabilization index reg — stab(l) for the Petersen graph via Newton polyhedra and
linear programming.
Keywords: integral closure, Castelnuovo-Mumford regularity, stabilization index,
Petersen graph, edge ideal.



