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1. MO PAU
Nhiéu van dé cua khoa hoc — k¥ thuat can duoc giai quyét bang cong cu toan hoc. Trong
s6 d6, khong it truong hop dan dén bai toan tim nghiém ciia phuong tinh phi tuyén:

Jfx)=0 (M
(trong d6 f{x) 1a ham dai s6 hodc siéu viét)

Pon gian nhat 1a giai mot phuong trinh dai sb:

Zn:aix”" =0 @)
i=0

Khi bac ciia (2) bang 3 hay 4 kha phirc tap (mic du c6 cong thic tinh nghiém). Néu bac
cua (2) 16n hon 4, hoac (1) la phuong trinh si€u viét thi khong c6 cong thire tinh nghiém. D6 1a
mot kho khan khi tim nghiém cta phuong trinh.

Ngoai ra, cac gia tri (bing sb) ctia mot dai lwong dung trong tinh toan (dir liéu dinh luong
dé mo hinh hoa, thiét 1ap phuong trinh) 1a két qua nhan duoc tir thuc nghiém: do dac, thi nghiém,
thong ké, ... chi la cac s6 gan diing. Hay néi khac, ta khong biét duoc gia tri chinh x4c ciia thong
tin. Thém nita, l4u nay chiing ta van sir dung, tinh toan véi cac sb v6 ty nhu emV2, .. Tu
nhién, cach viét €7 V2,. chi 1a ky hiéu hinh thirc, con gid tri ctia cac s6 v ty d6 ciing khong
xéc dinh (s thap phan vé han khong c6 chu ky).

y

V6i nhimg 1y do trén, van dé tim nghiém dung (5 ER:f(5)= O) cua phuong trinh la
khong thé. Pé giai quyét “Bai toan” ciia khoa hoc - k¥ thuat, ta chip nhén gia tri
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e R f(e) ™0 g0 o v do ehinh xde (alio 86), Phuong phip dila 467 duge xay
dung nhu mét cong cu hitu hiéu dé tinh nghiém gan dung ciia phuong trinh phi tuyén mét an
s6 (1). Quy trinh tinh toan va kiém tra sai s6 c¢6 tinh chat nhu mét tha tuc lip nén co thé lap
trinh trén may tinh dién tir dé tinh ra nghiém xap xi kha don gian nhung van dam bao d6 chinh
xéc theo yéu cau nao do.
2. NOI DUNG
Trong bai viét, luén gia sir f{x) 1a ham xéac dinh va lién tuc trén mot khoang (hitu han hodc
v6 han) nio dé. M3i sé thue ¢ € RS (6) =04 13 nghiém thuc (ding) ciia (1) (hay khong
diém cta ham f{x)). Ngoai ra, cling gia thiét rang phuong trinh (1) chi c6 nghiém c6 lap.
Phuong phép chung dé tinh nghiém gan diing ctia (1) ¢ thé tién hanh theo thir tu nhu sau:
(i): Tim khoang (a,b) c6 1ap nghiém thuc cua f(x) = 0 (nghia la trong khoang (a,b) chi chira
duy nhat mét nghiém thuc ciia phuong trinh)
(ii): Xuht phét tir (a;b) tim duoc & (1), tim nghiém gan dang @ € (@D)dat do chinh xac
(theo yéu cau).
2.1. Khoang ¢6 lap nghiém (KCLN)
2.1.1. Dinh Iy 1.1
Gia str f{x) x4c dinh va lién tuc trén (a,b), néu:

f(a).f(b) < 0va dao ham bac nhat clia f{x) ton tai, khong d6i dau trén (a,b).
Thi (a,b) 1a khoang ¢6 14p nghiém cua phuong trinh f'(x) =0.

S

(a;b) 1a khoang c6 1ap nghiém (a;b) khong phai khoang c6 1ap nghiém
2.1.2. Phwong phdp tim khodng co ldp nghiém (Phwong phdp gidi tich)

Gia st f{x) xac dinh va lién tuc trén tap xac dinh va c6 dao ham trén tap xac dinh. Pé kiém
tra xem khoang (a,b) c6 c6 lap nghiém thuc ctia phuong trinh (1) hay khéng, c6 thé lam nhu
sau:

Budc 1: Tinh cac gia tri f(a), f(b):
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- Néu f{a).f(b) > 0 thi dimg va (a,b) khong c6 lap nghiém thuc ctia (1)
- Néu f{a) f{b) < 0 thi chuyén (Buéc 2)
Budc 2: Néu f'(x) khong d6i dau trén (a,b) thi c6 nghiém dung & € (a, b).

Va (a,b) 1a khoang c6 1ap nghiém cua (1)
Thi du: Tim KCLN cua phuong trinh: x3 —x — 2 = 0.
Tacod: f(x) =x3—x—2
f(1)=-2
f(2)=4

f'(x):3x2 -1

Tim khong diém ctia dao ham bac nhat: f'(x) 03 -1=0x=+

[

Ta c6 bang dau:

X —o0 ﬁ ﬁ 1 2 “+o00
3 3

S + | - | +
Ta théy, f '(x) khong d6i dau trén khoang (1,2)

Nhu vay, (1,2) 1a khoang c6 1ap nghiém thuc cta phuong trinh da cho.

2.2. Phuwong phap chia doi
Y tudng cua phuong phap la: Xuat phét tir mot 1an can (KCLN) da biét, ta thu hep dan lan
can chtra nghiém va chon nghiém xép xi trong lan can tuy y dat do chinh xac nhét dinh.

2.2.1. Ngi dung phwong phap

Gia str (a,b) 1a khoang c6 lap nghiém cta phuong trinh f{x) = 0 (1)
o .oo.ath
Chia d61 khoang (a,b) boi diém chia:
, a+b a+b
+Néu f( 5 )=0= 5 =& (1a nghiém dtng cua (1)).
Tuy nhién, trudng hop nay gan nhu khong bao gid xay ra.
a+b a+b
+ Nguoc lai, f( )#0 f( )
2 . Khi d6 2 & trai ddu véi hodc f{a) hoic f(b)
_ , a+b a+b
Vay KCLN méi ctia (1) 1a mot trong hai khoang sau day: (a, > ) hoic ( 5 ,b).

bat KCLN méi 1a (a,,b,) sao cho f(a,).f (b)) <O0.
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+b b

a=aq al: : a; =4 b

o - — o
(a.b)
- £ . , o ue . q +b1
Ticp tuc chia khoang (a,,b,) béi diém chia
b
a=aq alr 1 a_;\é‘bl b

(a.b) __Gth +b

a,+b
f( 1 1)<
#0—Xa,.b))
Qua trinh lap lai ...

Tir d6 tim duoc nghiém « xip xi & thoa man:
o — £| < & véi £ 1asai s6 da cho.
2.2.2. Sw hoi tu ciia phwong phdp

Néu thuc hién v6 han lan viéc chia d6i cac KCLN xuat phat tir (a,b), thi hodc tai mot bude
nao do ta tim dugc nghiém ding £la diém gitra cia khoang chia hoac nhan duoc mot day vo

han céc khoang chong 1én nhau va thu nho dan.
(a,b)>(a;,b)>...0(a,,b)>..
Sao cho f(an). f(ba) <0 (*)

b —a = - (b—a)

yaTE w o oom m=1,2,...)
Diy cac dau mut trai (a,) don diéu khong giam, bi chan trén boi b
Diy cac dau mut phai (b,) don diéu khéng ting, bi chin dudi boi a
Twds, lima, =&;limb, =&

n—>+0 n—>+0

va f(a,).f (b)—==(f(£)) <
Chtng to f (f ) =0, va & la nghiém dung ctia phuong trinh.

2.2.3. Ddnh gid sai sé
Vé mat ly thuyét, néu thuc hién vo han 1an viéc chia ddi cac KCLN (n —> +OO) <& tim

duoc nghiém dung cta (1). Tuy nhién, trong thuc tién qua trinh d6 13 diéu khong thé. “Bai toan”
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ctia khoa hoc — k¥ thuat yéu cau duoc giai va cho ra két qua dinh luong bang s6, do d6 quy
trinh tinh nghiém cua (1) phai dimg ¢ mét bude (hitu han) nao d6 — ddng nghia 1a chip nhan
gia tri (s6) x4p xi v6i sai s6 chap nhan duoc lam két qua tinh toan.

< .1
Sau moi budce (1ap), ta c6 KCLN méi voi do dai bang 5 KCLN cii (trudc no).

1 1
(by —a,y) =§|ao_bo| =§(b—a)

1

1
(bn - an) = Elan—l - bn—ll = 2_"(b - a)

Néu dimg lai & bude 13p thir n (hivu han): (,,b, ) 1a KCLN cua (1) chira nghiém dung la:

:
a a 2 b

n n

Ta c6 thé chon nghiém xap xi @ lamot gia trituy y: a, <a <b,
Tuy nhién, dé tién cho viéc kiém tra sai sb (Thuat toan dirng hay thém budc lap) ta chon a
+Néua:an — Ia_fl = Ian_fl

1 1
< E(bn_l —an_l) = ?(b —Cl)

+Néu azbn—>|a—§|£%(b—a)

R N s _5‘
1 |
SE(bn _an): it (b_a)'

2.2.4. Danh gia phwong phdp
Phuong phap chia d6i la phwong phap don gian, dé tinh toan, dé 1ap trinh. Trong qua trinh
tinh toan it dé cap dén cac thong tin clia ham f{x). Sau mdi budc lap thir i, ta chi tinh mét gia tri

7 a +b
diém cua phuong phap 1a toc d6 hoi tu cham (hoi tu tuyén tinh — khéi luong tinh toan khong
nho)

2.2.5. Thi du mé phong
Tim nghiém x4p xi ctia phuong trinh x3 — x — 1 = 0 bang phuong phép chia doi.

) 1am co sé dé chon khoang c6 1ap nghiém méi (d6 13 wu diém). Tuy nhién, nhugc
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Taco: f(x) =x3—x—1
f()=-Lf(@=5=f(D.f(2)<0
Ngoai ra f{x) xac dinh va lién tuc trén (1;2) va trong khoang nay f*(x)= 3x*=1>0

Xuét phat tir KCLN (1;2)

+ Chia (1,2) boi diém chia: 1.5

Tinh £'(1.5)=0.875>0

+ Chon KCLN méi 1a (1;1.5)

Ap dung phuong phap chia doi xudt phat tir (1,1.5) boi diém chia 1.25
Taco: f(1.25)=—0.296875<0

+ Chon KCLN méi 1 (1.25,1.5)

Ap dung phuong phap chia d6i xuit phat tir (1 25,1 .5) boi diém chia 1.375
Taco: f(1.375)=0.224609375>0

+ Chon KCLN méi 1a (1.25,1.375)

Tiép tuc qua trinh. ..

Néu qua trinh dimg ¢ budce 1ap tha 5, co thé tém tat br?lng bang (da quy tron sb liéu) nhu sau:
n —

a, b, a,+b, 7] G +b, b —a,
2 2

0 1 2 1.5 0.875 1
1 1 1,5 1.25 -0.29688 0.5
2 1.25 1.5 1.375 0.22461 0.25
3 1.25 1.375 1.3125 -0.05151 0.125
4 1.3125 1.375 1.34375 0.08261 0.0625
5 1.3125 1.34375 1.328125 -0.01458 0.031255
6

Ta c6 thé chon nghiém xap xi: xs = 1.328125 va sai s6 so véi nghiém dung cua (1) la:

= %(0.03 1255)=0.0156275

’xs —é" Sz—t.(b—a)

Néu qua trinh tiép tuc, ta s& tinh dugc nghiém xap xi v6i d6 chinh xac tiy .

3. KET LUAN

Xuét phat tir thuc té ring nhiéu van dé ctia khoa hoc — k§ thuat can phai thiét 1ap mot quan
hé ham gitra hai dai lwong (x va f{x)) cling nhu nhiéu bai toan dan dén viéc tim nghiém cia
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phuong trinh phi tuyén dang f{x) = 0. Trong d6 f{x) 1a ham x4p xi bang ndi suy, phuong phap
binh phuong cuc tiéu. ..

Viéc nghién ctru dé tim ra phuong phap tim nghiém xép xi va xay dung thuat toan dé tinh
toan va lap trinh trén MTDT 1a rat quan trong. Phuong phap chia déi 1a mét trong sé d6 gitp ta
dat duoc muc tiéu da néu.
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FINDING APPROXIMATE SOLUTIONS TO NON-LINEAR
EQUATIONS USING THE BISECTION METHOD

Abstract: When deadling with engineering practical problems, we often end up solving non-
linear equations. Therefore, this article will discuss the use of bisection method to find
approximate solutions to non-line ar equations in one variable with a given tolerance.

Keywords: Equation, isolating interval, approximate real roots, error.



