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Tom tit

Trong bai bao nay, ching t6i trinh bay mét sé két qud cua ham 16i xdp xi dinh nghia
trén khong gian Banach X. Cac két qud ndy da dwoc dwa ra béi Hupnh Vin Ngdi, Pinh Thé
Luc va Michel Théra, trong [4]. Tuy nhién, hau hét chizng minh van tat hogc khdng ching minh.
O ddy, ching t6i trinh bay véi chizng minh chdt ché va chi tiét.

Tir khoa: Ham 16i xdp xi, ham & —1ai, ham & — lién hop.

Abstract
Approximate Convex Function
In this paper, we present some results concerning of approximate convex function
defined on a Banach space X. These results were proposed by Huynh Van Ngai, Dinh The Luc,
and Michel Théra, in [4]. However, most of them were not proved in full detail. In here, we
present them in more detail with proofs.
Keywords: Approximate convex function, £ — convex function, & — conjugate function.

1. Giéi thigu

L6p cac ham 16i dong mét vai trd quan trong trong Toan hoc va céc nganh khoa hoc
g dung. Suét thap ky qua, nhiéu két qua dugc ma rong dua vao tinh 15i. Tuy nhién, tinh
161 thuong 1a nhitng gia thiét qua manh trong viéc tng dung, chang han nhu trong Toan kinh
té. Nhiéu van dé trong thyc tién, ta phai 1am viéc véi nhimg déi teong néi chung khong 15i
theo nghia chinh théng. Vi vay, viéc khao sat nhitng d6i tuong (tap hop, ham) khang 16i
nhung van giit duoc (Mot s6 ) tinh chat dep cua tinh 15i 1a ¢6 y nghia quan trong. Nhimg dbi
tuong nhu thé duoc goi 1a 16i tong quét.

Gan day, nguoi ta quan tam nhiéu dén cac 1op ham 16i tong quat nhu 16p cac ham
dwdi— C*, dudi— C?[1], [3]; ham niza tron [5]; ham 16i xdp xi [4]. Trong bai béo nay chi
khao sat, nghién cau [6p ham 16i xdp xi.

2. Céc khéi niém va dinh Iy

Mot s6 khai niém lién quan dén trong phan nay ma khdng nhic dén trong bai béo, c6 thé
tim thay trong [1], [2].

2.1. Mot s6 khai niém vé ham Iéi va ham & — 14i.

Phan nay trinh bay mot s khai niém s& dugc dung ¢ phan sau.

Pinh nghia 2.1.1. Ham f duoc goi la ham 16i néu thoa mén bat dang thirc sau

f(Ax+(1-2)y)<Af (x)+(1-4) f (y), véimoi x, ye X, 2€[0,1].
Pinh nghia 2.1.2. Gia st X la khdng gian Banach. Ham f : X — R duoc goi la Lipschitz
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dja phuong tai X € X, néu ton tai 1an can U cua X € X, s6 K >0 sao cho

(%)= f(x)
Pinh nghia 2.1.3. Him f duoc goi 1a nia lién tuc dudi tai X € X, néu véi moi & >0, ton
tai lan can U cua X sao cho

<K|x=x|, véi moi x, X' €U.

f(X)—e<f(y), véimoi yeU.
Pinh nghia 2.1.4. Ham f dwoc goi 12 ham & —16i néu thoa man bat dang thirc sau
f(Ax+(1=2)y)<Af (x)+(1-2) f (y)+e2(1-2)|x—y]. x, ye X, 2&(0,1).
Vidy. Ham f:R— R xacdinhbsi f(x)=—|x| laham 2-14i.
Pinh nghia 2.15. Cho f la ham &—lsi, ye X c¢b dinh. Ham e&—lién hop
f, (e, .): X" >RU{+o0} cua f tai y duoc dinh nghia boi

6 (e £): =sup (0~ 1 (x)-elx-).

Pinh nghia 2.1.6. Ham & —lién hop thiz hai " (&, .): X > RU{+e0} cua f tai y duoc
dinh nghia bai

f," (&, x):=sup {<§ X)— fy*(g,g)}.

EeX”®
2.2. Ham 16i xap xi
Phan nay, t6i trinh bay mot sé tinh chat co ban nhét c6 thé goi 1a dep cua ham 1oi xdp xi trén
khong gian Banach.

Cho f: X —)]RU{+OO} la ham nta lién tuc dudi. V&i mdi 6 >0, ta dinh nghia ham f;
nhu sau

f(x), xeB(x,, 0
f5(x)__{ ( ) = ( 0 )

0, x ¢ B(Xy, &).

Pinh nghia 2.2.1. Ham f goi 1a I6i xap xi tai X, € X néu véi mdi & >0, ton tai & >0

sao cho fs laham &—16i, tac la véi mi & >0, ton tai & >0sao cho
f(Ax+(1-2)y)<Af (x)+(1-4) f (y)+&2(1-2)|x=y]. X yeB(X),6), 1&(0,1).
Ham f 15i xap xi trén mot tap khac rong C < X néu f 1a ham 16i x4p xi tai moi x e C.
Khi C= X tandi f laham I5i xap xi.

Nhan xét 2.2.1. Tir dinh nghia ta thdy, mot ham 15i 1a 16i xap xi diéu nguoc lai néi chung

khong dung. Chang han, ldy ham f :R — R xacdinh boi f(x)=-x.  Khido, f Ia

ham 16i xap xi nhung khéng 12 ham 16i. That vay, Ve >0, chon & :g. Khi d6, véi moi

2€(01), x, yeR, [x<d, |y|<d, taco
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f(Ax+(1-2)y)=—[ Ax+(1-1) y]z =3 —(1-2)" y? —22(1-2)xy,
AF(X)+(1-2) f (y) =223 (1= 1) y2.
Do d6
f(Ax+(1-2)y)=Af (x)—(1-2) f (y)-&A(1-2)|x-y|=
= A5+ A —(1-2) Y +(1-2) Y2 =22 (1-2)xy — g2 (1= 2)[x -]
=A(1-2)K+A(1-2)y? =24 (1= A)xy —eA(1-A)|x— Y|
—4(1-2)| (x=y)* ~e[x=y| | <0, V[, |y]<e.
Diéu nay ching to f 1a ham 16i xép xi. Nhung f khong Ia ham 16i, vi véi moi 1€(0,1),
Vi moi Xy, tacd ﬂ(l—)t)(x—y)2 >0 nén
f(Ax+(1-2)y)>Af (x)+(1-2) f(y),V2€(0,1), véi moi x=y.

Duéi day ta s& dua ra mot va diéu kién du d¢é mot ham 1a 16i xap xi.

Pinh 1y 2.2.2. ([4, tr. 8]) Cho f : X — RU{+o0}, mdi diéu kién dudi day la diéu kién dii
dé f 1aham 16i xdp xi tai X, € X.

i) f codaoham chat x,.

ii) f="f+f,hodc f=max{f,f,}, trongds f, va f, lacac ham I5i xap xi

tai X,.

iii) f =goA, trongdd A laéanh xa affine lién tuc tr X vao khéng gian Banach Y, g la
ham tir Y — R U{-+o0} va la ham 16i xép xi tai Ax, €Y.

Chitng minh. Gia sir diéu kién (i) dugc théa mén. Do f c6 dao ham chat tai x, nén véi
mdi >0, tontai & >0 sao cho

[£(X)= £ ()= Df (%) (x=y)| <3 [x=y]. véi moi , y € B(%,,5).
Vi moi X,y € B(X,5) va 2€(0, 1) taco [Ax+(1-2)y—xo| = |1 (x—x;)+
1-2)(y =% )| <x=X|+(1-2)|y—Xo| < A6 +(1-2)5 =6, tic la Ax+(1-2)ye
B(X,,6), dodotaco

‘f (Ax+(1-2)y)- f(x)-(1-1)Df (xo)(y—x)‘é

5

© (1)) va

‘f (Ax+(1-2)y)- f(y)—ADf (xo)(x—y)‘sgﬂ”x—y”.

Suy ra
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f (Ax+(1-4)y)< f(x)+(1-1)Df (xo)(y—x)+g(l—ﬂ)||x—y|| va

f(Ax+(1-2)y)< f(y)+ADf (xo)(x—y)+gﬂ||x—y||.

Nhan céc bat dang thirc trén lan luot véi A, 1— 4 sau d6 cong lai ta dugc
f(Ax+(1-2)y)<Af (x)+(1-2) f (y)+Ae(1-2)|x-y].
Diéu nay chang to f 1a ham 16i xap xi tai X,.
Gia str diéu kién (ii) duoc théa man. Néu f =max{f,, f,} trongdo f,, f, la cac ham Idi
X4p xi tai X,. Hién nhién f 1a ham 16i xap xi tai X,.
Néu f =f +f,,trongdo f}, f, 1a cac ham 16i x4p xi tai X,. Vi f;, f,1a cac ham 15i xap xi
tai X, nén Ve >0,36,,6, >0 saochovie(0,1) taco
fi(Ax+(1-2)y) < Af(X)+(1-2) f; (y)+eA(1-2)[x =], VX, yeB(X,&).i=12.

Chon 8§ =min{5,,8,}, khi d6 VX, y e B(xy,5),4(0,1) taco

f(Ax+(1-2)y)= f(Ax+(1-2)y)+ f,(Ax+(1-2)y)

<A(f+5)(X)+(A=-2)(f,+ ) (y)+2e2(1-2)|x—y].

Vay f 1aham 15i xap xi tai X,.
Gia s diéu kién (iii) dugc théa man. Vi g la ham 156i xap xi tai Ax, €Y nén
Ve >0,36 >0 sao cho
9(Ao+(1-2)n)<Ag(@)+(1-2)g(n)+eA(1-2)|w—7|,Vo,7 € B(Ax%,5),4€(0,1).

Chon &, Khi d6, véi moi X, y € B(Xy,6); A, Ay e B(Ax,,5) va VA e(0,1).

_ 0
Al

Taco
g(AAX+(1-2) Ay) = A9 (AX)+(1-2) g (Ay)+ A (1- 1) | Ax— Ay|

<A(g° A)(x)+(1=2)(g > A)(y)+&|A|A(1-2)[x-y].
Vay f =g o A I6i xap xi tai X,

Dinh ly sau day thiét 1ap tinh Lipschitz caa ham 16i Xap xi.

binh ly 2.2.3. ([4, tr. 9]) Gid sur f:X —>RU{+oo} & ham nia lién tuc dudi, chinh
thuong. Néu f 1aham 16i xap xi tai X, € Int(domf ) thi f Lipschitz dia phuong tai X,.
Ching minh. Vi f 1a ham 16i xap xi tai X, nén ton tai £>0 va >0 sao cho

B(X,,6) < domf va
1)
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f(Ax+(1-2)y)<Af (x)+(1-2) f (y)+e2(1-2)|x—y], VX, y € B(X,5), 2 €(0,1)
Tru6c hét ta chang t6 f bi chan dja phuong tai X,. Lay
U, ={xeB(x,8)/ f(x)<n,n=12..} Khids, B(X)6)=UyxU, va U, déng vn.
That vay, hién nhién U, U, = B(X%,,8), Vi B(Xy,8)<=domf nén ta c6 bao ham thic
nguoc lai. C6 dinh n, lay day{u,}<U, u, >u, Ta ching t6 uyeU,. Vi
Up € B(Xo,8) nén |u, —xof <8, vm. Do dé, |uy—x%o| <5, véi m dulén. Vi f la ham
ntra lién tuc dudi nén véi moi & >0, ton tai U —1an can cua u, sao cho

f(up)<f(y)+e vyel.
Do u,, — U, nénvéi m du lén ta co

f(up)<f(uy)+e<n+e.
Cho & —0 tadugc f(Uy)<n, véi m du lén. Piéu nay ching té u, €U,. Vay U, déng
vn.
Theo Pinh ly Baire, In, : IntU,, = . Gia su 7, € IntU,, . Khi do, ton tai 0< ¢, sao cho

B(X.8)cU,. Chon a>1 sao cho yO::LlXO_LlZOEB(XO’é‘) va chon
° a-— o-—

y=ﬁ<5. Khi —do, VxeB(X7) z=Yo+a(x—y,)eIntU, . That vay,
a 0

2=20]=][yo ~ 20 + ax(x= Yo )| =[x (Yo~ %0 ) + @ (x=Yo)| = a|x x| < ar =6, tic Ia
2€B(z,6)cU, . Vi 2,y, € B(X,,5) nén theo (1) ta cd
f(x)=f (a‘lz +(1—a‘1)y0)
<atf (z)+(1—a‘1) f (y0)+8a‘1(1—0f1)||y—2||
<a'mg+(1-a M) f (yp)+eaH(1-a )25,
Nhu vay, f bi chan trén B(Xy,7), do d6 ton tai M >0 sao cho ‘f (x)‘s M. V&i moi

xeB(X,7), 2% —xeB(Xy, ) taco

f(x)= f(%x+%(2x0—x)j

f(X)+=M+=7. (2)
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Suyra f(x)=2f(%)—M —2er,VxeB(Xy, 7). V6i X,y e B(xo,%j thi

z::xj{%(x—y)e B(xo,;/)je B(X.7), n=|x—y|. Khids,

2 y j 2 y 2¢ny
f(x)=f Z+ y|<——1f(z)+ f(y)r—2—|z-y]|.
) [7+277 y+2n°) y+2n ) y+2n ) (7/+277)2” ”

Vi [ (x)| <M, ¥xeB(x,7) nén f(x)—f(y)syign(f(z)— f(y))+er|x—y|
2

<211 (1)) rerlr- vl Do ol @

Doi vai trd X va y ta dugc

£(y)-f (x)s(TMheyj”x—y”.

Do d6
4M
()1 (o)< 2 Jp=si

Vay f la ham Lipschizt dia phuong tai X,.

Dinh 1y dudi day 1a mot tinh chét dic trung caa ham 16i xap xi.
binh Iy 2.2.4. ([4, tr. 10]) Cho X la m¢t khong gian Banach, f: X —RU{+w} 1a mgt ham
nia lién tuc dudi, chinh thuong. Khi @6, f 1a ham I6i xdp xi tai x, € X néu va chi néu véi
méi &>0 ton tai >0 sao cho bdt ky yeB(x,,5) ta cd thé tim mgt ham 16i, nuza lién tuc
dudi g, (.): X > RU{+xo} thoa
‘f (x)—gy(x)‘ <e|x—y|, véi moi xeB(x,, J).
Chieng minh. Ta chimg minh diéu kién can. Gia sar f 13 ham 16i X4p xi tai X, , khi d6 v6i
£>0 ldy &>0 sao cho ham f; 1a £—16i. C) dinh y e B(X,,6) ta dinh nghia
9y ()= 55 (2.%)
Trong d6, fj, (&,.)1aham lién hop thir hai cua f;. Do d6, diéu kién can duoc ching minh.
Ta chirg minh diéu kién du. Theo gia thiét, véi mdi £>0, ton tai >0 sao cho v&i moi
z2€B(%o,0) taco thé tim mot ham 16i g, thoa
| f(x)-g, (x)| < §||x— z|, vx € B(X,5).
Lay x,yeB(x,,8), A€(0,1), khi do ||Ax+(l—ﬂ)y— x0|| =||/1(x— X0 )+(1+4)
(Y=%)|<A5+(1-2)5 =46, tic 1a Ax+(1-2)y e B(x),5). Do do, taco
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£
‘ f (X) ~ Qaxe(1-2)y (X)‘ < E(l_ ’1)”)( - y”

&
‘ f (y) - gzx+(1—l)y (y)‘ < El”X - y”
Suy ra

Af (X)+§ﬂ“(1_ﬁ’)nx_y”Zﬁ’ng(l—i)y(X) (4)

(L=2) 1 (9)+ 5 A=) =12 (1= 2) Gropaonyy () 5)

Cong veé theo vé (4), (5), vado g,,,, ,), () 1a ham 16i, hon nira

ey (Ax+ (1=2)y)=f (Ax+(1-2)y).
Ta duoc
f(Ax+(1-2)y)<Af(X)+(1-2) F(y)+ei(1-2)|x-y]|.

3. Két luan

Bai bao di thuc hién duoc cac van dé sau:

Ching minh chi tiét cac két qua, dinh Iy 2.2.2, dinh ly 2.2.3, dinh Iy 2.2.4.

Dinh ly 2.2.2, dwa ra mot vai diéu kién du & mot ham 1a 161 xap xi.

Dinh ly 2.2.3, thiét 1ap tinh Lipschitz cia ham 13i xdp xi.

Dinh ly 2.2.4, day 1a dinh ly quan trong néi vé tinh chat dic trung cua ham 16i xap xi.
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