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MOT SO PINH LY ANH XA MG PA TRI VA UNG DUNG
Phung Xuan L&

Tom tat

Trong bai b&o nay, ching tdi trinh bay mét sé két qud lién quan dén nguyén 1y anh xa
mé va anh Xa nguroc cua anh xg da tri. Cac két qua diroc 1ing dung nghién ciru tinh diéu khién
ot cua hé diéu khién hitu hagn chiéu. Cac két qua nay da dwoc dwa ra boi Frankowska [2],
tuy nhién hau hét chizng minh van tat hogc khéng chizng minh. O day, ching tdi trinh bay véi
ching minh chat ché va chi tiét.

Tiur khoa: Pinh ly &nh xg mé, dinh Iy anh xa nguroc cap mét, tinh diéu khién duwoc, tinh
toi wu.

1. Giéi thigu
Mot trong nhitng van dé trung tdm cua giai tich bién phan 1a nghién cau tinh 6n dinh
nghiém cua tap nghiém ciia phuong trinh y =G(x) hodc y € G(x) trong trudng hop tong

quat G: X — 2" 12 anh xa da tri, khi y hodc ca G bi nhidu. Mot cong cu quan trong dé
nghién ctu van dé nay 1a dinh ly 4nh xa mé. Quay lai nguyén Iy anh xa mé ¢é dién noi
tiéng cua Banach (1930) trong giai tich ham ndi ring mot toan tir tuyén tinh lién tuc, toan
anh tir mot khong gian Banach X 18n mot khéng gian Banach Y thi bién mdi tap mo trong
X thanh mét tip mé trong Y. Nhu da biét, nguyén |y &nh xa mé Banach cho anh xa tuyén
tinh 12 mot nguyén ly nén tang trong Giai tich ham. Nguyén Iy nay sau dé da duoc tong quat
cho nhitng anh xa phi tuyén boi Lyusternik va Graves. ... Nhimg nim gan day, cing vdi su
phét trién cua Giai tich Pa tri va Giai tich Bién phan, nham muc dich ung dung vao nhitng
bai toan bién phan xuat hién trong thyc tién, nhiéu dang dinh 1y 4nh xa m& cho anh xa da tri
trén mot sb I6p khong gian khac nhau da dugc xem xét boi nhiéu tac gia, va dat dwgc nhiéu
g dung quan trong trong nhiéu linh vuc toan hoc, chang han nhu trong Ly thuyét Téi vu
va Ly thuyét Biéu khién.
2. Cac khai niém va dinh ly
Céc khai niém lién quan dén phan nay ma khong nhic dén trong bai béo, ching ta c6 thé
xem trong [1], [2].
Pinh nghia 2.1. Cho X, Y 13 hai tap hop bat ky. Anh xa G: X — 2" cho tuong ting méi
Xe X, G(x) la mét tap hop con cua Y duoc goi la &nh xa da tri tir X vao Y.
Pinh nghia 2.2. D) thi cia G (Gl’aph(G)) duoc xac dinh bai

Graph(G) :={(x,y)e X xY 1y eG(x)}.
Mién hitu hiéu cia G(dom(G)) duoc x4c dinh boi

dom(G):={xe X :G(x)=}.

* ThS, Trudng Dai hoc Phl Yén
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Mién anh cua G (range(G))duqc xéac dinh bai
range(G):={yeY :3xe X saochoyeG(x)}.
Pinh nghia 2.3. Anh xa nguoc G™:Y — 2% cua &nh xa da tri G: X — 2" duoc x4c dinh
bai cong thuc
G(y)={xeX:yeG(x)},véimoi yeY.

Pinh nghia 2.4. V4i xe X, h>0 taki hiéu

Bn () hinh cau mé tam x, ban kinh h;

B, (X) hinh cdu déng tam X, ban kinh h.
Dinh nghia 2.5. a) Cho X Ia mgt khéng gian metric vai metric d. Ta dinh nghia khoang
cach tir mot diém xe X déntap Ac X 1asd d(x, A):= inf d (X, y).

ye
b) Ta goi khoang cach Hausdorff gitra hai tap A, B trong X la s
d, (A B):=maxisupd(x, A); supd(x, B);.
xeB xeA
Pinh ly 2.1. ( Nguyén ly bién phan Ekeland)
Gia st (X, d)lé khong gian metric ddy di va ham ¢: X — ]Ru{+oo} 14 ham nua lién tuc
duéi va bi chan dudi trén X.Gia sit X € dome thoa man
go(x) < Ixrel)l: gp(x)+g, vaie > 0.

Khi do, véi A >01a mot s6 thue cho trudc, thi ton tai X € X sao cho

i) (p()?) < (/)(Y);

i) d(% %)<

i) V6i moi xe X \{%}, ¢(2)<¢(x)+§d(x, %).

Pinh nghia 2.6. (Gidi han theo Painlevé —Kuratowski)
Cho T Ia m¢t khong gian metric, {A },.; 1a mot ho tap hop phu thudc vao tham sb
teT, A <Y voimoi 7,Y lakhong gian dinh chuan. Gigi han trén va giGi han dué6i theo
Painlevé —Kuratowski cua ho {A },.; khi 7 — 7, xac dinh bai

limsup A, :{v eY :liminfd (v, A):o},

T—)TO

liminf A ={VEY :limd (v, A{)zO}.

Pinh nghia 2.7. Cho G: X — 2" laanh xadatrity X vao Y, X Ia khbng gian metric va
Y lakhong gian Banach. Gia sir (x, y) e Graph(G), k>0.
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i) Bién phan tiép xuc cua G tai (X, y) la tap con dong cua Y duoc xac dinh bai

GY(x, y):zlimsupw.

h—0" h

ii) Bién phan cap k cia G tai (X, y) la tdp con dong cua Y duogc xac dinh boi

. G(B,(X))-y

k . h

O (xy)= g =2
h—0"

Nhan xét 2.1. i) Véi —¢ ki hiéu sy hoi tu trong Graph(G);

i) veG"(x,y) khi va chi khi ton tai diy h —0",v,—>v sao cho
y+hv, EG(Bhi (x));

Tuong tw, VeG* (X, y) khi va chi khi h =0, (X, ¥;) = (X, y), ton tai ddy v, >v
sao cho y, +hfv, € G ( B, (X, ))

Dinh 1y sau day cho méi lién hé gitra nguyén Iy 4nh xa mé déu va tinh chinh quy cua anh
xa nguoc G .

Pinh Iy 2.2. Gia st X la khdng gian metric day du va Y la khong gian metric. Xét anh
xadatri G: X — 2" c6dd thi dong va Yo €G(%,).

Néu  ton tai k>0, £>0, p>0, 0< <1 sa0  cho  vai moi
(x, y) e Graph(G)nB, (%,)xB, (Y,) vavsi moi he[0,&], thoa

sup d(b,G(B,(x)))< Boh",

bEBphk (y)

Thi  voi  moi (xi,yl)eGraph(G)mB/(xo)xBV(yO),véi moi h>0 thoa
72 2

h E .. .
m4r2%2“+<zwmwwe%wmwwo

1
1- gk

d(x, G*(y,))< h

hogc twong duong véi moi (X, y;)€Graph(G)n B‘V(XO)XBV(yO)Vé véi moi y, €Y
2 2

thoa d (y,, y2)<min{§, p(gj (1—ﬁ%)k}, ta co

d(x,, G‘l(yz))g_— —
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Chitng minh. C6 dinh S8 < a <1 sao cho <£
1—05% 2
Thi véi moi (x,y)eGraph(G)nB, (x,)xB, (Y,) va vsi moi he(0,¢],taco
sup d(b, G(B,(x)))<aph". (2.1)

bEBphk (y)

Gia st X, Y,, Y,, h nhu trong két luan caa dinh ly trén. Xét truong hop h=0. Ta tim
X, €G7(y,) thoa d(x, X,)< h/(l—a%). Ta xay dung gi6i han ctia mot day nhu sau.
Dit u, =x. T (2.1), ton tai (u,, v,)eGraph(G) sao cho d(u,, u)=d(x, u,)<h,

d(v, y,)<aph*.
Gia str chung ta da xay dung duoc (ui )V, ) € Graph(G) vGi 1=1,...,n sao cho

d(u, u)<aV*h, (2.2)
: A k
d(v;, y,)< pa'h® :p(a kh) : (2.3)
Thi
i i-1
A0 )< d (U u)<hY @l <y (29)
= j=0 l-a
va
h
d (X, u)<d (X, X )+d(x, ui)s§+ — <&

1
d(Yo, Vi) <d (Yo ¥o)+d (Vi Vo) +d (Y, Vi) <

Do d6, tir (2.1) va (2.3) &p dung cho (u,, v, ), ton tai (U, V,.,) € Graph(G) sao cho
d(u,, U,,)<a"h, d(v,.,Y,)<pa"h"

Tur (2.2), suyra {u;} la mét day Cauchy va tir (2.3) suy ra limy, =y,. Gia st X, la gidi

han ciia {u;}. Vi Graph(G) la déng, (X,,Y,)eGraph(G) do dé x, e G™(y,). Hon nita,

tir (2.4), taco d (X, X,) < _h do do

1_al/k

d(xl,Gl(yz))sjh.

Vi a (3, 1)co thé chon tly y. Vay dinh 1y da dwgc ching minh.

Dinh ly tiép theo 1a mot dinh Iy ham nguoc da tri dwa vao bién phan cap mot.
Pinh Iy 2.3. Gid stz X la khéng gian metric day du va Y 1a khong gian Banach. Xét anh
xa da tri G:X — 2" ¢6 dé thi déng. Gid sir chudn cua Y khd vi Gateaux tai moi diém
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khac 0 va xét y, € G(X,). Néutontai £ >0, p>0, M >0,sa0 cho

(x, y)eGraph(
(x,

y)eB, (Xo)'g( o)
thi véi méi (x,, y;) € Graph(G)NB,,(%,)xB,(¥,), ¥, €Y thoa

f)

(
—B}MLod G ()< - vl
4 2 _p 1 2

3 o G(B,(x))-
Chirng minh. Tu dinh ly 2.2, ta chi can chiing minh 1’0/1 Bc ( h(h )) y
+

”yz y1|< mm{g

diang vai
. = & & z .
moi  A>0, (X, y)eGraph(G)ﬂB%(XO)XB%(yO), O<h SE’ 0<h<§. C6 dinh
A, h, (t2)=(xy) vagia st ton tai ‘ez+p—ﬁI03 y £G(B; (x))
y N, (LZ)=(XY g al 'y 1+ p Y N -

Pit 0<®<1vsi ©° =W va K:=Graph(G)NB; (t)xY. Ap dung nguyén ly
P

bién phan Ekeland cho ham lién tuc (x,y)—>|y—Y| trén khong gian metric day du K voi

metric d((x y).(x,y))=d(x, x')+§||y—y'||, ta tim duoc
(%, y) By (t)xB,; (z), saocho
A L
Iy= 3=l 125 8 (0 x) g =1, v (ww) ek 26)

Do céch chon ¥, taco y# V. Do tinh kha vi cua chuan trong Y, tontai peY”, |p|,. =1
sao0 cho véi moi h; -0, V; =V, taco

ly+hv, =5 =[y=5]+(p.ny)+o,(h;). 2.7)

i i Ov(hi)_ 5 @) : +
Vi I|m|nfh——0. C6 dinh ve G (x, y) vacho h, > 0", v; -V, sao cho

joe )
i

y+hy, e G(th (x)). Tir (2.6) va (2.7), ta c6
0 )
< (o). 22 (b oo, (n)

Cho h; —1 va lay giéi han ta duoc (p,v)> 19’1 (1+—||v||j

Do do, voi moi v co (G (X, y)NMB), tacé (p, v)=-0. (2.8)

Vi (%, y)eB,(%)xB,(Y,) va chcﬁ(G(l)(x, y)N MB), tacd —ppe pB suyra
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(p,—pp)=—p =—-Op. Dicu nay, mau thuan véi 0<® <1.Vay dinh Iy dugc chimg xong.
3. Ung dung trong t6i wu va diéu khién

Trong phan nay, gia sit U 1a khong gian metric tich dugc, E 1a khéng gian Banach va
ham f :ExU — E lién tuc, kha vi.

Chung ta can nhiing gia thiét sau:

a) f 1a Lipschitz dia phuong trén U, néu véi mdi xe E, tontai L>0 va £ >0, sao
cho véi moi ueU,f(.,u) la L-Lipschitz trén B (x), tac la véi moi

X, X" B, (x), |f(x,u)-f(x", u)|<L]x-x"

b) V6imdi ueU dao ham Z—i( , U) lalién tyc.

c)Véimdi xeE tap f(x, U) bichan.

Vé6i moi T >0, ham do duoc (Lebesgue) u:[0, T]—>U goi la mot diéu kién chap nhan
duoc. Ki hiéu 74 tap tat ca cac didu khién chap nhan dugc trén [0, T]. Dinh nghia metric
trén tap 724 la

dr (u, v) = p({te[0, Tu(t) =v(1)}),
véi u la d0 do Lebesgue. Khong gian (%, dT) la khong gian day du. Cho
E=R",X,eEva f, U nhu ¢ trén.
Xét h¢ dicu khién hitu han chiéu: {XI = (0 u(t). ue . T>0 (3.1)
X(0) = X,.

Mot ham lién tuc tuyét doi x e W (0,T) (khdng gian Sobolev) goi |2 quy dao cua hé
diéu khién (3.1) néu x(0) =X, vatdn tai u e Z4 sao cho X'(t)=f (x(t), u(t)).

Véi moi T >0, tap tiép can duoc cua hé (3.1) tai thoi diém T xéc dinh boi

R(T)={x(T)[xeW"(0, T) lamt quy dao ciia (3.1)}.
Giasr ze WH(0, T) laquy dao va U e 2/ 1amét diéu khién tuong tng. Ta xem xét
diéu kién du dé co
z(T)eIntR(T)
Xét hé diéu khién tuyén tinh hoa
of

w'(t) &(z(t), a(t))w(t)+y(t)
y(t)ecof (z(t), U)-f(z(t), u(t))

w(0)=0.

(3.2)
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va dinh nghia twrong &ng tap tiép can duoc xac dinh bai
R“(T)={w(T)[weW"(0, T) lamot quy dao ciia (3.2)}.

véimoi se[0, T], kihi¢u S_(.; s)lamatran nghiém cia he

2/(t)= 2 (2(). a(0)Z(0): te[s, 7]
Z(s)=1.

véi | lamatran don vi. Thi

:
RL(T)={ISU(T; s)y(s)ds‘y(s)ecc‘)f (z(s), U)-f(z(s), U(s))}
0
Vi mdi u e 4, takihi¢u x, langhiém cia (3.1) tuong tng diéu khién u.

Dinh 1y sau ddy cho diéu kién dudéco z(T)e IntR(T).

Pinh ly 3.1 Gia sur
Oe IntR"(T) (3.3)

Thi z(T)eIntR(T) vatontai &>0, L>0 sao cho mdi diéu khién u e 2/ théa
d; (u, T)<& vavéi mdi beBg(z(T)), ta tim dwoc mét diéu khién G € L. véi
% (T)=b, u({te[o, T]a(t)=u(t)})<L|p-x,(T)].

Paqc biét, véi mei b e BC(Z(T )) ton tai mgt diéu khién u e 24, sao cho
x,(t)=b, w({te[0, T]u(t)=a(t)})<Llp—z(T).

Chirng minh. Thay t bai Tl ta c6 thé gia sit T =1. Dat £ - 14,. T bat dang thic
Gronwall v6i & >0, anh xa ¢(u)=x,:B,;(T)—>C(0, 1; E) la anh xa don tri va
Lipschitz lién tyc. V&i moi ue B, (T) vase[0, 1], ki hi¢u S, (.; ) 1a ma tran nghiém
cua hé tuyén tinh.

, of
2(0= (3, 0), u(0)2(0), 1efs, 1]
Z(s)=1.
Cé dinh u € B, (G) veU vacho 0<t, <1 saocho X, (t,)=f (X, (t,), u(ty)) voi
2

moi h>0 du nho, xét diéu khién

v, th—h<t <t 3.4
_ 0 0 (3.4)
uh(t)_{u(t), ngoai ra.

va ki higu x, 1a nghiém ctia (3.1) twong tng U,. Hé (3.4) la nhiéu nho cua u va
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!L@MZSU (1; to)(f(xu (), V)= (% (%), u(t)))  (35)
Xeéttap V, ()= f(x,(t), U)—f(x,(t), u(t)) va dinh nghia anh xa Lipschitz lién tyc
G : B, (u)— E xdc dinh boi
G(u)=o(u)1)=x(2)

Tir (3.5), cd dinh ueB, (G) V6i Moi

2

t, [0, 1 vaveV,(t,), S, (L t,)veG”(u, x,(1)). Giasr M Iahing s Lipschitz cua
G. Do d6, GY (u,x, (1)) = MB va ta chiang minh véi mdi t, € [0, 1] va véi mdi
yecoV,(t); S, (1; to)yecﬁ(G(”(u, %, (1))N MB).Tix y(t)ecav, (t,), taco
jsu (1; t)y(t)dtecﬁ(G(l)(u, X, (1))ﬂMB). (3.6)
Tur (3.3), ton tai p > O(j sao cho
ch{jsu (1; t)y(t)dt|y(t) ecov, (t)}
0

Tir bat dang thac Gronwall va gia thiét (a), (b), ta co {Su (% )} hoi tu déu dén S, (; .)
khi u— T. T gia thiét (a), (c) va tinh lién tuc cua f, ta co

(3.7)

1
lim | d,, (coV, (t), caV, (t))dt =0. Vi d,, lakhoang cach Hausdorff.

u—>u

L s Y <= 1 S _ ;
Vi vé phai cua (3.6) 1a 16i, O<5<E§ va véi moi u € B, (1), taco

1
g Bc {.[Su (15 t)y(t)dt|y(t)ecav, (t)} c CC_)<G(1) (u,x, (1))N MB). (3.8)
0
Tir dinh Iy 2.3 va (3.6), (3.8), ta c6 két luan cua dinh ly. Vay dinh Iy da duoc chiing minh.

4. Két luan

Vé mit ly thuyét: Chang toi ching minh chat ché va chi tiét dinh Iy 2.2 va dinh ly 2.3.
binh ly 2.2 cho méi lién hé giira nguyén ly &nh xa m& déu va tinh chinh quy cuaa anh xa
nguoc G, Binh ly 2.3 1a dinh 1y ham nguoc da tri dya vao bién phan cap mot.

Vé mat (ng dung: Chang t6i st dung dinh 1y 2.2 va dinh ly 2.3 dé chimg minh dinh Iy
3.1. Y nghia cua dinh ly 3.1 1a cho két qua, diéu kién du dé hé diéu khién hitu han chiéu
(3.1) diéu khién duoc tai thoi diém T néu hé diéu khién tuyén tinh héa (3.2) diéu khién
duoctai 00
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Abstract
Some open mapping theorems for set-valued maps and application

In this paper we present some results concerning with the open mapping theorem and
the inverse mapping theorem for set-valued mapping. These results are applied to study the
controllability for finite dimensional control system. They are given by Frankowska in [2],
however most of them did not be proved in full detail. In here we present with the detail in
proof.

Keywords: Open mapping theorem, first order inverse mapping theorem,
controllability, optimality.



