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Tom tit

Vanh R dwoc goi 1a nira hoan chinh néu R/J 1a vanh nita don va moi liiy dang nang
g theo modulo J Véi J=rad(R). Vanh R duoc goi 1a chudi tong quét néu R 1a tong truc tiép
Ciia cdc médun chudi. Trong bai bdo nay, chiing téi dwa ra vi du phan biét hai I6p vanh vira néu
trén va lam twong minh két qua vé lép vanh niza hoan chinh 1a 16p vanh téng quét cua lop vanh
chudi trong cac tai liéu /1] va [5]. Hon nira, chiing toi con 1am rd mét so diéu kién dé vanh nia
hoan chinh 1& vanh chudi téng quéat phdi (hodc trai).

Tur khoa: vanh nira hoan chinh, vanh chudi téng quét

1. Gigi thigu

Trong bai bdo nay, vanh R da cho 1a vanh ¢6 don vi va moi R-modun 1a modun phai
unita. D& thuan tién, ta s& ndi moédun thay cho moédun phai va ki hiéu M thay cho ki hiéu
Mg. Khi can thiét, ta s& n6i rd M 1a modun phai hay trai.

Céc két qua vé vanh ntra hoan chinh ta cé thé xem trong [5].

Khi R 1a vanh ntra hoan chinh thi Rr=eiR®@e:R® ... @enR va RR=Re1 D Re, D ...
@Ren V6i €y, ..., enla cac lity dang nguyén thuy (d6i mot) truc giao. Ching ta ding ky hiéu
nay vé vanh nira hoan chinh trong suét bai béo.

Mbdun M duoc goi 1a modun chudi néu cac médun con cua nd dugc sap tuyén tinh
theo quan hé bao ham (nghia 14, néu A va B 1a hai mddun con ciia M thi ACB hoic BCA).
Modun M duoc goi 1a chudi tng quat néu M 1a mét tdng truc tiép cua cac modun chudi.
Vanh R duoc goi la vanh chudi (chudi téng quat) phai néu médun Rr 1a chudi (chudi tong
quat). Mot vanh chudi (chudi tong quat) trai dugc dinh nghia twong tw. Vanh R 1a vanh
chudi (chudi tong quét) néu R 1a vanh chudi (chudi tong quat) tréi va phai.

Mot vanh chudi tong quat bat ky ludn 1a vanh nia hoan chinh. Vi du nhu vanh
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R :(O F] (v6i F la mot treong) la vanh chuoi tong quat va tat nhién né la vanh nira

hoan chinh.

Céc khai niém lién quan dén phan nay ma khong nhic dén trong bai béo ching ta c6 thé
xem [1] va [4].

2. Két qua

Ménh @& 1. Vanh chudi tong quat phai (hozc trai) 1a vanh nira hoan chinh.

Ching minh

Gia sir vanh R 1a chudi tong quat phai. Khi d6 R=e;R@®e;R® ... @ enR v6i mdi modun eR

n
la chudi va 1= Z e, trong d6 ei 1a cac lily dang d6i mot tryc giao khong phan tich dugc. Vi
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iR 1a chudi nén eiR c6 duy nhat mot modun con cuc dai. Cho nén eiR 1a dia phuong. Suy ra
R la vanh ntra hoan chinh.

Nhu vay, vanh chudi tong quat phai (hozc trai) 12 vanh nira hoan chinh. Tuy nhién
diéu nguoc lai chwa chic dung. Vi du sau cho ta thiy diéu do.

Vi du 2. Vanh ntra hoan chinh nhung khong 1 vanh chudi tong quat trai.
Q .
Cho vanh R:(O . ] VGi VA | 14 cac truong. Khi d6 R 1a vanh nira hoan chinh
i
nhung khong phai 1a vanh chudi tong quat trai.

Chung minh

0 0 0
nguyén thuy truc giao cua R.
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ChonenRR:(O 0}@(0 iJ:enR(—BeZZR.

10 00 . .
Ta cO {euw; ex} voi €, =[ j; €,, =[ 1} & mot tap hop day du cac lay dang

Q .
Ta dé dang kiém tra dugc madun con thuc su khac khong duy nhat caa €,R :[0 ‘O] la

0 ; - .
médun [0 '0 . Do d6 e11R 1a mot modun chuoi c6 d6 dai cua day hop thanh bang 2. Hon

i
Do d6 Ry, =e,R®e,R la vanh chudi tong quat phai Artin phai. Khi d6 theo ([1],
Theorem 10.3.5) ta suy ra R 1a vanh nira hoan chinh voéi tap cac litly dang nguyén thiy truc
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Gia sir R la vanh chudi tong quat trai.

0 <
nira, €,,R = (0 la mOdun don nén e2R la chuoi.
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Khi d6 ,R=Re,, ®Re,, = @~ ' | voi Rew va Rex 1a chudi.
0 0 0
Gia str K 1a truong trung gian gitta @ va | .Khido @ O K@ .
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Ta dé dang ta Kkiém tra dugc [O Ojlé Rez-modun  trai.  Suy ra
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o @K, lahai diy khac nhau. Vi thé suy ra Rey, khong la chudi va diéu nay 1a mau
thuan. Vay rR khong la chudi tong quat tréi.

Nhu vay, vanh nira hoan chinh khong 1a vanh chudi tong quat phai (hodc tréi). Thé
thi khi nao diéu ny xay ra. C4c ménh dé sau cho ta cac diéu kién dé vanh ntra hoan chinh
la vanh chudi tong quét phai (hoac trai).

Nhu ta biét, mdi médun xa anh hitu han sinh trén mét vanh ntra hoan chinh 1a dang
cAu voi mot tong tryc tiép cua cac modun xiclic xa anh eR. Gia s R 1a vanh nira hoan
chinh. Khi d6 R duoc biéu dién R=e;R® ... ®e.R=Re1® ... ®Ren. Vi thé mdi phan tu

x € Rta ¢6 thé dugc viét r =31, véi r; =ere; eeRe; =R;. Do d6 mdi phan tir cua

mot vanh nira hoan chinh dwoc biéu dién boi mot ma tran vudng cip n: A(r)=(ri)) sao cho
phép nhan vanh tuong tng vai tich cac ma tran: A(rs)=A(r).A(s). Hon nita, néu R 1a mot
vanh chudi tong quét thi Rij duoc ky hiéu Rij=eiRej 12 mot nhém aben véi i, j = 1, 2,..., n.
Khi d6 Ri=R;i la m¢t vanh va Rjj & mét Ri-R; — song modun.

Ménh dé 3. Cho R la vanh nira hoan chinh. Khi d6 R 1a vanh chudi tong quat phai néu va
chinéuvsimdi reR;, seR, tacoueR,, ve R, saochor=suhoics=rv.

Chizng minh.

(=) Gia st R la chudi tong quat phai va r, se R duoc chon nhu trén. Khi d6 r,segR.
Suyra r €sR hoic serR.

NéuresRthir=st,teR.ViseRe , re Re; nén su=seutej=stej=rej=r va u=ede;e R,;.
Néu serR, twong tu.

(<) Bé chung minh R la chudi tong quat phai, ta ching minh eiR 1a chudi. Theo gia thiét,
tt c4 cdc modun R, I e Ry véi i cb dinh va j bat ky, duoc sap tuyén tinh véi quan hé bao
ham. Nhung véi I €€R ta cd r = rey+...+ren. Vi vay rR=ZjrejR. Do d6 rR=rejR=eire;R
VGi mot sb j nao d6. Vi thé tat ca cac modun con xiclic cua eiR duoc sip xép thanh mot
chudi, do d6 tat ca cac mdédun con cua eiR tuong tu ciing duoc sip xép thanh mét chudi.
Hay eiR la chudi. Vay R 1a mot chudi tong quéat phai.

Pinh nghia 4. Vanh ntra hoan chinh R=eiR@®e:R@® ... @enR dugc goi 1a co s néu
&R Z e;R voi moi 1# ].

Ménh dé 5. Cho R 1a mot vanh nira hoan chinh. Khi d6 R 1a vanh co sé va la chudi tong
quat phai néu va chi néu mdi R; la mot Ri-moddun chudi phai va resR, hoic

s € IR, (khong dong thoi xay ra) voi mdi 0=reR;,0£seR,va j=k.
Chung minh.
(=) Gia sir R 1a vanh chudi téng quét. Ta chitng minh bang phan chang.

Giasirring r eSRva serR cing xay ra, nghia lar =suvas=rvvéi ue Ryva veR,.

Vivay r = rvu va vueR;. Néuvu e J(R;)véi J(R;) 1a can Jacobson cua vanh Rj thi



e, -vu € U(R;) va r(ej-vu)=0 véi U(R) Ia tap cac phan tir kha nghich trong R. Suy ra r = 0.
Diéu ndy mau thuan véi gia thiét. Vi thé vu € U(R;).

Hon nira, vi R la vanh nira hoan chinh nén ta suy ra &R = €;R (xem ([4], Fact 1.20). biéu
nay la mau thuan.

(<) Gia sir rang tat ca cac gia thiét trén 1a dung. Ta can ching minh cac modun eR 14
chudi dya theo Ménh dé 3. Gia sir R =eR,i# j. Khi d6 ddng ciu nay duoc cho boi
phép nhan trdi do mot s6 reR;. Vi r € J(R) nén e, erR;va ree,R;. biéu nay la
mau thuan.

Tiéu chuan khéc cua tinh chat chudi téng quat & mot vanh nia hoan chinh duoc thé hién
trong ménh dé sau.

Ménh dé 6. Cho R 1a mét vanh nira hoan chinh. Khi dé cac khing dinh sau 1a twong duong.
(i) R la mot vanh chudi tong quat phai (trai);

(i) Hai dong cidu khéc O bit ky cua cac R-modun xiclic phai (tréi)
f:P——>P (i=12)va P, Py, Pe{eiR, ..., enR} thi ton tai dong cau X:P,——P,
sao cho fi=fx hozc ton tai dong cau y : P, —— P, sao cho f,=fy.

(iii) Hai dong céu khac O bat ky cua cac R-mddun xiclic trdi (phai)
f.:P——>P (i=12) vaP, P;, P2e{Re, ..., Ren} thi ton tai dong cau X: P,—— P sao
cho fi=xf, hoac ton tai dong cau Y : P,—— P, sao cho f=yfi.

Chizng minh.

()= (ii)))Gia sa vanh R la chudi tong quat phai. Khi do Im f, < Im f,hoic
Imf, cImf,

Truong hop Im f, c Im f,: Vi P, Py, P la cdc R-mddun xiclic va P, Py, P,e{eiR, ..., enR}
nén P1 1a xa anh. Taco f,:P,——P1a dong cau. Vi P, va P 1a cac modun xiclic nén

f,:P,—— P latoan ciu. Vi P1laxa anh nén ta c6 biéu d6 sau giao hoan

P1
[
X P

Il
|mf1

I
f
P2 » Imf, »0, hay ton tai X: P, —— P, sao cho fi=fyx.




Truong hop Im f, < Im f,: Tuong tu, ta c6 P, 1a xa anh nén suy ra biéu do sau giao hoan
P2

lfz

y P

Il
Imf;

I
P1 fl—»lmfl ——»0, hay ton tai y: P,—— P, sao cho f=f1y.

((ii) = (i)) Gia sir vanh R khéng la chudi tong quat phai. Khi d6 trong s R-médun xiclic
phai P ¢4 cac mdédun con Mi vda M, khac O va cac phan
tra, e M;\ M, ; &, e M, \ M, khac 0. Do d6 c6 cac lily dang dia phuong €;€, € Rsao
cho ag eM;\ M, va a,e,eM,\ M,. Ky hieu Pi=eRva f,:P——P (i=12) Ia
cac phép dong ciu bién e thanh aei. Vi R khong la chudi tong quéat phai nén
Im f, & Im f,va Im f, & Im f.. Suy ra khdng ton tai cac dong cau X: P, —— P, sao cho
fi=fx va Y:P,—— P sao cho f,=f1y. Piéu nay mau thuin véi gia thiét. Vay R la vanh
chudi tong quét phai.

((ii) < (iii) ) Piéu kién twong duong gitta (i) va (iii) dwoc suy ra tir cac dang ciu
Hom(eR,fR)= fRe = Hom(Rf,Re) khi f va e 1a cac lily dang cia vanh R.

Hé qua 7. Cho R la mét vanh ntra hoan chinh va cho | = e; +...+en la mét sy phan tich cua
1< R thanh mét tong cua céc lily dang dia phuong d6i mét truc giao. Vanh R la chudi tong
quat phai néu va chi néu mdi vanh eRe Ia chudi tng quat phai véi e 1a mot tong cua khdng
qué ba lity dang dia phuong khac nhau tir tap {e1, €, ...,en} trong R.

Chizng minh.

(=) Gia st R 1a mot vanh chudi tong quat phai va e e R 1a mét lily dang khéac khéng. Khi
d6 vanh eRe la chudi tong quat phai. Dat | = e + f, eRe = Ry, eRf = X, fRe = Y, fRf = Ry.

Gia sire = €1 +...+em & su phan tich e thanh tong cua cac lily dang dia phuong d6i mét truc
giao. Gia str mddun eiRe khong 1a chudi. Khi d6 trong eiRe ton tai hai eRe-mddun con My va
Mz sao cho MiNM>#M:1 va MiNMo#M>. Dat Vl =M,Rva M_2 =M,R. R0 rang W ceR
va M,e=M.véi i =1, 2. Do d6 R-médun xiclic &R khong la chudi. Bidu ndy mau thuin
vai gia thiét R 1a vanh chudi tong quat phai.

(<) Gia st eRe la vanh chudi tong quat phai. Bé ching minh R 1a vanh chudi tong quat
phai ta chizng minh eiR 1a chudi. Bang phan ching ta gia sir R-modun xiclic P = eiR khong
la chudi. Khi @6 t6n tai hai modun con K va L cua P sao cho KNL#K va KNL#L. Vi vay ta
c6 thé chon ke Kva lelLsao cho KgLva | ¢ K. Gia st Ki=kR va L;=IR. Gia su



Néu ton tai t sao cho m¢> 2 thi vanh (ei+e)R(ei+er) khong 1a chudi tong quat phai.

Trong trudng hop néu ton tai hai sé my=1va mq=1 thi vanh (ei+ey+eq)R(ei+ep+eq) khong 1a
chudi tong quét phai. Vi vay Ki 12 mot modun dia phuong, nghia 1a P(K1)=Pj. Tuong tu,
P(L1)=Pm. Cho nén vanh (ei+ej+em)R(ei+ej+em) khdng l1a chudi tong quat phai. Diéu nay
mau thuan vai gia thiét0l
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Abstract
Conditions for semiperfect ring to be a serial ring

Aring R is called a semiperfect if R/J is a semisimple ring and any idempotent can be
lifted following the modulo J with J = rad(R). A ring R is called a serial if R is a direct sum of
uniserial submodules. This paper, | would like to propose some examples to distinguish the
above-mentioned two-class rings and clarify the results of the fact that the class of semiperfect
rings is a generalization of the class of serial rings in the document [1] and [5]. Moreover, we
would also like to verify some of the conditions for the semiperfect ring to be the right serial
ring (or left).
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