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NGHIEN CUU KHOA HOC

Tich chap cta phép bién dbi Fourier va Laplace vé&i ham trong
trong khéng gian L, (R.)

Convolution of the Fourier transform and the Laplace with a weight function
in the space L (R.)

Nguyén Kiéu Hién
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Ngay nhan bai stra sau phan bién: 15/9/2024
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Tém tat

Trong bai viét nay, ching t6i nghién ctru tich chap suy réng lién quan dén phép bién dbi Fourier va phép bién dbi
Laplace v&i ham trong, dang thirc nhan t&r hoa cé chira hai phép bién dbi tich phan khac nhau. Thiét 1ap dwoc
mot s6 tinh chét toan t& cla tich chap suy rong trong khéng gian Z, (]R__ ), st dung trong danh gia nghiém cua
phwong trinh vi - tich phan trong bai toan phan gidi tin hiéu x& ly thong tin.

Tor khéa: Bién déi Fourier; bién déi Laplace; tich chap suy réng.

Abstract

In this paper, we research generalized convolution related to the Fourier transform and the Laplace transform with
a weight function, the factorization equality contains two different integral transforms. Establish some operator
properties generalized convolution of the space L, (R_ ], used in evaluating solutions of differential - integral

equations in solving problems information handling.

Keywords: Fourier transform; Laplace transform; generalized convolution.

1. DAT VAN BE

Nam 1951, Sneddon |.N. xay dwng dwgc mot tich chap
ma trong dang thirc nhan t& hda cé chira hai phép bién
déi tich phan khac nhau tham gia. D6 la tich chap suy
rong dbi véi hai phép bién déi Fourier va Laplace. Cac
phép bién ddi tich phan kiéu tich chap suy réng Fourier
va Laplace v&i ham trong van chwa dwoc nghién ctru
nhiéu. Viéc nghién ctru cac tich chap véi ham trong da
mé& ra trién vong phat trién thém hwéng nghién ciru vé
ly thuyét tich chap. Nam 1967 Kakichev V.A. dwa ra
dinh nghia tich chap v&i ham trong cla hai ham déi voi
mot phép bién ddi tich phan dwa trén dang thirc nhan
tlr hod. V&i ky thuat d& ma nhiéu tich chap cé ham
trong dwoc tim ra, tiéu biéu tich chap véi ham trong
y(_r) =e . Viéc nghién clru cac tich chap va cac
phép bién dbi tich phan cé y nghia quan trong trong
nhiéu Iinh vuc khoa hoc va ky thuat. Nher do, cac phép
toan Giai tich phtrc tap dwgc don gidn hoa thanh phép
tinh Dai s6. Vi vay, né dac biét hivu ich trong viéc giai
cac bai toan trong ly thuyét mach, bai toan xt ly hinh
anh va xt ly tin hiéu truyén thong.

Nguwoi phén bién: 1. PGS.TS. Khuét Van Ninh
2. TS. Nguyén Viét Tuan

Trong bai viét nay, ching t6i xay dwng mot sé tich
chap suy rong lién quan dén phép bién dbi tich phan
Fourier va Laplace v&i ham trong. Nghién cru cac tinh
chét toan tt ctia cac tich chap suy réng véi ham trong,
st dung dé& danh gia nghiém clia phwong trinh vi-tich
phan trong bai toan phan giai tin hiéu x& ly thdng tin.

2. TICH CHAP SUY RONG

Trong bai viét nay, chung téi st dung cac khéng gian
ham sau day:

R, ={xeR, x>0}

Cho L,(R,).1< p<w= |a khong gian cac ham sb f xac

dinh trén R, sao cho.

j|.f'(-\')|" dx < 40

Trong dd, chuan ctia ham £ duoc ky hiéu va xac dinh béi.

Lo A
Cho L,(R,,p).p>0,1< p<=la khdng gian cac ham sb
fxac dinh trén R, sao cho:

]| F(x))F p(x)dy <+
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Trong d6, chuan clia ham f dwoc ky hiéu va xac dinh béi.

70, 0. [Ilf F ol

Déc biét, khi p{-f) =x“¢" thi ta nhan dwoc khéng gian
ham hai tham so «. # va ki hiéu L;” (R ).

Cho L, (R,) la khéng gian cac ham sé f xac dinh trén
R, sao cho:

sup ‘ f(x ]< +o0

;r;ng dd, chuan clia ham f dwoc ky hiéu va xac dinh béi.
1. e, =sup| (x)

Cho G, (. ) 14 khéng gian cac ham sé lién tuc trén R,

va triét tiéu & .

H(R,) =4 (x): (1) (3) < L(R.)}
L 1a phép bién dbi Laplace.

(L)( j; e "dv,Rey >0

F la phep bién dbi Fourier cosine.
(012} et 50

Sau day, ta dwa ra khai niém tich chap cla hai ham
kha tich trén R nham xac dinh quy tac |4y tich chap
gilra chung.
Pinh nghia 1 ([3]). Cho f, k la cac ham kha tich dia
phwong trén R. Néu tich phan _[ f(x=y)k(y)y xac
dinh v&i hau hét x € R (nghia la tap cac gia tri x€ R
dé tich phan trén khoéng ton tai la tap cé d6 do khéng)
va ham kha tich dia phwong trén R bién x thanh
[ f(x=»)k(y}y duoc goi la tich chap clia ham f va
ham k, ky hiéu la f*k Nhw vay:
(/*h)(x)=[_ f (x-)k ()

= [ £ (»)k(x=y)dy
Ta goi f * k la tich chap cda ham f va ham k.
Tiép theo, ta dwa ra khai niém tich chap suy réng voi
hai phép bién déi tich phan Fourier cosine va Laplace.
Pinh nghia 2 ([1]). Tich chap suy réng cda hai ham f
va k d6i véi hai phép bién dbi tich phan Fourier cosine
va Laplace duwgc dinh nghia nhw sau:

0 0

(.f‘*'{')("'):;;[E[.g(""”,l’)f(”)k[1')u’na’1.- (1)
Trong do:
O(x.u,v)= d _ ¥ . 0

( ) Vit(x—u) V+(x+u) * 2)

Ta goi A_ la khéng gian anh cta L,(R,) théng qua
phép bién dbi Fourier cosine F. V&i chuén

NGANH TOAN HOC

171, =1, m.

thi khong gian do |a mét dai s6 Bannach, nghia la néu
f(x).k(x)e A thi f(x)k(x)e A, vathoa man

| &, <IA1 Ik,

Pinh nghia 3 ([2]). Tich chap suy rong v&i ham
7(y)=e",(u>0) cha hai ham fva k dbi voi hai phép
bién dbi tich phan Fourier cosine va Laplace dwoc dinh
nghia nhw sau:

{f';k](.\') = ljj()(.t,u. vt ) f(u)k(v)dudv (3)
. T 0o

Trong do:

O(x, u,v) dwoc xac dinh bdi (2).

Pinh nghia 4 ([2]). Tich chap suy rong v&i ham trong
Ny) = -esiny(u>0) cha hai ham fva k d6i v&i ba phép
bién ddi tich phan Fourier cosine, Fourier sine va
Laplace dwoc dinh nghia nhw sau:

1 ek
(f*h)Nx)= EL L [Hz(x—l,zaery)

—6,(x+Lu,v+ Ju)]f(u);’f(v)d.*,a'a!'v
V6i 0,(x, u,v) duwgc xac dinh bdi (2).

(4)

Pinh nghia 5 ([2]). Trong biéu thire tich chap suy réng
(4), néu thay.

0, (x
B&i nhan.

O (x—Lu, v+ pu)—60(x+Lu,v+ p)

V6i 6,(x, u,v) dwgc cho bai (2), ta nhan dwoc tich chap
suy rdng maéi. Do la tich chap suy rong Fourier cosine -
Fourier sine - Laplace v&i ham trong p(y) = -e*siny(u>0).
Tich chap nay dwoc ki hiéu va xac dinh béi.

(f *k)(x :_J'“ L [6,(x—1u,v+ p)
-6, (x+ 1,1.:,v+p)]_/(u)k(v)dudv

—Lu, v+ pu) -0, (x+Lu,v+ p)

(®)

Binh ly sau day cho ta sw ton tai cia cac tich chap va
dang thirc nhan i héa cua tich chap trong cac khéng
gian ham twong ng.

Binh 1y 1 ([1])

Cho ham [feL,(R,),keL (R,) trong do
1 1
lsp,qu,; ;>] Thi tich chap f*ke L (R,)
saayLlot 1 4 Pang thei, ta co danh gia.
ropoq
|/

|F; [(F;f)(y)(‘[‘k )(})J("J”, (R.)
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NGHIEN CUU KHOA HOC

< ZUENGH RO, 0,
U, N,
ST .

V207 Wl
Két qua ciia Dinh ly 2 van dung véi gia thiét nay.
Dé nghién ctru tich chap (f * k) trong khéng gian ham
L (R,) ta xét dinh ly sau.
Dinh Iy 2 ([4]). Néu k thudc khong gian Li(R,), khi d6.
(LK)(y) € A,
Pinh ly 2 la céng cu quan trong giup ta ching minh
tich chap (7 * k) thudc khong gian ham L, (R, ) va trong
khéng gian twong trng cac déng thire kiéu Parseval va
dang thirc nhan t&r hoa van con dung.
Dinh ly 3 ([2]). Gid s rAdng ham f va k thudc khong
gian L (R,).Khi d6 ddi vé&i tich chap (f * k)(x) Fourier
cosine - Laplace thda man dang thirc kiéu Parseval.
(f*k)(x)=F,[(F.f)(»)(Lk)(y)](x),Vx>0.

Ta cling nhan dwoc dang thirc nhan t&r hoa sau:

F(f #k)(x)=(F.f)(»)(Lk)(y). ¥y > 0.

Hon nirva:

(f*k)(x)eL(R,).

Viéc chirng minh dang thic kiéu Parseval va dang
thirc nhan t&r hoa la dwoc suy ra tlr Binh ly 2.

Néu k(x) thudc khong gian L (R,),thi te Dinh ly 3 ta cé:
(Lk)(y)e 4

Tir diéu kién f{x) thudc khong gian L(R.), thi ta ciing
nhan dwoc:

(F.f)(y)eA.
Vi A la mot dai s6 Banach, suy ra (F.f)(y) € 4,.

Dinh ly sau cho ta sy ton tai cla tich chap () trong
khong gian ham L,(R,) va dang thirc nhan t& hda cla
tich chap.

Dinh ly 4 ([4]). Gia st f va k la hai ham thudc khéng
gian L,(R,). Khi do, tich chap suy réng (f*k)(x) Fourier
sine - Laplace thudc khéng gian L, (R,) théa man bat
déng thire chuén.

H( f*k](_r)
Va c6 dang thirc nhan t& héa.

F [._r:k ](.v) = e [(E.) () (Lk)(

<[ e 1. . (©)

Li(R,)

j-'_)].Vy >0 (7)

Ngoai ra, tich chap suy rong [f:"f](-\'] cling thudc
khong gian Co(R,).

Binh Iy 5 ([4]). Gia st fva k Ia hai ham thudc khang
gian 7, (& ). Khido, tich chap suy rong (f *k)(x) Fourier
cosine - Fourier sine - Laplace thudc khéng gian L (R, )
va ta c6 bat dang thrc chuan.

I (f*k) "f-.lii“-'. !sll f II,_l{:,“}II Kkl L(R,) (8)

Hon nira, tich chap suy réng (f *k)(x) cling thudc ¢, (&, )
, thda man dang thrc nhan ti hoa.

F(f*k)y) =

—_— : ’ 9)
e siny(F.f)(y)Lk)y)(y), ¥y >0
va dang thire kiéu Parseval
(f *k)(x)=
(10)

F.[—e siny(F.f)(»)(Lk)») |(x)

Binh ly 6 ([4]). Cho fva k la hai ham trong khéng gian
L (R )- Khi o, ta c6 cac dang thuc sau:

(f*!\){\}—\fj k()%

v+ U M)
[f u) —;—J{x}d\f
E(v+u) +u
[.f‘ it A-](x) - \g [RZGE
v+ U (12)
(ﬂl FF ('.J—Iv‘u) J(x)d\?

la cac tich chap suy rong.
Dinh ly 7 ([4]). Giad sl f va k la hai ham trong khong
gian 7, (IR, ). Khi do ta co cac dang thirc.

* N L = o
(‘f;ﬂk)(l)_ﬁ,[u k(v)
x[(f(:r) *0,(1,u v+,u))(x)]dv
(f 2 k) = \/_j k(v)x
X {(f(u) }"; O, (Lu,v+ ,u)](x)} dv

(13)

(14)

Trong dé, tich chap (:") va [ A ] tich chap suy rong.

3.TiCH CHAP SUY RONG FOURIER COSINE - LAPLACE

Trong khong gian ham L(R,), chdng ta c6 thé nghién
ctu tich chap (f *k). Ta chirng minh sy tdn tai cua tich
chap va danh gia bat déng thirc chuan trong khéng
gian ham L,(R,) twong trng qua bé dé sau.
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B6 dé 1. Gid s f va k la hai ham thudc khong
gian [, (R+) Khi do, tich chap suy rong (f *k)(x)

Fourier - Laplace thuéc Z, (IR, ), théa man bat dang
thtrc chuan.

H(_/M)HwJ = B 3 (15)
va c6 dang thirc nhan t&r hoa.
F.(f*k)y)

(16)

=™ (F.f)(YNLK)(). ¥y >0

Ngoai ra, tich chép suy réng (f*k)(x) cing thudc
Go(R,)-

Chirng minh. Trwéc hét, ta c6 danh gia sau:
j“ |6, (x,u, v+ po)ldx =

j; v+ u v+ U e
Ol(v+ ) +(x—u)  (v+u) +(x+u)’|
EI:{ v+fl 1L!+jr v+f‘ e #

(v )+t (vt )+t

=j" VIH  gr=xTu (13) va (14)

o (vt u) +1°
Tw (13) va (14), ta co:

(; (f]ﬂ)(x)P =
%J.“, j‘; I (u)k(v)] dudv'[l:‘gl(x, u, v+ 1)

<[ 1 ()| du j k()| dv
S A PP 3

Suy ra
[(F*E), oy SUS M W A

Bb dé dwoc chirng minh.

L(R,)<

Dinh ly sau dwa ra cach tiép can mai va phuong phap
gidi phwong trinh vi - tich phan, phwong trinh dao ham
riéng thuwéng xuét hién trong bai toan xt ly anh va xi
ly tin hiéu.

Dinh ly 8. Cho hai ham sb lién tuc & EL,(RJ va
feL(R,.e™)(a>0).Néu(f*k)(x)=0,Vx>0
thi hoac f(X)=0,Vx >0 hozc k(x)=0,Vx>0.

Chtng minh. Ta cé:

n

%(cos wxf(x))| =

‘ F(x)x" cos( X +n£J‘
. (17)

< ‘e—t’l\ H‘

& o)<

2o o)

NGANH TOAN HOC

Trong do, ta da st dung danh gia sau:

—{rx n _e—rx.\’ (ax)” n!

n «a

0<e

]

{e—!.r.\' ax n! n!

" "

(94 o
vafel(R,.e).

Két hop véi (17) ta co:
n

%(cos wf(x) el (R,)

Do L (R..e”)c L (R.) nen (F £)(y) gidi tich
trong R, . Mat khac, ta co (Lk)(») giai tich trong

R, . B&ng cach st dung dang thirc nhan t&r hoa (16)
dbi véi dang thire.

(f*k)(x) =0

ta co

e (F.f)()(Lk)(»)=0,¥y>0.
Hay

(E.f) () Lk)(»)=0,Yy>0.

Tw do, ta co:

f(x)=0,Vx>0 hosc k(x)=

dwoc chirng minh.

0,Vx>0. Binh ly da

4. KET LUAN

Bai bao trinh bay s tén tai mot sb tich chap suy rong
lién quan dén phép bién déi tich phan Fourier - Laplace
véi ham trong. Puwa ra céc tinh chét toan tir clia cac
tich chép suy rong trong khdéng gian ham L,(RJ.
Ngoai ra con thiét lap va chirng minh bat dang thirc
chuén trong khéng gian L, (R ) va L, (R, p},) déi voi
céc tich chap twong (rng. Tuy nhién, do khuén khé bai
b&o, ching t6i khong dé cap & day.

LOI CAM ON

Két qua nghién ctru nay thudc dé tai khoa hoc cong
nghé cap co s& nam 2024-2025. Tac gid chan thanh

cadm on sy hé tro cia Trwdng Pai hoc Sao D6 da tao
diéu kién dé t6i hoan thanh nghién cru nay.
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