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NGHIEN CUU KHOA HOC
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Non-existence of a class of degenerate elliptic gradient equation
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Trong bai bao nay, béng cach thiét lap cac ddng nhéat thirc tich phan kiéu Pohozaev suy rong, chung téi nghién
ctru sy khong tén tai nghiém dwong cGa hé phuong trinh gradient elliptic chira toan t&r suy bién kiéu Grushin

trong toan khéng gian.

Tor khéa: Dong nhét thirc kiéu Pohozaev suy rong; sw khéng tén tai nghiém; toén t& Grushin; hé phuong trinh

gradient elliptic suy bién.
Abstracts

In this paper, by establishing the generalized Pohozaev-type identity, we study the non-existence of solutions to
a semilinear degenerate elliptic gradient system involving the Grushin operator in whole space.

Keywords: Generalized Pohoaev identity; non-existence solutions; Grushin operator; degenerate elliptic

gradient systems.

1. DAT VAN BE

Xét phwong trinh elliptic suy bién chira toan t& Grushin.
—Gu+Vu=flu)+, z¢€ RY

-G v+Vv=gv)+u, w€ RY

(&

(1)

Trong do:

V,,V, vala cac hang so dwong,

F € C'(R*,R),F(0,0) = 0,VF = (f,9).

O day: ,

G, la toan tlr suy bién Grushin (xem [4]) dwoc dinh
nghia béi:

Gu=Au+]e" Au

Voi:

= (ry) eRY xRY =RV

Trong doé:

A, A twong ng la toan t Laplace theo bién
z e R va y e RY:. Khi s6 thuc a > 0, toan t& nay

suy bién trén mat {x = 0}, nhiéu két qua quan trong
vé |&p toan tir nay, chang han tinh hypoelliptic, sy tén

Nguwoi phén bién: 1. PGS.TS. Khuét Van Ninh
2. TS. Nguyén Viét Tuan

tai nghiém (trong mién bi chan),... da dwoc nghién ctu
rét rong rai béi nhiéu tac gia trong [1, 2, 3, 4].

Khi o = 0, thi G, = A la toan t& Laplace, khi do cac tac
gia trong [3] da chirng minh dwoc khi « 1a sb nguyén
dwong va A = 0, bai toan (1) khdng c6 nghiém cb dién
khéng am trong mién Q kiéu hinh sao. Phuong phap
chinh d@é& ching minh sy khéng tdn tai nghiém cé dién
dwong la thiét 1ap cac déng nhét thirc tich phan kiéu
Pohozaev suy rdng phu hop véi bai toan va khai thac
céu tric dic biét ctia mién dang xét.

Trong bai bao nay, ching t6i mé réng cac két qua cho
toan t&r Laplace trong [5, Phu luc B] sang trwdng hop
toan t&r Grushin trong toan mién va cé nhiéu tuyén
tinh, y twéng chinh la thiét Iap cac ddng nhét thire tich
phan kiéu Pohozaev phu hop véi hé phwong trinh. Tuy
nhién, cé moét sé6 khoé khan do tinh suy bién cla toan
t&r Grushin gay ra, & d6 chung t6i khong thé ap dung
truc tiép cac tinh toan nhw trong [3], d& vwot qua cac
khé kh&n nay, chung t6i khai thac cAu trac suy bién clia
toan t& G, va chon ham th&r phu hop.

Chung t6i gia thiét cac ham f, g thda mén cac diéu
kién sau:

(V,) Ton taisb 6&€ (0, 1) sao cho 0 < A < SV V,.

Cac ham phi tuyén 1, g Ep@ﬁ]{vaﬂvsao cho f(s) = 0,
g (s)=0v&is <0 vathda man.
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0

=0 8 s—=0 g
Va
/(5) 9(s)

lim —~ =g, im —Z=a,
s+ g S0 8

V&i:
a, o, € (0, +x).

Va 4 < Ja,a, véimoi = € RY.

(f;) v&i hang sé 6 € (0,1) trong (V).

—'+241—5
7
Vi
2F 2G
e e
Vi
F(s)=[£(t)atG(s)=[g(t)at
0 0

Két qua chinh cta bai bao 1a dinh ly sau.

Dinh Iy 1. Néu (¥) va (/) - (f;) duoc théa man thi hé
(1) khéng co6 nghiém khdng tam thwong.

Két qua cuia dinh ly 1 mé& rong cac két qua twong (rng
cho toan t&r Laplace trong [5], khi bai toan la hé gradient
xét trén toan khéng gian va toan t&r suy bién Grushin.

2. Chirng minh két qua chinh
pat N, = N, +(1+a)N, la sb chidu thuan nhét clia

RY (xem [1, 3 ,4]) va v&i = (x} y) e RM xRY, ky

hieu v _ =(V ngav ) la véc-to gradient twong
& y

trng voi toan t&r Grushin, & do V_, V’(’r twong &ng la

gradient theo bién x va bién yva |x| = xlg +...+ x]z\,

1

la chuén Euclide.

Ky hiéu cac ham.

A(2) =2 (2) == 2y (3) =1
Va
ANIH (z) - /1N|+2 (z) =..= }"N]+N? (z) = |:.-:‘0r
Va xét trwong véc-to.
N
T(u) =Y EZ. a_u
o L 6m}.
Trong do:
§ =& = =gy = 1,
Ey 41 = Eyup = = Eyuy, = 10

NGANH TOAN HOC

V&i mbi i = 1, 2, ky hiéu E, 1a khéng gian Sobolev

H! (RN) trang bj chuan.

M= 1
Va xét khong gian tich E=E, x E, trang bj chuan.
2 2
[ o), =Tl + 1

1

Tiép theo, chung t6i thiét 1ap dang thire tich phan kiéu
Pohozaev suy rong cho hé (1).

V u
o

i +V. (:1.')13] dz, wue H; (RN)

|2
E,

B6 dé 2.1. Néu (, v) 1a mét nghiém cb dién cua (1) khi
do (1, v) thda man dang thirc tich phan.

N -2 :
"2 RA[“Vnur —i—lV”ulz]dz
= N‘IH u,v dz,

R.‘-'

Trong do:

Huv =Fu+Gw —%'u.?

—%vz—i—)\u'v, u,v €E.

Chirng minh. Gid st («, v) la mét nghiém thudc
c? (!R"")x(?2 (RY) caa bai toan 1 va xét v 1a ham
Yy hy € C R thoa man.

b L |s|<1,
! =
Y =10, 1s]>2
Va
[vs) < ¢, ¢ >0
2 2
_ 2| A
bat wu = wﬁ —2 X X Tfj)N 2
n n
Khi do, ta co:
.- 2 ) :
Vo, == (020 2y 2|
??.- " 1

i T
Ny NN,

Nhan phuwong trinh thir nhét va phwong trinh th hai
trong hé (1) twong &ng voi T(u)y, T(v)y, sau do cong
vé vai vé ta thu duoc:

- [[6.uT(w) + G, T(w)y,d

= I[(—Vlu + f(u) + Av)T(u) 2)

+ (=V,v + g(u) + Au)T( -u.)} Y dz.

Xét vé phai cua (2), ta co:
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e j G uT(u)y dz

G E2 Az
I uy £z -(;1——«'

" le' -
Lg¥ 62‘
v
-3 [e5 2@ 2y,
ij=1 g¥ é
X ou *u
+ €
,,z_:l": o “( )az 0z0z, "
i c"u ou C{a’/
+ £z —Zz
”z_“l[ v )5’ 0z 0Oz

(5?.1 = 01?’ = ,;" Vé 6”- - 1-!‘ - j‘!ir.?: L"':N'

Béi voi 1, , tich phan tirng phan ta co:

ou @ ; du
I, = —Z J- 5 ’(&‘z'i;{x))aaq

"W
R 63 ;
2
< Bu 2 ou 04 du
=2 | G, ra oy,
=l g o .Z.l JZ} Ou.l
, Ou dyr &u
+ szﬁrz v - I + i PA’: - q/fn’ )(ﬂz
18z Oz ozlazi

. .\
=-N, J' ‘Vu o', dz ~ i J‘ [;’i] T(2 Yy, dz

Do T(,a_'j) =2ATA =2(e ~1)A!, khi do:

I, = —an‘\_/nur U dz
¥ ,

2Ae, — DA, dz

1

il T,
=— -}Vn —2 f‘vnur 1 dz

_22‘[ du

Pt
—f‘v n,l T( )z -1,

Tw do, ta co:

Adz

du ,\ b dz

-zf
-5, f ‘V“u‘ T(4) )dz

Twong tw voi [, ,,

Zf du du o, M.,

=20 dz 0z, 0z,
= j V ¥V o T(u Wi

)\udz

_quT u ;”dz—Zf [dy

/=1 gV

_“_2_—f|\7nu]‘ W dz

_Z ]‘ c)u

;I-F\

—f|\7“u|' T ), dz
rY

+fV”aV,,L-"JuT u dz

/\Ia"dz

N, -2 —y

= —TRJ.“|V”II[ U ,,d4
1 2 -
~= f IV, T,)dz
+ f V.uV o, T(u)dz

Ta ciing c6:

N, -2

_f G."T(V}ﬂ.’ndz == v i ?r".l"udz
rY

_%f IV, uf T(,)dz+ J V4V, T (u)dz.

S dung dinh ly hoi tu chia Lebesgue, ta co:

—lim G ul' u 4 dz

f‘v ul dz,
Va
—lim | G I v 4 dz

Th=—00

R.-'\‘

N

—— 2 [19.af dz
JRN

Vi vay, ta duoc:

I. [GﬂuT (u.) +G T (v):ldz

IR.‘-

N

= a2_2 I “Vﬂur + [V”vﬂdz
BN

Xét vé phai cta (1), ky hiéu ma tran.

Az[-‘; w;j} @ U= (o)

®)
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Khi do Vé p||éi clia hé (1) tré thanh.
1 )

VI=-{AU.U F(U
[‘ <‘ {...{>+ (L )]

Trong doé:
T T
VE(U)=(E, (U).F.(U)) =(/(x)9(v))
T hé (1), ta suy ra:
[r@G,u+T(0)G,v]d
. —Z\: £.2, d %( (u,v),(u, a)) F(u, f}] W dz

Jz
E, -;—( Alu,v), (u, v]) + Fu,v)
- Z f&'lzl g % (A(n.._ v), (u, 'i.-')> + Flu, -:-')]-u.'”r.fz
=N, J‘[1<A(-u.,f.).(-u..-n)> + F(u,v)

+ f bt w0} ru

S dung dinh ly hoi tu ctia Lebesgue, ta cé:

[1)G,u+ ()G, vfia

rN

= }111: IIT(TL)G”H - T('H)G”T-‘J'l._-"""rf:_’-

Y dz

W dz
n

T(¢) )dz.

= N“ .1“13 j' E <A(-u,‘ .u)_(u,__ ;_.-)) + Flu,v)

BY

+ lim J 1;(4(?; gr),(-u,.n}> + F(u, n}‘T Y dz

W dz

=N f’ ( 1, v), (1,0 > L F('H.'f.-')‘fis.

Két hop (2) va (3), ta chirng minh duoc:

N -2 2 2
r”2 2 .!‘ [‘v““ +|V ‘ }iz
=N, [ %—(A{u,fu),(u., 0)) + F(u,0)

Bb dé dwoc chirng minh.

dz.

Chirng minh Dinh ly 1
Tw (V1), voi 6 € 0,1, ta co:

0<A<slV Y,

Ap dung bét déng thirc Cauchy, ta cé:

(4)
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Auv < 64[Viu - (Vo < o (Viu+V,v).
= 2 -

T d6 ta thu duoec:

V

H(u,v) < F(u)+ G(v) + ?]((‘5 -1’

Ve oo "
—I—E“’(t‘i —1)v", Vu,veR.

®)

Hon nira, tw (f1) suy ra:

F(u) < ¢

R (34
u® va Gv) < )

?' 27, Yu,v e R

Nén theo (4) ta suy ra:

H(u,v) <

Y,
+_—
2

I'C-Ml
== —= —1|u?
21V

c (6)
—246-1
V.

>

v, Yu,v e R.

Do do, bdi (f,) va (5), ta thu duoc:
H(u,v) <0, Vu,v € R.

Tw didu nay va ap dung Bé dé 1, ta suy ra:

0< [{. +[v.4f

dr <0

Suyra V,u=V_v=0 hay u=v = const. Dinh ly dwgc

chirng minh.
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