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Abstract

The�paper�studies�the�issue�of�stabilization�of�solutions�to�the��-Navier-Stokes�equations�in�a�two-dimensional�

bounded�domain�Ω�by��nitedimensional�feedback�control.�The�designed�feedback�control�scheme�are�based�on�

the��nite�number�of�determining�parameters�(degrees�of�freedom),�namely,��nite�number�of�determining�Fourier�
modes,�determining�nodes,�and�determining�interpolants�and�projections.

Keywords:��-Navier-Stokes�equations;�feedback�controller;�stationary�solutions;�stabilization.

Tóm�tắt

Bài�viết�nghiên�cứu�vấn�đề�ổn�định�hóa�nghiệm�của�phương�trình��-Navier-Stokes�trong�miền�hai�chiều�bị�chặn�

Ω�bằng�điều�khiển�phản�hồi�hữu�hạn�chiều.�Sơ�đồ�điều�khiển�phản�hồi�được�thiết�kế�dựa�trên�số�lượng�hữu�hạn�
các�tham�số�xác�định�(bậc�tự�do),�cụ�thể�là�số�hữu�hạn�của�các�mode�Fourier�xác�định,�các�nút�xác�định,�các�

phép�nội�suy�và�phép�chiếu�xác�định.

Từ�khóa:�Phương�trình�g-Navier-Stokes;�điều�khiển�phản�hồi;�nghiệm�dừng;�ổn�định�hóa.

Reviewers:�1.�Assoc.Prof.Dr.�Khuat�Van�Ninh

�������������������2.�Assoc.Prof.Dr.�Nguyen�Van�Tuyen

1.�INTRODUCTION

Let�Ω� �>������������,�be�a�domain�in�
�¡ �with�boundary�

∂Ω.� We� consider� the� following� 2D� �-Navier-Stokes�

equations�with�periodic�boundary�conditions.

(1)

Where��
�
 
�
�
������
 
�
��

�
��
�
�
�
is� the�unknown�velocity�vector,��

�� ��������is�the�unknown�pressure,���>�0�is�the�kinematic�
viscosity�coef�cient,��

�
�is�the�initial�velocity.�

The� 2D��-Navier-Stokes� equations� arise� in�a� natural�

way� when� we� study� the� standard� 3D� Navier-Stokes�
problem�in�a�3D� thin�domain�Ω

�
� �Ω������� (see� [16]).�

As� mentioned� in� [15,16]� good� properties� of� the� 2D�

�-Navier-Stokes�equations�can�lead�to�an�initial�study�
of�the�3D�Navier-Stokes�equations�in�the�thin�domain�

Ω
�
.�In�the�last� few�years,�the�existence�and�long-time�

behavior�of�solutions�in�terms�of�existence�of�attractors�
for� 2D� �-Navier-Stokes�equations�have� been� studied�

extensively�in�both�autonomous�and�non-autonomous�

cases� (see�e.g.� [1,� 2,�6,� 7,�8,� 9,�12,�13,� 14,� 16]�and�
references�therein).�

In�this�paper�we�will�study�the�problem�of�stability�and�

stabilization� for� strong� stationary� solutions� to� (1).� To�
do� this,� we� assume� that� the� function� �� satis�es� the�

following�assumption:

�

Where� l
1
�� �� is� the� �rst� eigenvalue� of� the� �-Stokes�

operator�in�Ω�(i.e.�the�operator���is�de�ned�in�Section�
2�below).

The�aim�of�this�paper�are�twofold.�First,�we�shall�show�the�

existence,�uniqueness�and�stability�of�strong�stationary�

solutions� to�Problem� (1).�The� existence�of� stationary�

solutions�is�proved�by�using�the�compactness�method.�

When�the�viscosity� is� “larger”�than�the�external� force,�

we�show�that� the�stationary�solution� is�unique�and� is�

globally�exponentially�stable.�In�other�cases,�i.e.�when�
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stationary� solutions� are� not� unique� and� unstable,� we�

show�that�any�stationary�solution�to�2D��-Navier-Stokes�
equations�can�be�exponentially�stabilized�by�using�an�

interpolant�operator�as�feedback�controllers.�Here�the�

feedback� control� scheme� only� uses� �nitely� many� of�
observables�and�controllers,�such�as��nite�number�of�

determining� Fourier� modes,� determining� nodes,� and�

determining�interpolants�and�projections�(see,�e.g.,�[3])�
for�the�theory�of�such�determining�functionals.�

This� paper� is� organized� as� follows.� In� Section� 2,� for�

convenience�of�the�reader,�we�recall�some�results�on�
function�spaces�and�operators�related�to�2D��-Navier-

Stokes�equations� which� will� be� used.� We� also� show�
the� existence,� uniqueness� and� exponential� stability�

of� strong� stationary� solutions� to� 2D� �-Navier-Stokes�

equations.�In�the�last�section,�we�show�that�any�unstable�
stationary�solution�to��-Navier-Stokes�equations�can�be�

exponentially� stabilizable� by� using� �nite-dimensional�

feedback�control.�

2.�PRELIMINARY�RESULTS

Let� �and� �

be�endowed,�respectively,�with�the�inner�products�

and�

and�norms�
�� � � � � �� � �= ,�

��� �� �� � ���� � �= .�Thanks�to�

assumption����,�the�norms�����and�������are�equivalent�to�

the�usual�ones�in����(Ω))��and�in� .�L�t

Denote� by� �
�
� the� closure� of� V � in�

�L (Ω,� g),� and�

by� �
�
� the� closure� of� V � in�

�
�H (Ω,� g).� It� follows� that�

,�where�the�injections�are�dense�

and�continuous.�We�will�use� ��� � �� �for�the�norm� in� �

and� � for� duality�pairing�between��
�
� and� .�We�

de�ne�the��-Stokes�operator��: �by�

Then��� ��3
�
∆�and������ ���(Ω,��)∩�

�
�

Where�3
�
�is�the�ortho-projector�from�

�L (Ω,����onto� �� .�

We�also�de�ne�the�operator��� �by�

��������Z�� �������Z���������������Z�∈��
�
�

Where

It�is�easy�to�check�that�if�������Z�∈��
�
,�then.

�������Z�� ������Z�������������� ���

In�the�case�of�periodic�boundary�conditions�the�bilinear�
term� possesses� the� additional� orthogonality� property�

(see�[16]):

(2)

Furthermore,�we�de�ne�����
�
�→��

�
�by:�

Since.

,�

We�have.�

In� what� follows,� we� will� frequently� use� the� following�

inequalities:

Cauchy’s�inequality.

Young’s�inequality.

With:

We�recall�some�known�results�which�will�be�used�in�the�

paper.�

Lemma�1�([1])��If��� ��,�then.�

Where:��
L
��L� ����������are�appropriate�constants.
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Lemma�2�([2])��

Let���∈������������))∩�∞������
�
�,�then�the�function����

de�ned�by:

����������� ���������������

∀��∈��
�
����H���∈>����

Belongs� to� ��������
�
�,� therefore� also� belongs� to��

��������
�
�.

Lemma�3� ([4])��Let���∈���������
�
�,� then� the� function�

���de�ned�by:

Belongs� to� ��������
�
�� and� hence� also� belongs� to�

������� �.�Moreover,

De�nition�1.�Let�I�∈��
�
�be�given.�A�strong�stationary��

solution�to�problem�(1)�is�an�element�����∈�������such�

that.

(3)

We�have�the�following�result.

Theorem�1� ([15])�� If� I�∈��
�
,� then� problem� admits� at�

least�one�strong�stationary�solution����satisfying.

(4)

Moreover,�if�the�following�condition�holds.

(5)

Where:� �
�
� is� the� constant� in� Lemma� 1,� then� the�

strong�stationary�solution�to�(1)�is�unique�and�globally�

exponentially�stable.�

3.�STABILIZATION�OF�THE�2D��-NAVIER-STOKES�
EQUATION� BY� USING� AN� INTERPOLANT�
OPERATOR�AS�FEEDBACK�CONTROLLERS

Let����be�a��strong�stationary�solution�to�problem�(1).�

From�the�results�of�Theorem,�it�is�known�that�if�condition�
(5)�does�not�hold,�that�is,�when.

(6)

Then�problem�(1)�may�have�more�than�one�stationary�

solution�and�thus�the�solution����may�be�unstable.�In�
this�section,�we�will�stabilize�the�solution����by�using�an�

interpolant�operator�as�feedback�controllers.

We� consider� the� following� controlled� 2D� �-Navier-
Stokes�equations�with�interpolant�operator�,

�
:

Where:�I�∈��
�
�is�given.�

We�will�consider�two�cases�of�,
�
�which�were�introduced�

in� [3]� to� stabilize� the� stationary� solution����when� the�

stability� condition� (5)� does� not� hold.� We� consider�
interpolant� observables� given� by� linear� interpolants�
,
�
�����)�→�

�
,�that�satisfy�the�following�approximation�

property:

(7)

For�some�positive�constant��
�
��.�

Our�main�result�is�the�following:�

Theorem�2.�Let��I�∈��
�
�and����be�any�strong�stationary�

solution�to�(1)�as�in�Theorem�1.�Suppose�,
�
�satis�es��(8),�m�

and���be�positive�parameters�such�that� �and.

(8)

Where:��
�
�
�
�
�
�are�the�constants�in�Lemma�1.

Then� for� each� �
�
�∈� �

�
,� there� exists� a� solution� �� to�

system�(7)��satis�es�for�any����,�

and�

(9)

Where:�
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Proof.�We�set��� ��������and�rewrite�system�(7)�as

(10)

Where:�3
�
� is� the� orthogonal� projector� from�

�L (Ω,� ���
onto��

�
�and��

�
��is�de�ned�by:

�

(i)�Existence.�Let� �be�a�basis�of��(�)�consisting�

of� eigenfunctions� of� the� �-Stokes� operator� �.� First,�

we� use� the� �-dimensional� Galerkin� approximation�

.�The�equation�for��
�
�is.

(11)

Where:� �Taking�the�inner�product�of�

(12)�with���
�
�and�noticing�that�3

�
�
��
=��

�
,�we�have:��

as

�

6ince����
�
�
�
��

�
�
��
 
�
���

�
��
�
�
�
��

�
�� ��.

By�the�Cauchy�inequality�and�using�(8)�we�obtain.

(12)

Where� we� used� the� assumption� .� Using�
Lemmas�1�and�3,�we�see�that.

Thanks�to�the�Young�inequality.�This�implies.

So�that

(13)

Intergrating�both�sides�between���and���yields.
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Rewriting�this�as,

and�using�(4)�we�obtain.

(14)

Because�of�(9),�the�third�term�on�the�left�-�hand�side�of�

(15)�is�positive�and�this�implies�that��=
�
��is��bounded�in.

�∞�������
�
)∩��������������

By� applying� the� arguments� as� while� the� proof� of�

Theorem�2,�we�obtain.

L� ���������
�
�

(15)

and������� ��
�
��This�proves�that��� is�a�solution�of�(11).(ii)�

Stabilization.�Take�the�inner�product�of�(12)�with����gives.

Thus,�using�(2),�we�have.

Hence�from�(14),�we�obtain.

and�so

Therefore,� by� virtue� of� Gronwall’s� inequality� and�

assumption�(9),�yields.

Where:�

This�completes�the�proof�of�the�theorem.
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