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Feedback control of 2D g-Navier-Stokes equations
by finite determining parameters

Biéu khién phan hdi clia phuong trinh 2D g-Navier-Stokes
bang cac tham s6 xac dinh hiru han

Nguyen Viet Tuan*, Nguyen Kieu Hien
*Corresponding Author: nguyentuandhsd@gmail.com
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Abstract

The paper studies the issue of stabilization of solutions to the g-Navier-Stokes equations in a two-dimensional
bounded domain Q by finitedimensional feedback control. The designed feedback control scheme are based on
the finite number of determining parameters (degrees of freedom), namely, finite number of determining Fourier
modes, determining nodes, and determining interpolants and projections.

Keywords: g-Navier-Stokes equations; feedback controller; stationary solutions; stabilization.

Tém tat

Bai viét nghién ciru van dé 6n dinh hoa nghiém ctia phuwong trinh g-Navier-Stokes trong mién hai chiéu bi chan
©Q bang diéu khién phan héi htru han chiéu. So d6 diéu khién phan hoéi dwoc thiét ké dwa trén sé lwong hiru han
cac tham sb xac dinh (bac tw do), cu thé 1a sb hiru han cta cac mode Fourier xac dinh, cac nut xac dinh, cac
phép noi suy va phép chiéu xac dinh.

Ttr khéa: Phuong trinh g-Navier-Stokes; diéu khién phan héi: nghiém dirng; én dinh héa.

1. INTRODUCTION Q.. In the last few years, the existence and long-time

Let @=[0, L. L >0, be a domain in R? with boundary behavior of solutions in terms of existence of attractors

0Q. We consider the following 2D g-Navier-Stokes for 2D.g-NalV|er-Stokes equations have been studied
: . . o extensively in both autonomous and non-autonomous
equations with periodic boundary conditions.

cases (see e.g. [1, 2,6, 7, 8,9, 12, 13, 14, 16] and

Cu - - references therein).
——VAu+w-VYu=Vp+ fin QxR" , _ N
ot In this paper we will study the problem of stability and
; - . + stabilization for strong stationary solutions to (1). To
{ Vg =0 LR R (1) do this, we assume that the function g satisfies the
u(0,0)=u(L,t) teR” following assumption:
u(x,0) = u,(x), xeQ (G) g eW""(Q) such that

) ) O<my<g(x)<M, forallx=(x,x,)eQ
Where u = u,,=u,u)is the unknown velocity vector, -

p = p(x,1) is the unknown pressure, v > 0 is the kinematic  and | Vg, < my, "

viscosity coefficient, u, is the initial velocity. Where 1> 0 is the first eigenvalue of the g-Stokes
The 2D g-Navier-Stokes equations arise in a natural operator in Q (i.e. the operator 4 is defined in Section
way when we study the standard 3D Navier-Stokes 2 below).

problem in a 3D thin domain Q = Qx(0,g) (see [16]).
As mentioned in [15,16] good properties of the 2D
g-Navier-Stokes equations can lead to an initial study
of the 3D Navier-Stokes equations in the thin domain

Theaim ofthis paper are twofold. First, we shall show the
existence, uniqueness and stability of strong stationary
solutions to Problem (1). The existence of stationary
solutions is proved by using the compactness method.
When the viscosity is “larger” than the external force,
we show that the stationary solution is unique and is
globally exponentially stable. In other cases, i.e. when

Reviewers: 1. Assoc.Prof.Dr. Khuat Van Ninh
2. Assoc.Prof.Dr. Nguyen Van Tuyen
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stationary solutions are not unique and unstable, we
show that any stationary solution to 2D g-Navier-Stokes
equations can be exponentially stabilized by using an
interpolant operator as feedback controllers. Here the
feedback control scheme only uses finitely many of
observables and controllers, such as finite number of
determining Fourier modes, determining nodes, and
determining interpolants and projections (see, e.g., [3])
for the theory of such determining functionals.

This paper is organized as follows. In Section 2, for
convenience of the reader, we recall some results on
function spaces and operators related to 2D g-Navier-
Stokes equations which will be used. We also show
the existence, uniqueness and exponential stability
of strong stationary solutions to 2D g-Navier-Stokes
equations. In the last section, we show that any unstable
stationary solution to g-Navier-Stokes equations can be
exponentially stabilizable by using finite-dimensional
feedback control.

2. PRELIMINARY RESULTS

Let L'(Q,2) = (L*(Q))* and Hy(,g) = (H,(Q)’
be endowed, respectively, with the inner products

(u; v), = Iu-vgdx, u,vel’(Q,g)
Q
and

2

(u;v) : =J.ZVuj-ijgdx

Ve
u “——(ul,uz),v:(vl,vz) e H,(Q,2)
ullP= ((u,u)), - Thanks to
assumption (G), the norms |.| and ||.|| are equivalent to
the usual ones in (L(Q))? and in (H(€2))°. Let
V={ue (CSD(Q))2 :V-(gu) =0}.
Denote by H, _ the closure of V in L*(Q, g), and
by ¥, the closure of V in Hy(Q, g). It follows that
Vg = Hg = H; o VZ where the injections are dense

and norms |u = (u,u),

and continuous. We will use ||.|. for the norm in V;

define the g-Stokes operator 4:V, =V, by
(Au,v)=((u,v)),, forallu,veV,.

Then 4= -P A and D(4) = HX(Q, )N Ve

Where P is the ortho-projector from L*(Q, g) onto H,.
We also define the operator B:V, xV, =V, by
(B(u,v),w) = b(u,v,w), for all u,yw € Vg.

Where

b(u,v,w) = ZI u, —wgdx

i j=1

NGANH TOAN HOQC

It is easy to check that if u, v w € Vo then.
(b(u,v,w) = -b(u,w,v), b(u,v,v) = 0.

In the case of periodic boundary conditions the bilinear
term possesses the additional orthogonality property
(see [16]):

b(u,u, Au)=0, VueD(A)
Furthermore, we define C: V, — H_by:

(2)

(Cuv), =5 -Vyu,v), =b(E u,v),
g g

VveVg.

Since.

—l(V-gV)u = —Au—(E-V)u,
g g

We have.

(~Au,v), =((,V)), +((%-V)u,v)g

=(Au,v), +((E-V)u,v)g,Vu,v ev..
g .

In what follows, we will frequently use the following
inequalities:

Cauchy’s inequality.
bZ
ab<ea’ +—,
4e

forall a,b,e > 0.
Young’s inequality.

ab<ea” + b?, forallab,e>0,

(ep)""q
With:
I 1
—+—=11< p,g <+o.
P 49

We recall some known results which will be used in the
paper.

Lemma 1 ([1]). If n =2, then.

| b(u,v,w)|<

e lul 0 a0 vl w2l wil'?
Yu,v,we Vg

e, |ul0ull w2 4v ]| w|
VueV,,veD(4),weH,

ey |u " Au |0 vil| w

A

VueD(A),veV,,weH,
c, lull vii|w|"?| Aw|"*,
[ VueHg,veVg,weD(A)
Where: ¢, i = 1,...,4, are appropriate constants.
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Lemma 2 ([2]).

Letu € L? (0,T:D(A))NL*(0,T; V), then the function Bu
defined by:

(Bu(t),v)g = b(u(t),u(t),v)
Vv e Hg, a.e.t €[0,T]

Belongs to L4((),T;Hg), therefore also belongs to
L2(0,T;Hg).

Lemma 3 ([4]). Let u € LZ(O,T;Hg), then the function
Cu defined by:

(Cu(t),v), = ((%V)u,v)g

=b(v—g,u,v),Vve V.
g

Belongs to L2((),T;Hg) and hence also belongs to
L2(0,T3V,). Moreover,

1Cuty i< YL )|, for ae. 1€ (0,T),
m,

I Cu(t) <! Vi e 1 4o) |, forace. £ €(0,T)

12
iy

Definition 1. Let /' € Hg be given. A strong stationary
solution to problem (1) is an element u* & D (4) such
that.

vAu +vCu +B(u ,u )=finH, (3)

We have the following result.

Theorem 1 ([15]). If f € Hg, then problem admits at
least one strong stationary solution u* satisfying.

1

' li< | f]
;ﬂmv{]Jng] )
myA,”
Moreover, if the following condition holds.
3
Vv c
V2[1_| gkj Salfl -
myA, A

Where: ¢, is the constant in Lemma 1, then the
strong stationary solution to (1) is unique and globally
exponentially stable.

3. STABILIZATION OF THE 2D g-NAVIER-STOKES
EQUATION BY USING AN INTERPOLANT
OPERATOR AS FEEDBACK CONTROLLERS

Let u* be a strong stationary solution to problem (1).
From the results of Theorem, it is known that if condition
(5) does not hold, that is, when.

2
V;(I_ngﬂ calfl ©)
My 4

Then problem (1) may have more than one stationary
solution and thus the solution u* may be unstable. In
this section, we will stabilize the solution #* by using an
interpolant operator as feedback controllers.

We consider the following controlled 2D g-Navier-
Stokes equations with interpolant operator /,:

"

%—vAu+(u-V)u+Vp

=—pul,(u—u" )+ f in QxR*

sV (gu)=0 in QxR"
u(0,0)=u(L,t) teR”
u(x,0)=u, in Q

Where: f€ H_is given.

We will consider two cases of /, which were introduced
in [3] to stabilize the stationary solution u* when the
stability condition (5) does not hold. We consider
interpolant observables given by linear interpolants
1: D(A) —H,, that satisfy the following approximation
property:

1 5 1
|(p—1h((p)|zs Ecghz ||t,1o||2 +chh4]AgD|2 @
Vo e D(A),

For some positive constant ¢,>0.
Our main result is the following:

Theorem 2. Let fE Hg and u* be any strong stationary
solution to (1) as in Theorem 1. Suppose /, satisfies (8), u
and / be positive parameters such that ,uc,fhz <V and.

Vv
(Cu(t),v), = (-2 -V)u,v),
g
v (8)
=b(~E u,v), VeV,
g :
Where: ¢, ¢, are the constants in Lemma 1.

Then for each u, € V', there exists a solution u to
system (7) satisfies for any 7>0,

ueC(0,T;V,)n L}(0,T; D(A))

du
—eL’(0,T;H
2= ( )

and
I ae(t)—u N<l gy —u' Il €,V >0 (9)
Where:
2 4 4
hopsVh_gy\VEE __ 206c ST
4 m |Vg|
723 g a0
ViA1= -
myA
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Proof. We set z = u - u* and rewrite system (7) as

(10)

Z'+vAz+vCz+Bz+ Bz + uP,1,(z)=0
2(0)=u(0)—u =z,

Where: Pg is the orthogonal projector from ILZ(Q, Q)
onto Hg and Bz is defined by:
(Byz,w), = bu',z,w)+b(z,u’ ,w),Ywe Vs

(i) Existence. Let {Wj }j=| be a basis of D(4) consisting

of eigenfunctions of the g-Stokes operator A. First,
we use the n-dimensional Galerkin approximation
n

g = Zznj. (£)w;. The equation for z is.

j=l
z, +vAz, +vPCz, +PBz, +
P.B,z,+uP,P,1,(z,)=0
z,(0)=Pz. .,
Where: 5,2 = Z(Z, w; )“’} Taking the inner product of

J=1

(11)

(12) with Az and noticing that P z =z , we have:
(zn L] Azn )g + V(Azn’ Azn )g + V(Czn’ Azn )g

+(Bz,,4z,), +(Byz,,2,),
+ou(fh (zn )9 Azn )g = 0

as
: “;n 2,17 +v| Az, P=—w(Cz,, Az,),
—b(u z“,Az) b(zn,u*,Az”)

—u(1,(z,), 4z,),

Since (Bz,, AZ,,)g =b(z,z,Az) = 0.
By the Cauchy inequality and using (8) we obtain.

_zu(]h (Z" )3 Azn)g
= p(z,-1,(z,), 42,), - pll z, I”

2

<E |21z P + 5| 4z, -l 2, 1P
v 4

2 474
GBGH

n

2 232
cHal z I? P (12)
2v
+%|Azn P—pll z, I2

<Yz p-Eiz
2 2

Where we used the assumption ycéh"’ <V. Using
Lemmas 1 and 3, we see that.

NGANH TOAN HOQC
1

L8 g WP v [z () P4
2d

v V8o 4 i 4z |
my
vy [ [P0 172 2 172 Az, P2 +
1d
——lz, I +v| 4z, (2)
2 dt
S v | Vg |.'n Il
m,
+c, |u” [’ 120z, 12 Az, P2 +

z | 4z

H|

c |z, [’ | Az,

+2 |z, [
2
Lz
2
<v VBl y, g4z |

my
+cl|u [0 172 z [ Az, [2

t+c|z, | i +K| Az P —gn z 112
55|A 2 42v VEL g’* Iz —|Az 2+
0
e +¥) dz,
+54‘j’ N 10z 12+ 2 4z =2z 12
v 2 2

Thanks to the Young inequality. This implies.

lin +2) 4z peov VBL g2

2d m;
2108y g 2y
V%

So that

Dz 12 +Y sz p<
di 4

216¢* (13)

2
—u+4v + o 1% |1z, 02
(‘” mVh ]

Intergrating both sides between 0 and ¢ yields.

' 1|4Jx

Iz ()11 +§j|Az" (s)[? ds

V 4
[#M Ve[, , 216e

my VA
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lel z (s)I? ds+1l z, (0) II?

2 4
S[—ﬁ+4vlv‘g2|”"‘+2lf'c || u"n‘*]x
m; v

]
x[ll 2, ()17 ds+ 1l (0) I .
0
Rewriting this as,

Iz ()l +§ILAzH (s)| ds

o II“Jx

m, VA

4

{# 4,1 VEE 216

X[l z, ()17 ds <!l z(0) I?
0

and using (4) we obtain.

Iz ()1 +§:j]|,4z,,(s) ? ds

I OPL 74 L7 A DA
2 4
m, Vg|,
Vu'\3 [l o Ln ilz }
- 0

x:[ll z, () I> ds <ll z(0)II*

Because of (9), the third term on the left - hand side of
(15) is positive and this implies that {Z } is bounded in.

L*(0.T:V )NL? (0.T:D(A)).

By applying the arguments as while the proof of
Theorem 2, we obtain.

dz
EJrvAerVCz+BZ+BUZ+,uRgL!(z)=0 (15)

in L(0,T: H )
and z(0) = z,. This proves that z is a solution of (11).(ii)
Stabilization. Take the inner product of (12) with Az gives.

d
P (z,4z), +v(4z, 4z), =
—v(Cz, 4z),

_b(u* s Z, AZ) = #(‘{b (z)? Az)g 1
Thus, using (2), we have.

—b(z,z,Az)—b(z,u‘,Az)

——lzl*+v|Az|"=-v(Cz, 4
SNzl v | Az =—v(Ca, 42),

—b(z,u’, Az)~b(u’,z, Az) - u(I,(2), 4z),

Hence from (14), we obtain.

LApaT +ﬁn 2IP<
dt

4
( kgL Lk 110 u"||4]||z||2
mU VA
and so
LA . ’11+4v g'w 1k
dt m;
4 4
26| T __yzie.
Vg l.
21(1_| gll,”]
Mo/,

Therefore, by virtue of Gronwall’s inequality and
assumption (9), yields.

I zI2<e™ Il z(0) I?
Where:
VA g, Vel 216¢ 17T

4 m’ g
0 V7211(1_|Vg||;2J
Moy

This completes the proof of the theorem.

A=u+—
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o THELEGUBA |
TAP Chi NGHEN CUU KHOA HOC, TRUGNG DAI HOC 540 0o

Tap chi Nghién ctru khoa hoc, Trudng Dai hoc Sao Do (P. ISSN 1859-4190, E. ISSN 2815-553X), thuong xuyén
cong bo két qua, cong trinh nghién ctru khoa hoc va cong nghé clia cac nha khoa hoc, can b, gidng vién, nghién
ctru sinh, hoc vién cao hoc, sinh vién & trong va ngoai nudc.

1. Tap chi xuat ban 01 s6/quy bing hai ngdn nglt tiéng Viét va tiéng Anh. Tap chi nhan dang cac bai bdo khoa
hoc thuéc cac linh vu'e: Dién - Dién tir - Tu dong héa; Co khi - Dong luc; Kinh té; Triét hoc - Xa hoi hoc -
Chinh tri hoc; Céac linh vuc khac gom: Cong nghé théng tin; Hoa hoc - Cong nghé thuc pham; Ngén nglt
hoc; Toan hoc; Vat ly; Van hoa - Nghé thuat - Thé duc thé thao...

2. Bainhan dang 12 nhirng cong trinh nghién ctru khoa hoc chua céng bé trong bat ky an pham khoa hoc nao.

3. Toa soan chi nhan bai bao gl online trén website http:/tapchikhcn.saodo.edu.vn. Bai bao glii vé toa
soan dudi dang file dién tir (*.doc *.docx va *.pdf); cudi bai bao, tac gia ghi ro théng tin dia chi lién hé, s6
dién thoai, email va cap nhat thong tin trén website. Bai bao phai duoc trinh bay ding dinh dang, r6 rang;
Truéng hop bai bao phai chinh sira theo thé Ié hodc theo yéu cau ctia Phan bién thi tac gia sé cip nhat trén
website. Ngudi phan bién sé do toa soan moi. Toa soan khong gui lai bai néu khéng duoc dang.

4. Cac cong trinh thuéc dé tai nghién clru c6 Co quan quan ly can kém theo gidy phép cho céng bé cla co
quan (Tén deé tai, ma s6, tén chu nhiém dé tai, cap quan ly,...).

5. Tén bai bao trinh bay bang hai ngdén ngir (tiéng Viét va tiéng Anh), font Arial, c& chir 14, in dam, cin gitra.

6. Tén tac gia (khéng ghi hoc ham, hoc vi), font Arial, c& chir 10, in dam, cin |é phai; co quan céng tac clia cac
tac gia, font Arial, c& chir 9, in nghiéng, can [& phai.

7.  Chir "Tém tat” in dam, font Arial, c& chir 10; N6i dung tém tat cta bai bao khéng qua 10 dong, trinh bay
bang hai ngén ngir (ti€ng Viét va tiéng Anh), font Arial, c& chir 10, in thuéng.

8. Chir "Tir khéa” in dam, nghiéng, font Arial, c& chir 10; C6 tir 03+05 tir khéa, font Arial, c& chir 10, in
nghiéng, ngdn cach nhau béi ddu cham phay, cudi ciing 1a ddu cham.

9. N6i dung bai bao viét bang tiéng Viét hoic tiéng Anh; Néu 1a bai bao viét bang tiéng Viét: Tiéu dé tiéng
Viét trudc, tiéng Anh sau; Tom tat tiéng Viét trude, tiéng Anh sau; Tir khoa tiéng Viét trude, tiéng Anh sau;
Néu 13 bai bao viét bang tiéng Anh: Tiéu dé tiéng Anh trudc, tiéng Viét sau; Tom tit tiéng Anh trudc, tiéng
Viét sau; Tir khoa tiéng Anh trudc, tiéng Viét sau.

10. Bai bao durgc danh may trén khé gidy A4 (21 x 29,7cm) ¢ do dai khong quéa 8 trang, font Arial, ¢& chir 10,
gian dong At least 12pt, Before 3pt, After 3pt; can [é trén 2.5cm, du'di 2.5cm, trai 3cm, phai 2cm: hinh vé
phai r6 rang, du nét va dugc dinh dang dudi dang file anh (*.jpg); Phuong trinh, cong thirc phai soan thao
bing Mathtype hodc Equation; Phan néi dung bai bdo dugc chia thanh 02 cét, khodng cach cot 13 1cm;
Trong tru'ong hap hinh vé, hinh anh cé kich thude lén, bang biéu €6 do rong I6n hoac cong thire, phuong
trinh dai thi cho phép trinh bay duéi dang 01 cot.

11. Tailiéu tham khao dugc sdp xép theo thi tu tai liéu duoc trich dan trong bai bao.

- Néu la sach/ludn an: Tén tac gia (nam), Tén sach/luan an/luan van, Nha xuat ban/Truong/Vién, [an xuat
ban/tai ban.

- Néu Ia bai bao/bdo cdo khoa hoc: Tén tac gia (nam), Tén bai bao/bao cao, Tap chi/Hobi nghi/Héi thao, Tap/
Ky yéu, so, trang.

- Néu | trang web: Phai trich dan day du tén website va dudng link, ngay cap nhat.

12. Pinhdang miubaibaothamkhaotaidiachihttp:/tapchikhcn.saodo.edu.vn/news/detail/198/format_paper
Bai bao sau khi xuat ban sé duoc cong bé trén http:/tapchikhcn.saodo.edu.vn.

THONG TIN LIEN HE:

Ban Bién tap Tap chi Nghién ctru khoa hoc, Tru'gng Pai hoc Sao Po

Phong 203, Tang 2, Nha B1, Truéng Dai hoc Sao Do.

Dia chi: S6 76, Nguyén Thi Dué, Thai Hoc 2, phudng Sao D6, thanh phé Chi Linh, tinh Hai Duong.
Dién thoai: (0220) 3587213, Fax: (0220) 3882921, Hotline: 0912 107858/0936 847980.

Website: http:/tapchikhcn.saodo.edu.vn

Email: tapchikhcn@saodo.edu.vn

Tap chi Nghién ciiu khoa hoc, Trudng Dai hoc Sao Do, So 2 (85) 2024



4B, BO CONG THUONG
=2 TRUONG DAI HOC SAO BO

Dia chi:

- S8 1: 56 76, Nguyén Thi Dué, Thai Hoc 2, phudng Sao Do, thanh phé Chi Linh, tinh Hai Duong.
- S8 2: S6 72, dudng Nguyén Thai Hoc, phudng Thai Hoc, thanh phé Chi Linh, tinh Hai Duong.
- Dién thoai: (0220) 3882 269 Fax: (0220) 3882 921 Website: http:/saodo.edu.vn Email: info@saodo.edu.vn

P. ISSN 1858-4190
E. ISSN 2815-553X

Sd 2 (85)
2024

Truong Pai hoc Sao Dé.

S6 76, Nguyén Thi Dué, Thai Hoc 2, phudng Sao Do, thanh phé Chi Linh, tinh Hai Duong.
Pbién thoai: (0220) 3587213, Fax: (0220) 3882 921, Hotline: 0912 107858/0936 847980.
Website: http:/tapchikhcn.saodo.edu.vn/Email: tapchikhcn@saodo.edu.vn.

Gidy phép xuat ban s6: 620/GP-BTTTT ngay 17/9/2021 ctia B Thong tin va Truyén thong.
In 2.000 ban, khé 21 x 29,7cm, tai Céng ty TNHH in Tre Xanh, cap ngay 17/02/2011.




