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Bat dang thirc tich chap cua phép bién déi Fourier cosine va
Laplace v&i ham trong

Convolution inequalities of the Fourier cosine transform and
the Laplace with a weight function
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Tém tat

Trong bai bdo nay, chung téi nghién clru bat déng thire tich chap suy rong lién quan dén phép bién dbi Fourier
cosine va phép bién déi Laplace vé&i ham trong, dang thirc nhan t& héa cé chira hai phép bién déi tich phan khac
nhau. Thiét 1ap dwoc cac déng thirc nhan tir hda, ddng thirc kiéu Parseval va danh gia chuén tich chap cta phép
bién dbi Fourier cosine va Laplace v&i ham trong, st dung trong danh gia nghiém cla phwong trinh vi - tich phan
trong bai toan phan giai tin hiéu x& ly thong tin.

Ttr khéa: Bién doi Fourier; bién déi Laplace; dédng thirc Parseval; tich chap suy rong.

Abstract:

In this paper, we research generalized convolution inequalities related to the Fourier cosine transform and the
Laplace transform with a weight function, the factorization equality contains two different integral transforms.
Establish the factorization equalitys, Parseval type equalitys and convolution standard evaluation of the Fourier
cosine transforms and Laplace with a weight function, used in evaluating solutions of differential - integral

equations in solving problems information handling.

Keywords: Fourier transform; Laplace transform; Parseval equality; generalized convolution.

1. DAT VAN BE

Nam 1951, Sneddon I.N. x&y dwng dwoc mot tich chap
ma trong déng thirc nhan t& héa cé chira hai phép
bién dbi tich phan khac nhau tham gia. D4 1a tich chap
suy rong dbi véi hai phép bién déi Fourier cosine va
Laplace. Cac phép bién ddi tich phan kiéu tich chap
suy réng Fourier cosine va Laplace véi ham trong van
chwa dwoc nghién ciu nhiéu. Viéc nghién clu cac
tich chap v&i ham trong da mé ra trién vong phat trién
thém hwéng nghién ciru vé Iy thuyét tich chap. Nam
1967 Kakichev V.A. dwa ra dinh nghia tich chap v&i
ham trong cla hai ham déi véi mot phép bién déi tich
phan dua trén dang thirc nhan tir hoéa. Véi ky thuat
dé ma nhiéu tich chap cé ham trong dwoc tim ra, tiéu
biéu tich chap véi ham trong y(y) = sin y. Viéc nghién
ctru cac tich chap va cac phép bién dbi tich phan cé
y nghfa quan trong trong nhiéu Iinh vuc khoa hoc va
ky thuat. Nh& do, cac phép toan Giai tich phirc tap
dwoc don gidn hoa thanh phép tinh Dai sb. Vi vay, né
dac biét hiru ich trong viéc gidi cac bai toan trong ly
thuyét mach, bai toan x& ly hinh anh va x& ly tin hiéu
truyén théng.

Ngwoi phan bién: 1. PGS.TS. Khuét Van Ninh
2. TS. Nguyén Viét Tuan

Trong bai bao nay, ching t6i xay dwng mét sé tich chap
suy rong lién quan dén phép bién ddi tich phan Fourier
cosine va Laplace v&i ham trong. Nghién ctru cac tinh
chét toan tt clia cac tich chap suy réng véi ham trong,
st dung dé danh gia nghiém cla phwong trinh vi-tich
phan trong bai toan phan gidi tin hiéu x& ly thong tin.
2. TICH CHAP SUY RONG

Trong bai bao nay, ching téi str dung cac khéng gian
ham sau day:

R, ={xeR,x>0}.
Cho L, (R, ),1< p <o lakhéng gian cac ham s f
xac dinh trén R | sao cho.

T|f(x)|” dx < +00

Trong d6, chuén clia ham f duocky hiéu va xac dinh béi

171, o =[I )P dx]

Cho L,(R,,p),p>0,1< p <o lakhong gian cac ham
s6 f xacdinhtrén R, sao cho:

[17(0)F p(x)dr< oo
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trong d6 chudn clia ham /  dwoc ky hiéu va xac dinh béi

o [ fl7)r p(x)de

Dac biét, khi p(x)=x"e"" thi ta nhan dwoc khong
gian ham hai tham sé a, 8 va ky hieu L7 (R,).
cho L., (R,) 1a khong gian cac ham sé f xac dinh
trén R, sao cho:

sup|f (x

xeR,
Trong d6 chuén cliaham £ dwoc ky higu va xac dinh bdi

”f“Lm(R,,) =§g£|f(x)|

|<+OO

cho G, (R+) la khéng gian cac ham sb lién tuc trén
R, va triét tiéu & co.

H(R.)={/(x):(Lf)(v)e

L 1a phép bién dbi Laplace
(LN)(»)=]7(x)

L(R,)}

edx,Rey>0

F, la phép bién dbi Fourier cosine

(Ff)(y \/7J.f )cos xydx, y >0

Sau day, ta dua ra khai niém tich chap qﬂa hai ham
kha tich trén IR nham xac dinh quy tac lay tich chap
gitra chung.
Pinh nghia 1 ([1]). Cho f,k la cac ham kha tich dia
hwong trén [R. Néu tich phan _ Xac
p g ‘ R p J.Rf(x y)k(y)dy
dinh v&i hau hét x € IR (nghiala tap cacgiatri x € IR
dé tich phan trén khong tén tai 1a tap cé do6 do khong)
va ham kha tich dia phuwong trén R bién x thanh
J]Rf(x—y)k(y)dy dwoc goi la tich chap cta ham f
va ham £k, ky hiéu la f*k Nhw vay:
(f*R)(x) =], f(x=2)k(y)dy

=fRf )k (x—y)dy.
Ta goi f *k latich chap ciaham f va k.

Tiép theo, tg dwa ra khai niém tich chap suy rong vo&i
hai phép bién dbi tich phan Fourier cosine va Laplace.

binh nghia 2 ([2]). Tich chap suy rong cta hai ham f
va k doi voi hai phép bién dbi tich phan Fourier cosine
va Laplace dwoc dinh nghia nhw sau:

(f*k)(x)= %TTG(x,u,v)f(u)k(v)dudv
trong do v

O(x,u,v)=

(1)

v v

,bx>0

v a(x—u) V+(xtu) (2)

NGANH TOAN HOQC

Ta goi 4. 1a khong gian anh cta L, (R, ) théng qua
phép bién dbi Fourier cosine F,. V&i chuan

1A, =1FA

thi khéng gian dé la mét dai s Bannach, nghia la néu
f(x)k(x)e A, thi

f(x)k(x)e4,

va théa mén

|

Tiép theo, ta dwa ra khai niém phép bién dbi tich phan
lién quan dén tich chap suy rong Fourier cosine -
Laplace xac dinh béi (1).

Binh nghta 3 ([6]). Phép bién déi tich phan kiéu tich
chap suy rong Fourier cosine - Laplace 7, . Phép bién
déi tich phan dwoc xac dinh c6 dang nhw sau:

S (x)p g (x)=(T/)(x)
[l——j(f*k)( ).x>0

Trong d6 k 1a nhan cta phép bién dbi.

Tiép theo, ta dwa ra khai niém cac tich chap suy réng
v6i ham trong 7 (y)=—siny va y(y)=—¢""siny dbi
V@i phép bién doi tich phan Fourier cosine - Laplace.
Dinh nghia 4 ([7]). Tich chap suy réng v&i ham trong
y(y)=-siny cta hai ham f(x) va k(x) déi voi
phép bién doi tich phan Fourier cosine - Laplace dwoc
dinh nghia nhw sau:

[7)=5, LT
o, x+1 u,v ]f dudv
Véi 6, (x,u,v) duoc xac d!nh b&i (2).

x luv

(4)

Dinh nghia 5 ([7])- Tich chap suy réng v&i ham trong
y(y)=-e"siny (y>0) cla hai ham f(x) va
k(x) ddi voi phép bién dbi tich phan Fourier cosine
- Laplace dwgc dinh nghia nhw sau:

(f*kj =—j j [0, (x—Luv+y)-

02(x+1,u,v+7 —‘f u k v)dudv
V&i 6, (x,u,v) duoc xac dinh bdi (2).

Dinh ly sau day cho ta danh gia chuan cda tich chap
Fourier trong khong gian ham [, (R)

Pinh 1y 1 ([3]). Cho ham feL,(R,) keL, (R,)

()

1 1
trong d6 1<p,g<oo, —+—2=1. Thi tich chap
P q
R S R .
f*keLr(R+), & day —=—+——1. Pong thoi, ta
rp q
c6 danh gia.
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NGHIEN CUU KHOA HOC

|7kl < (A1, I, 6)

Dinh ly sau day cho ta s ton tai déng thirc nhéan tkr hda

clia tich chap trong khong gian L, (R+).

Pinh ly 2 ([1]). Gia s cac ham f(x) va k(x) thudc
khong gian L, (R, ). Khi d6, ta c6 (f *k)(x) < 4, va
thda man dang thire kiéu Parseval.

(f *k)(x) = E[(F.1) () (k) () ](x), ¥x >0 (7)

Hon niva, ta cling nhan dwoc dang thire nhan t& héa

F(f*k)(x)=(FS) () (LK) (), ¥y >0 (8)
e

Dé nghién cru tich chap (f*kj trong mot s khong

gian ham cu thé ta xét cac dinh ly sau.
Pinh Iy 3 ((1]). Gia st f(x)eL,(R,) va
k(x)eH(R,). Khi do, tich chap suy rong

fz’/‘k (x) thuoc L, (R, ) théa man déng thire kiéu

Parseval.

(754 )-
F,[-siny(F,.f)(Lk)](x),vx>0

va dang thirc nhan t& héa sau:
Ve
K (f*kjm .
—siny(Ff)(»)(Lk)(»), ¥y >0

Binh 1y 4 ([1]). Gid st f(x) va k(x) & hai ham
thuéc khéng gian L (R+). Khi d@é, tich chap suy rong

f’ikj(x) thuoc khong gian L, (R, ) va ta c6 bét

dang thire chuén.

4
(73] =l e,

A(R,)
4
Hon nira, tich chap suy rong | f *k (x) ciing thudc

(11)

C, (R, ), théa man déng thirc nhan i hoa.

Fc(fikj(y): (12)

—e siny(FSf)(y)(Lk)(y),Vy >0

va dang thirc kiéu Parseval.
( fikj(x) _ [~ siny(E.£)()

.(Lk)(y)](x), Vx>0

(13)

Dinh ly 5 ([5]). Gidstrrang p>1,r21,0< <1, céac
ham f(x)eL,(R,) vak(x)eL (R,).Knidstich

V4
chap suy rong [ f*kj(x) tdn tai, lién tuc va bi chan

trong L‘f‘ﬂ (R+). Hon niva, tich chap nay théa man bt
dang thtre chuén.

()

Vp a+l
2 2 T r
O do CZ(_j BT (0!+1) véi I' 14 ham

LS 7 P e

LA (R,)

(14)

Ty
Gamma.

Ngoai ra, néu f(x)eL (R,)NL,(R,) thi tich

Ve
chap suy rong (f*kj(x) thuoc C, (]R+), thda man
(12) va (13).
Pinhly 6 ([5]). Choa>-10<p<1,p>1,¢>1,r21

—+—=1
p 9

f(x)eL,(R,) va k(x)eL, (R+,e("")") thi tich

thda man Khi d6, néu cac ham

y
chap [f*k](x) ton tai, lién tuc va bi chan trong

L (R,). Hon niva, ta co bét dang thtrc chudn.

'
I ( f*kj eoge
CUF My VR, o

(19)

a+l

1/q
1 _
TrongdéCz(—j B -F”’(a+1).
Ty

Ngoai ra, néu f(x)eL(R,)nL,(R,) va
k(x)e L (R,)NL,(R,,e"") thi tich chap
(f;kj(x) cing thuéc C, (R, ) théa man dang
thirc nhan tir hoa (12) va déng thire kidu Parseval (13).
Pinh Iy 7 ([2]). Gia st cac ham f(x)eL,(R,) va
k(x)eL (R, ). Knido tich chap (f*k)(x) tén tai,
thuoe L2 (R, )

(r=1,820,a >-1) vata cé bat déng thirc chudn.

(7 *#)

(R,)

a+l

1/r (16)
B T @) Wl

2
Ty
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Binh Iy 8 ([4]) (Dinh Iy Young). Gid st P,¢,7 >1 théa

mandidukign -+ L+ 1 2 va f(x)eL, (R), k(x)eL, (R)
pqr

h(x)eL, (R).Khido, taco danh gia.

0 * )

_w(f,,k)(x) h(x)dx <

I fU, Gl L)

Néu cac ham f( ) va k(x) thudc khong gian
LI(R+) thi tich chap (f*k)(x) ton tai, thudc
L (R,), (r21,820,a>-1) va ta co bat dang
thirc chuan.

H(f*k

(17)
wll Al

LA(R,)

e (18)
_ ﬁ - (a+1)Hf”14(R )Hk”LI(R

Mpt hé quéa quan trong nhan dwoc t dinh ly nay la bat
dang thirc Young doi v&i tich chap Fourier. Tuy nhién,
nhw ta da biét cac bat ddng thirc khdng con ding trong
trwong hop f,k e L, (R) Saitoh da khéc phuc han
ché do bang cach xét khong gian ham L, (R, p) va
nhan dwoc bat dang thire dbi véi tich chap Fourier cho
b&i dinh ly sau.

Dinh Iy 9 ([6]). V&i cacham khang trigttieu p; (j=1,2)

ta c6 bat dang thirc trong khong gian L, (R)( p> 1)

déi vai tich chap Fourier.

((Fp)*(Fup0)) (1% 2 )%_]

<[#],,

(19)

L, (R)

j)'

Trong cac bai toan rng dung, ta thuwdng xét tredng hop
o (x) = 1’]72 (x) = G(x) trong do G(x—y) la ham
Green nao do. Khi do, néu peL (R,),GeL,(R)
va FeL (R, pl), batdang thirc (19) tré thanh.

»(Rpl) H 2” »(Rp,)

thda man véi moi ¢ [, (
J )4

<

(e

Lo
(20)

||p||Ll G, 2 1L, 10

va I_ F(y)p(y)G(x—y)dy dva vao théng sb ham
dau vao F trong cac bai toan tng dung.

3. TICH CHAP SUY RONG FOURIER COSINE -
LAPLACE VO1 HAM TRONG

Ta chljrr]g minh sw tdn ’tai cua tich chap suy rong lién
quan déen phép bién doi Fqurief cosine - Lapjace vOi
ham trong va danh gia bat dang thirc chuan trong

NGANH TOAN HOQC

khong gian L, (R, ) va L, (R, ) qua dinh Iy sau.

) ) I 1 1 T
Binh ly 10. Cho p,q,r >1,—+—+—=2 va gia st

p g r
f(x)el,(R.), h(x)eL.(R,),
k(x)eL

( +,(x+}/) 1) (7/>0) Khi dé, tich

chap suy rong f*k)(x) thda man.

Lf(fik)(xyh(x)dxs
(21)
l-q
L0 P V3 P 1 P
Ching minh. Trwdc hét, ta cé danh gia:
J.oo ‘49, (x,u,v+7/)|dv
b e d @)
o dv o dv T
<2 <2 ==
‘[0 (v+7/)2 ‘[0 Viert oy

Gia stv p,,q,,1; twong &ng la céac lién hop mi cda
p,q,r, nghia la:

l+izl’l+l:1’l+l:1

V2R 4 q9 4 roh
] 1 1 1
Khid6 —+—+—=1. Pat
P 4 h
U(x,u,v):
4 q-1 r 1

g (V)1 [v+71 ™ [A(x) " |6 (xauv+ )7
V(x,u,v)z

1

£ - Gl(x,u,vﬂ-}/)a

| S ()| ()"

W(x,u,v):

v+y

p 4 q-1 1
| f (@) " k()T v+y ] |6 (xuv+ )
Ta co:

(U.V.W)(x,u,v) =
‘f(u)‘ k v)Hh(x)Ht9I (x,u,v+;/)‘

Mat khac, st dung (5) ta thu dworc.
Ly "ij,l(Ri)zjo Io J.o |k(v)
. h(x) i
v)Flvy [ av[ (x

T

i

(23)

vy,

(x u v+7 ‘dudvdx
(24)

o] K

=l kI’

Lq(]R+ (x+7)" )

|dx
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g =[] @)Y Fv+ 1
‘01 x,u,v+7/ |dudvdx (25)
<zl II” IIkII"
f Ly(R L, (R, (x+p)7)
St dung danh gia (22), ta cé:
e jjj u)PLh(x) .
6 (x,u,v+y ,
.‘(T}/)dudvdx< AN o WA
Tir (23), (24) va (25), ta nhan duoc.
ron vl IIWII Syl
() () ()T
(26)
R P 3 R 1

T (23) va (26) va s dung bat dang thirc Holder cho

ba ham, ta cé:
<[ T G

[ (f*kj( x)dx

.‘k v Hh x HHI x,u,v+7/ ‘dudvdx.

:—I I I x u, v (x,u,v)W(x,u,v).
dudvdx
1
<—fthun v . Awi .
N AN A
< ;/—l/q‘ " f " LP(R+)" k " Lq(R+,(x+}/)L]71)|| h " L,4(]R+)
1-q
=y | f"L,,(RJ" kIILq(RM ql)ll hll

Dinh ly da dwoc chirng minh.
Hé qua1.Gidstr a>-1,0<p<1,p>1,¢g>1,r21thoa

man L+ L1 Néu f(x)eL,(R,) va k(x)eL,(R,
(1+x2 )q" ), thi tich chap suy rong (f;kj(x) ton tai,

lién tuc, bi chan trong khong gian Lf’/’ (R+) va co
danh gia chuén.

(744
LA(R,)

<CIfI, g Nl

(27)

L‘,(R+(1+x2 )"")
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V6i I la ham Gamma. Hon niva, néu gia thiét:
1 /p a+l

Trong dé C:(—j B 7 -IT'"" (a+1) thém cac ham
ry

f(x)eL,(R,)NL(R,) va k(x)eLl(R+)qu(R+,(l+x2)H)

7
thi tich chap suy réng (f*kj(x) e C,(R,), théa man
déng thirc nhan ti hoa (7).

4. KET LUAN

Bai bao trinh bay su ton tai mét sb tich chap suy rong
lién quan dén phép bién ddi tich phan Fourier cosine -
Laplace v&i ham trong. Dwa ra cac tinh chat toan tir clia
céac tich chap suy rong trong mét sd khéng gian ham
cu thé. Ngoai ra con thiét 1ap va chirng minh bat dang

thire chudn trong khéng gian L, (RJ val, (R,pj)

doi voi cac tich chap twong (ng. Tuy nhién, do khuon
khé bai bdo, ching t6i khéng dé cap & day.
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