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On the existence for cubic programming problems
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In this note, we propose a Frank-Wolfe type Theorem for the existence of cubic programming problems. Our
main tools are structure of 3-dimension tensors, S-lemma, recession cone and properties of cubic functions. The
obtained result is a partial answer to the open question for the existence in cubic program.

Keywords: Frank-Wolfe Theorem; Cubic optimization; Solution existence; S-lemma,; Recession cone.

Téom tat

Trong bai bao nay, ching téi dwa ra mét dinh ly kiéu Frank-Wolfe cho s tén tai nghiém cla bai toan quy hoach
lap phwong. Cac cong cu chinh la c4u tric cta tensor 3 chiéu, S-bd d&, nén Iui xa va tinh chét cla cac ham 1ap
phwong. Két qua dat dwoc da tré 16 mot phan cho cau hdi mé vé sw ton tai nghiém trong quy hoach lap phuong.

T khéa: Binh ly Frank-Wolfe; téi uu lap phuong; tén tai nghiém; S-bé dé; nén Iui xa.

1. INTRODUCTION

The fundamental theorem of linear programming states
that every feasible linear program that is bounded from
below has an optimal solution. Frank and Wolfe [5]
extended the above result for the nonconvex quadratic
objective function (FrankWolfe Theorem). Kummer [7]
extended the Frank-Wolfe theorem to programs with
quadratic objective function and constraint sets being
the Minkowski sum of a compact set and a convex
polyhedral cone. Belousov and Klatte [3] proved that
if the objective function is a convex polynomial and
bounded from below over the solution set of a system of
convex polynomial inequalities then the above problem
has a solution. Luo and Zhang [9] extended Frank-Wolfe
Theorem for the case, where at most one constraint
function is nonlinear and convex. Flores-Bazan and
Carcamo [4] extended Frank-Wolfe Theorem for the
case, where the constraint set is asymptotically linear.

Reviewer: 1. Prof.Dr. Khuat Van Ninh
2. Prof.Dr. Nguyen Van Tuyen

Andronov et al. [1] showed that a nonconvex cubic
objective function, which is bounded from below over
a nonempty polyhedron, attains its minimum. Klatte [6]
proved again the above result. Andronov et al. [1] also
showed an example of a nonconvex cubic programming
problem which has no solution. Therefore, the infimum
of cubic polynomial over the feasible set, which is given
by convex quadratic polynomials, is in general not
attainable. Nghi and Tam [10] proposed the following
open question: “Whether, under some assumptions,
a nonconvex cubic function attains its minimum on a
non-polyhedral closed convex set provided that is
bounded from below over?”. Authors attained a partial
answer to the above question via a Frank-Wolfe type
theorem for nonconvex cubic programming problems.

In this note, other partial answer to the above ques-
tion is given. We prove that a nonconvex cubic function
bounded from below over the feasible set defined by a
convex cubic inequality attains its minimum. Our main
tools are structure of 3-dimension tensors, S-lemma,
and properties of cubic functions.

62 Tap chi Nghién ctru khoa hoc, Trudng Pai hoc Sao Do, S6 4 (83) 2023



2. MAIN RESULT

Let R" be n-dimensional Euclidean space equipped

with the standard scalar product and the Euclidean
norm. The space of real (mxn)-matrices is denoted

by R™". A real third-order n-dimensional tensor (or
hypermatrix), written as Az[aij,]f' is a third-way

i,j,0=1
array. A tensor is symmetric, if the entries are invariant
when permuting their indices. The set of all third-order

symmetric n-dimensional tensors is denoted by R’ .
For AeR”™ and x €R", denote by Ax” a vector
with its i -th component as:

(*"b‘2 ),. = Z @y 2%
T
forall i €{l,...,n}.. Denote

At =5 (.sz) = Z QXX X
i,j,l=1
Consider the following cubic programming problem.

minimize{f(x):=éAx3+%xTBx+ch:fo}, (P)

Where A e RY"",BeR" is symmetric, ceR",

and F < R" is a closed and convex set. Denote by
G(P) the global solution set of (P).

The recession cone of F =@ is defined by
F= :={veIR” x+tveF VxeF ‘v’tZO}.

It is well-known that each polynomial ¢ of order p on
R" may be (uniquely) represented by the sum

D= )

Where ¢, =0 is possible for certain indices
ia(Po(x):O is a constant function and (p,.,izl, are

forms of order i, i.e., polynomials satisfying

j i(tx) = tij i(x)-

Moreover, it is known (see [2]) that, for some convex
polynomial ¢, the recession cone of @,(1x) = z"(pl, (x).

consists exactly of the directions / satisfying @.(h)=0
for all even numbers i, and ¢, (h) <0.

Denote:

Null(A) = {v eR": AV = 0}

Null(B) = {v eR":v' Bv= O}

Im(f,g)={(/(x).g(x):x R’}

Tap chi Nghién ctru khoa hoc, Trudng Dai hoc Sao Do, S6 4 (83) 2023
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Consider the problem

min f(x):= é/bf +%xTBx+ch
| | (CP)
st.xeR":g(x)= gA,x3 +ExTBIx+c1Tx+d1 <0.

Theorem2.1.IfIim (f,g)+ R? isconvex, g isconvex,
and the objective function f is bounded from below

over the nonempty feasible set 7 = {x eR":g(x)=< 0}
then (C P)has a solution.

Proof.

Let 1~ :=£r€1£f(x) >—00.

We have
F=={heR":k"Bh=0,c/h<0}
(see [2]).

Consider the set
M ={ve F* A Null(A) \Null(B): 4v=0,B,y=0}.

If ¢/ v=0 forall vEM then from Corollary 3.1 in [10]
it follows that (C P) has a solution.

Consider the case where there is vy € M such that
¢/ v <0. It follows that g(@)=¢t(c,7)+d, —>-o as
t— . Hence there exists £, >0 such that g(,7)<0.
Then, the condition Slater is satisfied.

Since f is bounded from below over F by f* and
Im(f,g) +]Ri is convex, according to S-lemma (see
[8]), there exists A = 0 such that:

f(x)+1g(x)= f'VxeR" (1)
Consider the cubic problem
min{ f(x)+Ag(x): xeR"} @)

According to [6] the problem (2) has a solution, say
x eR".

We have

f(x")+2g(x") < f(x) + Ag(x)vx eR"

This gives

f(x*)+lg(x*)sf(x)

forall xe F.

From this it follows that

f(x*)+lg(x*)£f*

Combining this with (1) we get

7(¢) 28(x) =1

*

@)
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We have

(¢ +#)=g(x J+ LAV +2 5T (Ax' 47

+t(%./41(x*)2+31x*+cljr17
=g(x*)+c,T17.
e . . g(x)
e imply that g(x +tv)=0 fort = ——=.
- v
Thus
X +tveF

From (1) we have

f(x* —t*17)+/1g(x* —t*\7) -3

Or, equivalently

f(x*)—ﬁAv3 +ﬁvT(Ax* +B)v
6 2

1 * 2 * T *
—t| —A(x ) +Bx +c| v+Agl(x
(Sa() 485 sc] vrag(v)
P s g s _
“A—AV +A—V (Ax +Bl)v
6 2
T
1 * 2 * — *
—At EA'(X) +Bx +c¢ | V2 f.
It follows
£ £
—— AP+ V" (Ax+ B)Y
6 2
1 2 O
—t[EA(x*) +Bx*+cj V—igAlW
t il 2 !
—T * — * * —
+/15v (Alx +Bl)v—/lt(§Al(x) +Bx +cl) v20.
Thus
1 2 4
—t[—A(x‘) +Bx*+c) v
2
1 *\2 x -
> At EA(x) +Bx +¢ | V.
Combining this with (3) and (5), we have

(x* +t*17)=f(x*)+t* (%A(x*)z +Bx’ +ch\7

()2 (S 48 v 7

)

®)

This proves that X +tV is a solution to (CP). The
proof is complete.

3. CONCLUSIONS

Theorem 2.1 in this note shows that a nonconvex
cubic function bounded from below over the feasible
set defined by a convex cubic inequality attains its
minimum. This is a partial answer to the open question
on the existence of cubic programming problems.
We use structure of 3-dimension tensors, S-lemma,
recession cone and properties of cubic functions to
prove the above main result.
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Néu I3 bai bao viét bang ti€ng Anh: Tiéu dé tiéng Anh trudc, tiéng Viét sau; Tom tat tiéng Anh trudc, tiéng
Viét sau; Tir khoa tiéng Anh trudc, tiéng Viét sau.

10. Bai bao duoc danh may trén khé gidy A4 (21 x 29,7cm) cé do dai khéng qua 8 trang, font Arial, c& chir 10,
gian dong At least 12pt, Before 3pt, After 3pt; can [é trén 2.5cm, dudi 2.5cm, trai 3cm, phai 2cm; hinh vé
phai roé rang, da nét va duoc dinh dang duéi dang file anh (*.jpg); Phuong trinh, cong thirc phai soan thao
bing Mathtype hodc Equation; Phan néi dung bai bao dugc chia thanh 02 cét, khoang cach cot 1a 1cm;
Trong trudng hop hinh vé, hinh anh cé kich thuéc I6n, bang bi€u cé dé rong I6n hoac céng thirc, phuong
trinh dai thi cho phép trinh bay duéi dang 01 c6t.

11. Tailiéeu tham khao dugc s3p x&p theo thi¥ tu tai liéu duoc trich dan trong bai bao.

- Néu la sach/luan an: Tén tac gia (ndm), Tén sach/ludn dn/ludn van, Nha xuat ban/Truong/Vién, [an xuat
ban/tai ban.

- Néu |a bai bdo/bao cdo khoa hoc: Tén tac gia (ndm), Tén bai bao/bao cao, Tap chi/Hbi nghi/Hai thao, Tap/
Ky yéu, s, trang.

- Néu |a trang web: Phai trich din day du tén website va dudng link, ngay cap nhat.

12. Pinhdangmaubaibaothamkhaotaidiachihttp:/tapchikhcn.saodo.edu.vn/news/detail/198/format_paper
Bai bao sau khi xuat ban sé dugc céng bo trén http:/tapchikhcn.saodo.edu.vn.
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