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Abstract

In�this�note,�we�propose�a�Frank-Wolfe� type�Theorem�for� the�existence�of�cubic�programming�problems.�Our�
main�tools�are�structure�of�3-dimension�tensors,�S-lemma,�recession�cone�and�properties�of�cubic�functions.�The�
obtained�result�is�a�partial�answer�to�the�open�question�for�the�existence�in�cubic�program.
Keywords:�Frank-Wolfe�Theorem;�Cubic�optimization;�Solution�existence;�S-lemma;�Recession�cone.

Tóm�tắt
Trong�bài�báo�này,�chúng�tôi�đưa�ra�một�định�lý�kiểu�Frank-Wolfe�cho�sự�tồn�tại�nghiệm�của�bài�toán�quy�hoạch�
lập�phương.�Các�công�cụ�chính�là�cấu�trúc�của�tensor�3�chiều,�S-bổ�đề,�nón�lùi�xa�và�tính�chất�của�các�hàm�lập�
phương.�Kết�quả�đạt�được�đã�trả�lời�một�phần�cho�câu�hỏi�mở�về�sự�tồn�tại�nghiệm�trong�quy�hoạch�lập�phương.

Từ�khóa:�Định�lý�Frank-Wolfe;�tối�ưu�lập�phương;�tồn�tại�nghiệm;�S-bổ�đề;�nón�lùi�xa.

1.�INTRODUCTION

The�fundamental�theorem�of�linear�programming�states�
that�every�feasible�linear�program�that�is�bounded�from�
below� has� an� optimal� solution.� Frank� and� Wolfe� [5]�
extended�the�above�result�for�the�nonconvex�quadratic�
objective�function�(FrankWolfe�Theorem).�Kummer�[7]�
extended� the� Frank-Wolfe� theorem� to� programs�with�
quadratic�objective� function�and�constraint�sets�being�
the� Minkowski� sum� of� a� compact� set� and� a� convex�
polyhedral�cone.�Belousov� and�Klatte� [3]� proved� that�
if� the� objective� function� is� a� convex� polynomial� and�
bounded�from�below�over�the�solution�set�of�a�system�of�
convex�polynomial�inequalities�then�the�above�problem�
has�a�solution.�Luo�and�Zhang�[9]�extended�Frank-Wolfe�
Theorem� for� the� case,�where� at�most�one� constraint�
function� is� nonlinear� and� convex.� Flores-Bazán� and�
Cárcamo� [4]� extended� Frank-Wolfe� Theorem� for� the�
case,�where�the�constraint�set�is�asymptotically�linear.�

Andronov� et� al.� [1]� showed� that� a� nonconvex� cubic�
objective�function,�which�is�bounded� from�below�over�
a�nonempty�polyhedron,�attains�its�minimum.�Klatte�[6]�
proved�again�the�above�result.�Andronov�et�al.�[1]�also�
showed�an�example�of�a�nonconvex�cubic�programming�
problem�which�has�no�solution.�Therefore,�the�in𿿿mum�
of�cubic�polynomial�over�the�feasible�set,�which�is�given�
by� convex� quadratic� polynomials,� is� in� general� not�
attainable.�Nghi�and�Tam�[10]�proposed� the� following�
open� question:� “Whether,� under� some� assumptions,�
a�nonconvex�cubic� function�attains� its�minimum�on� a�
non-polyhedral� closed� convex� set� � provided� that� � is�
bounded�from�below�over?”.�Authors�attained�a�partial�
answer�to�the�above�question�via�a�Frank-Wolfe� type�
theorem�for�nonconvex�cubic�programming�problems.

In� this� note,� other� partial� answer� to� the� above� ques-
tion�is�given.�We�prove�that�a�nonconvex�cubic�function�
bounded�from�below�over�the�feasible�set�de𿿿ned�by�a�
convex�cubic�inequality�attains�its�minimum.�Our�main�
tools�are� structure� of� 3-dimension� tensors,�S-lemma,�
and�properties�of�cubic�functions.
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2.�MAIN�RESULT�

Let� n � be� n-dimensional�Euclidean�space�equipped�
with� the� standard� scalar� product� and� the� Euclidean�
norm.� The� space� of� real� (m×n)-matrices� is� denoted�
by� .�A� real� third-order� n-dimensional� tensor� (or�

hypermatrix),�written�as� � is� a� third-way�

array.�A�tensor�is�symmetric,�if�the�entries�are�invariant�
when�permuting�their�indices.�The�set�of�all�third-order�

symmetric�n-dimensioQal�tensors�is�denoted�by�

For� �and� ,�denote�by� �x �a�vector�

with�its� i -th�component�as:

for�all� .�Denote

Consider�the�following�cubic�programming�problem.

��������(P)

Where� � is� symmetric,� ,�

and� � is�a�closed�and�convex�set.�Denote�by�

� �G P �the�global�solution�set�of�(P).

The�recession�cone�of� �is�de𿿿ned�by

�

It� is�well-known� that�each�polynomial�φ�of�order�p�on�
n �may�be�(uniquely)�represented�by�the�sum

Where� � is� possible� for� certain� indices�

� is�a� constant� function�and� ,� are�

forms�of�order� i ,�i.e.,�polynomials�satisfying

� � � ��i
i itx t xj j=

Moreover,� it� is�known�(see� [2])� that,�for�some�convex�

polynomial�φ,�the�recession�cone�of� �

consists�exactly�of�the�directions�h �satisfying�jL�(K)�=�0�
for�all�even�numbers� i ,�and�jL�(h)�≤�0.

Denote:

Consider�the�problem

�������������������

Theorem�2.1.�If�Im� �� � �f g ++ �is�convex,�g �is�convex,�

and� the�objective� function� f � is�bounded� from�below�

over�the�nonempty�feasible�set� �
then�(C�P)has�a�solution.

Proof.

�

We�have

(see�[2]).

Consider�the�set

If� �for�all� �then�from�Corollary�3.1�in�[10]�

it�follows�that�(C�P)�has�a�solution.

Consider� the� case� where� there� is� � such� that�

.� It� follows� that� � as�

.�Hence�there�exists� �such�that� .�

Then,�the�condition�Slater�is�satis𿿿ed.

Since� f � is�bounded�from�below�over�  �by� 
f �and�

�is�convex,�according�to�S-lemma�(see�

[8]),�there�exists�l�≥�0�such�that:

�(1)

Consider�the�cubic�problem

�(2)

According� to� [6]� the� problem� (2)� has� a� solution,� say�
.�

We�have

This�gives

for�all� .�

From�this�it�follows�that

Combining�this�with�(1)�we�get

�(3)



¤� Tạp�chí�Nghiên�cứu�khoa�học,�Trường�Đại�học�Sao�Đỏ,�Số�4�(83)�2023

NGHIÊN�CỨU�KHOA�HỌC

We�have

�(4)

We�imply�that� �.

Thus

�(5)

From�(1)�we�have

Or,�equivalently

It�follows�

Thus

Combining�this�with�(3)�and�(5),�we�have

This� proves� that� � is� a� solution� to� (CP).� The�
proof�is�complete.

3.�CONCLUSIONS

Theorem� 2.1� in� this� note� shows� that� a� nonconvex�
cubic� function�bounded� from�below�over� the� feasible�
set� de𿿿ned� by� a� convex� cubic� inequality� attains� its�
minimum.�This�is�a�partial�answer�to�the�open�question�
on� the� existence� of� cubic� programming� problems.�
We� use� structure� of� 3-dimension� tensors,� S-lemma,�
recession� cone� and� properties� of� cubic� functions� to�
prove�the�above�main�result.�
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