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NGHIEN CUU KHOA HOC

Luat manh s6 I6n cho day cac vecto ngau nhién phu thudc déi mot
theo khoi va phu thuéc am theo toa dé trong khéng gian Hilbert

Strong law of large numbers for sequences of random vectors
that are double-dependent in blocks and negatively dependent on
coordinates in Hilbert space

Tom tat

Nguyén Thi Hong*, Nguyén Thi Diép Huyén
*Tac gia lién hé: nguyenhong.sd@gmail.com
Trwdng Pai hoc Sao Do

Ngay nhan bai: 18/4/2022

Ngay nhan bai stra sau phan bién: 10/3/2023
Ngay chap nhén dang: 31/3/2023

Bai viét nay thiét lap luat manh sb 16n cho day cac vecto ngau nhién phu thudc d6i mot theo khéi va phu thudc
am theo toa dd trong khéng gian Hilbert treéng hop phéan phoi khong xac dinh, nhan cac gia tri thwc trong khdng

gian Hilbert c6 thé phan tach.

Ttr khéa: Ludt manh sé Ion; khéng gian Hilbert; phu thudc dbi mét theo khéi va phu thudc dm theo toa do.

Abstract

This article establishes the strong law of large numbers for sequences of blockwise pairwise and coordinatewise
negatively dependent random vectors taking values in real separable Hilbert spaces non-identically distributed

cases.

Keywords: Strong law of large numbers; Hilbert space; blockwise pairwise and coordinatewise negative

dependence.

1. DAT VAN PE

Luat s6 1&n trong ly thuyét xac suét c6 nhidu tng dung
trong théng ké, toan kinh té, khoa hoc tw nhién va moét
s6 linh vic khac, n6 khang dinh trung binh cdng cuia
cac bién ngau nhién doc lap, cling phan phéi héi tu
hau chéc chén (h.c.c) hodc hoéi tu theo xac suét (a.s)
vé ky vong cta cac bién ngau nhién d6. Bén canh dé
tinh doc lap cha cac bién ngau nhién ciing dong vai
trd quan trong, nhwng trong thwe té ta gap nhiéu hién
twong ngdu nhién nhién phu thudc 1&n nhau, vi vay
viéc nghién clru sw phu thudc khac nhau cla cac bién
ngau nhién sé phu hop v&i cac trng dung trong thuc té.
C6 nhiéu tac gia nghién ciru vé luat s6 I&n nhan gia tri
trong cac khdng gian triru twong nhw metric, Banach,
Hilbert, ..

Khai niém phu thuéc am ddi mét cta cac bién ngau
nhién co6 gia tri thye dwgc dwa ra bédi Lehmann [1]. Céac
khai niém vé cac vecto ngau nhién phu thuéc am doi
mét va phu thudc theo toa d6 nhan gia tri trong khéng
gian Hilbert da dwoc gigi thiéu b&i N. T. T. Hién [2].

Muc tiéu bai bao nay la: M& réng luat manh sb Ion
Loéve cb dién thanh khdi ngau nhién phu thudc déi mot

Nguw&i phan bién: 1. PGS. TS. Khuat Van Ninh
2. TS. Nguyén Viét Tuan

theo khéi va phu thuéc am theo toa do cla day vecto
ngau nhién trong khéng gian Hilbert.

2. MOT SO KET QUA CHUAN B

Dinh nghia 1 [1]. Cho X va Y la cac bién ngau nhién,
ta noi X va Y phu thuéc am néu.

P(X<xY<y)<P(X<Xx)P(X<X) Vx,yeR

Dinh nghia 2 [1]. Day bién ngu nhién {X, i > 1} dwoc
cho la phu thudéc am dé6i mét néu X, va X phu thudc
amvéii#j.

Dinh nghia 3 [2]. M6t day cac bién ngau nhién (co gia
tri thwe) {X, i > 1} dwoc cho la phu thuéc am déi mét
theo khdi néu voi méi k > 1, tap hop {X, i € [2"", 2]} Ia
phu thuéc am déi mot.

Goi H 1a mét khéng gian Hilbert thwe c6 thé phan tach
dwoc véi tich vo hwdng <-,->, chuén twong &ng |{| va
co s& trwc chuan {e, j € B}.

DPinh nghia 4 [2]. Mét day {X , n > 1} cac vecto ngau
nhién trong H dwoc goi la phu thudc ddi mét theo khoi
va phu thudéc am theo toa d6 néu véi mdi j € B, day cac
bién ngAu nhién {(x , ej>,n21} la phu thudc déi mot
theo khéi. Ta ky hiéu (x,, ¢} bang X,
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B6 dé 1[2]. Goi {X,, n>1}la day vecto ngau nhién phu
thudc d6i mot theo khdi va phu thudc am theo toa do,

ky vong 0 trong H théa man E|| X, ||2 <o véimoin>1.
Khi d6 v&in > 1, ta co:

2
[ma 2% Jsmz (r) S EXP
<k<n

i=1
Khai niém v& ham bién ddi chinh quy dwoc trinh bay
trong [9, Chwong 1].
B6 dé 2 [10] (Bb dé Borel - Cantelli). Cho khéng gian
xac suat (Q,F,P) va {An n>1} la day cac bién cb.
Khi do6:

i) Néu

Ms

P (4,) < oothi P (limsup 4,) =0.
P(4,)=cova P44 )<P(4)P(4)

Vi i;tjth‘lll”(limsupAn):l.
Bb dé 3 [11] (Bd dé Toeplitz). Cho{a , 1sk< k ,n=1}

la mang cac s6 thurc théa man voi moi £ >1, lima, =0

n—m

nk’

va sup2|ank| < o0, Cho{x_, n21} laday cac sb thuc.
nzl f—p
Khi do

i) Néu limx, =0 thi hrnZa X, =0.

n—»0 n—»o
k,

i) Néu limx =xeR va hmZak—l thi

n—0 n—0 =1
llmZankxk =X
n—0 k=1

3. KET QUA CHINH

Dinh ly sau day la két qua chinh. Binh Iy nay mé réng
két qua dinh Iy 3.1 ca N. T. T. Hién [2].

Dinh ly 1. Goi {x,, n21} Ia day cac vecto ngau nhién
phu thudc d6i mét theo khéi va phu thudc am theo toa
d6, ky vong 0 trong H. Goi {b_, n=1} la day khéng giam
cac hang sé dwong théda man:

b +1 N +1
mf 2 >1 va sup 2 < 00. (1)
n=>0 2 n=0 2
Khi d6, néu
. E‘X(’
ZZ log 2n)<oo, (2)
n=1jeB n
Trong dé:
1<r <2,n>1thi
lim —ZX =0 a.s. (3)

n—)oo
n i=1

Chimg minh.VV&éin> 1, j € B, dat

NGANH TOAN HOQC
< bn)

Yn(j) =_an(X£7j) <_bn)+ng)/(
+ byl (X)) >b,,),Yn:ZY,,(j)e/

jeB

Cac két luan sau day dwoc dwa ra bdi L. V. Thanh [14].
Lwu y réng ching t6i khong st dung bét ky clu trac
phu thuéc nao clia day {X_, n > 1} dé c6 dwoc nhitng
két luan nay.

E ,,1)2/( | <p )
P10, s L e
" (4)

ZP(Xn:&Y)

n=1

Va

>

EY
=l —0 as.as n-— oo ®)

n

Theo dinh nghia cua'Y

2 E||Y —EY"2 ) 2 log?n N\
2 g e 2 (W)
n=1 n n=1 n JjeB
N2

. _EXY I(X,(,’))sb ,
<> . +P(‘X,(,’)‘>bn) log’n  (8)

-1 jeB b

. E[X9|" <p,

<2y . log> n< . (theo (2))

n=1jeB n
Dat

1 J

. — Y -EY)|.k>0
k= B by 2T 2, (¥-EY)

Biét rang {Y - EY,, n > 1} la mét day cac vecto ngau
nhién PCND theo khdi. V&i k > 0.

Z(Y EY)

E'I;fsCE[
=2k

2
] (theo(1))

bk+1 PHejakt |

K+l _

€ logtae 3, Ely- EY[} (theo b @& 1)

b2k+1

2

2k+17] /_
< z E"y'b—zEnllogz(Zi).

=2k i

Theo (6) ta co i ET? <« va do d6 theo bat dang thirc
k=0

Markov va Bb dé Borel - Cantelli, chiing ta nhan dwoc:

lim7, =0 as. (7)
k—0
Lwuy rang véin > 1, dé k > 0 sao cho 2k <n < 2%,
EEEIE S o

b, by im2 <1< || S
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2k+1 2]+I - j '
b, & by (®)
K b, —b,
<C) 2 —27T. (theo(1))
j=0 b2k+l

Bl 50 as khi n>o ©)

Theo (4), (5), (9) va B6 dé Borel -
nhan duwoc (3).

Nhan xét. (i) Néu r, =2, thi

Cantelli, ching ta

a A2
-3 EP| =X
Je

(iiy Néu |B| 1a hiru han, khi d6 (2) trong dwong véi.

Iy

s EPl,

2
g (2n) <o
2= e (2n)

(|||) S. Csorg o, Tandori va Totik [15] da chirng minh
rédng ngay ca v&i trung binh 0, bién ngdu nhién déc lap

2
A a E\X N N
theo cap thi diéu kién Z'—z"l <o khéng bao ham
n=1 n
quy luat manh cda sé 16n (3) véi b, = n.

Mét phat bidu khac cia dinh ly 3.1 [2].

Pinh ly 2. Cho {X , n > 1} la day cac vecto ngau nhién
phu thudc d6i mét theo khéi va phu thude am theo toa
dé, ky vong 0 trong H. Goi {b_, n > 1} la day khong giam
céac hang sb dwong théda man (1).

Néu:

Trong do:
1 srnsz,nzﬂhi
1

lim— X 0 as.
H°°b log(2n r 3

Chumg minh: Dat Yn~ .Y nhw phan chirng minh Dinh ly
1 ta ciing cé (4) (5) va.

pa b, (11)
Pat:

1 J 0.
ko (bzm —b )10g2k+1 2k<1<2k+ 22: ( )

Ta da biét {Y,— EY,,n>1} la day vecto ngau nhién phu
thudc déi mot theo khdi va phu thuéc am theo toa db.

Véik>0.

< CE ;
b2k+| log 2k+1 2k<j<2k+l

2k+l -1

Z E|Y - EY|| (theo bd dé 1)
b2k+l i= 2

& E|Y, - EY)

> 0

i=2* b

1

E

=4

Z(V EY)

T

<C

T (11) ), ET <o va bat déng thirc Markov.va Bb d&

k=
BoreI—Can%eIIi ta duwoc.

,lfim 7. =0 as. (12)
Cha y véin>1dé k>0 sao cho 2k <n> 21,
Z"Yz _EY" k !
. 1
b, log (2n) b log 2 sz<1<2f ! Z “
P (13)
bzk J=0 b2k+l

syt
2k1

Theo (12), (13) va B6 dé Toeplitz ta co:

2 (Y= EY)
i=1
b, log(2n)
Theo (4), (5), (14) va B dé Borel-Cantelli ta c6 (10).

—0 as.

4. KET LUAN

Trong bai viét nay chung t6i da thiét lap luat manh sé
I&n a.s cho day cac vecto ngau nhién phu thudc doi
mot theo khdi va phu thudc am theo toa dé trong khéng
gian Hilbert. Két qué dwoc mé réng nghién ciru cla
N.T.T.Hién [2] v&i luat manh sb 16n h.c.c. Cac nghién
ctru cho trwerng hop phan phéi xac dinh sé 1a hwéng
nghién ctru tiép theo.

LOI CAM ON

Két qua nghién ctu nay thudc dé tai KHCN cép co
s& ma s6 01.KHCN/22-23 dworc tai tro béi Trwdng Dai
hoc Sao P4. Nhém tac gid chan thanh cdm on sy hd
tro cGa Trweéng Dai hoc Sao Do da tao didu kién dé
chung t6i hoan thanh nghién ctru nay.
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Tap chi Nghién ctru khoa hoc, Trudong Dai hoc Sao D6 (P. ISSN 1859-4190, E. ISSN 2815-553X), thudng xuyén
cong bé két qua, cong trinh nghién clru khoa hoc va cdng nghé ctia cic nha khoa hoc, can bd, giang vién, nghién
ctru sinh, hoc vién cao hoc, sinh vién & trong va ngoai nudc.

1. Tap chi xuat ban 01 s6/quy bang hai ngén ngir ti€ng Viét va tiéng Anh. Tap chi nhan ding cac bai bao khoa
hoc thudc cac linh vuc: Dién - Dién tir - Tu dong hoa; Co khi - BDong luc; Kinh té€; Triét hoc - X3 héi hoc -
Chinh tri hoc; Céc linh vuc khdc gobm: Cong nghé théng tin; Héa hoc - Cong nghé thuc pham; Ngén ngtr
hoc; Toan hoc; Vat ly; Van hda - Nghé thuat - Thé duc thé thao...

2. Bainhan ding la nhirng céng trinh nghién ctru khoa hoc chua céng bé trong bat ky an pham khoa hoc nao.

3.  Toa soan chi nhan bai bao gl online trén website http:/tapchikhcn.saodo.edu.vn. Bai bao glri vé toa
soan dudi dang file dién tr (*.doc *.docx va *.pdf); cudi bai bao, tac gia ghi ré théng tin dia chi lién hé, s6
dién thoai, email va cap nhat thong tin trén website. Bai bao phai dugc trinh bay diing dinh dang, ro rang;
Trudng hop bai bdo phai chinh sira theo thé I& hodc theo yéu ciu ctia Phan bién thi tac gia sé cap nhat trén
website. Ngudi phan bién sé do toa soan moi. Toa soan khdng guri lai bai néu khéng duoc dang.

4.  Cac cong trinh thudc dé tai nghién ciru cé Co quan quan ly can kém theo gidy phép cho cong bé clia co
quan (Tén dé tai, ma s6, tén chi nhiém deé tai, cap quan ly,...).

Tén bai bao trinh bay bang hai ngdn ngir (ti€ng Viét va tiéng Anh), font Arial, c& chir 14, in dam, cin gilra.
Tén tac gia (khéng ghi hoc ham, hoc vi), font Arial, c& chir 10, in dam, can [é phai; co quan cong tac clia cac
tac gia, font Arial, c& chir 9, in nghiéng, can |é phai.

7.  Ch{r “Tém tat” in dam, font Arial, c& chir 10; N6i dung tém tat cta bai bdo khéng qua 10 dong, trinh bay
bang hai ngdn ngir (ti€ng Viét va tiéng Anh), font Arial, ¢& chir 10, in thudng.

8. Chir “Tir khéa” in dam, nghiéng, font Arial, c& chir 10; C6 tir 03+05 tir khda, font Arial, c& chir 10, in
nghiéng, ngan cach nhau bai ddu chdm phay, cudi cting 13 ddu cham.

9. Noi dung bai bao viét bang tiéng Viét hodc tiéng Anh; Néu |3 bai bao viét bang tiéng Viét: Tiéu dé tiéng
Viét trudc, tiéng Anh sau; Tom tat tiéng Viét trude, tiéng Anh sau; Tir khoa tiéng Viét trudce, tiéng Anh sau;
Né&u I3 bai bdo viét bang tiéng Anh: Tiéu dé tiéng Anh trudc, tiéng Viét sau; Tém tat tiéng Anh trudc, tiéng
Viét sau; Tir khéa ti€ng Anh trudc, tiéng Viét sau.

10. Bai bao dugc danh may trén khé gidy A4 (21 x 29,7cm) c6 do dai khdong qua 8 trang, font Arial, c& chir 10,
gian dong At least 12pt, Before 3pt, After 3pt; can [é trén 2.5cm, dudi 2.5cm, trai 3cm, phai 2cm; hinh vé
phai ré rang, du nét va dugc dinh dang dudi dang file anh (*.jpg); Phuong trinh, cong thirc phai soan thao
b3ng Mathtype hodc Equation; Phan néi dung bai bao duogc chia thanh 02 cét, khodng cach cot 3 1cm;
Trong trudng hgp hinh vé, hinh anh cé kich thuéc 16n, bang biéu cé dd rong 16n hodc cong thirc, phuong
trinh dai thi cho phép trinh bay duéi dang 01 cot.

11. Tailiéu tham khao duoc sip xép theo thir tu tai liéu duoc trich dan trong bai bao.

- Néu la sach/Iuan an: Tén tac gia (nam), Tén sach/luan an/luan van, Nha xuat ban/Trudng/Vién, [an xuat
ban/tai ban.

- Néu la bai bao/bao cdo khoa hoc: Tén tac gia (nam), Tén bai bao/béo cao, Tap chi/Héi nghi/Hoi thao, Tap/
Ky yéu, s6, trang.

- Néu Ia trang web: Phai trich dan day da tén website va dudng link, ngay cap nhat.

12. PinhdangmAiubaibao thamkhao taidia chihttp:/tapchikhcn.saodo.edu.vn/news/detail/198/format_paper
Bai bao sau khi xuat ban sé dugc cong bo trén http:/tapchikhcn.saodo.edu.vn.
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