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THUAT TOAN TIM CO SO CUA GIAO VA TONG
HAI MODUN CON TRONG MODUN TU DO HU'U HAN
SINH TREN VANH CHINH

TRAN HUYEN'

TOM TAT

Trong bai b&o nay, chiing téi dwa ra cic dic trung co ban ciia mét phan tir trong
Mot médun X tw do hitu han sinh trén vanh chinh ma médun cyclic sinh béi phan tir d@6 1a
hang tir truec tiep ciia X, tir d6 xdy dung cdc thudt toan im Co so cua giao va tong cua hai
modun con trong médun X.

ABSTRACT
On the algorithm constructing the basis of cross and total for two sub-modules
in the finite free module generated over the principal ring

In this paper, we consider the basic characteristics of the element in the finite free
module X generated over the principal ring from which cyclic module from that element is
the direct hierarchical element; thereby, we show the method of constructing algorithms to
identify the basis of cross and total for two sub-modules in module X.

1. Mé diu

Modun tu do trén vanh chinh, dac biét 1a moédun ty do hitu han sinh va cac médun
con cua chung d& dugc nhiéu nha toan hoc quan tam nghién ctru va dat dugc nhiéu ket
qua tot dep. Tuy nhién, c&c két qua nay thuong dugce phat biéu dudi dang cac dinh 1y
ton tai va vi vdy mang nang tinh ly thuyét. Bai viét nay cua chiung to6i, budc dau xay
dung mot vai thuat todn tim co so cua cac mddun con, dac biét chu y tGi cac co sd cua
giao va tong hai mddun con dya trén cac co s dd cho ctiia hai modun con do.
2. Cac két qua chinh

Pé tién lgi cho sy trinh bay, dudi day vanh R ludn dugc hiéu 1a vanh chinh va
mo6dun X duogc hiéu 1a modun tu do hiru han sinh trén vanh chinh R.
Dinh nghia 1:

Trong modun X, phan tr ae X, a=0 goi la don tir néu a=rb véi be X va
r e R khi va chi khi r 1a kha nghich.

Hién nhién 1a khi a don tir va a =rb thi b ciing 1a don tir. Cac ménh dé sau cho ta
su md ta rb hon vé cac don tu.
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Ménh dé I:

Trong médun X, phan tir ae X 1a don tir khi va chi khi v6i bat ki co so
{u;, u,,..., u }cuaXva a=au, +a,u, +..+a.u, thi UCLN(a,a,,...,a,) =1.

That ra chiéu dao trong ménh dé 1, doi hoi it hon so voi phat biéu cua ménh dé:
chi can c6 mot co s& {u;} nao do dé a=au, +...+au, ma UCLN(a,,a,,...,a ) =1
thi a la don tur.
Ménh dé 2:

Trong mbédun X, phan tir ae X 1a don tir khi va chi khi ton tai mot dong ciu
f:X >R thoa f(a)=1.
Chitng minh:

(=) Chon trong X mét co sé {U,,U,,...,u } va biéu dién a=au, +...+a U, .
Theo ménh dé 1, UCLN (a,,a,,...,a,) =1, do vay ton tai cac hé t I,,T,,...,I, € R ma
ra+ra,+..+ra =1. Khi d6 dong cau f:X >R ma vsi mdi
X= XU +...+ XU xac dinh f(X)=rX +rX,+...+IX,, hién nhién théa ydu cau
ménh dé 2.

(<)

Néu c6 dong cdu f thoa yéu cau ménh d& 2 va a=rb thi
1= f(a)= f(rb) =r.f (b), tac r kha nghich.
Ménh dé 3:

Trong modun X, phan tir ae X 1a don tir khi va chi khi a 12 phan tir cia mot co
S nao do trong X.
Chitng minh:

(<) Hién nhién mbi phan tir trong mot co sé ciia X 1a don tir.

(=) Néu ae X la mot don tir, theo ménh dé 2, ton tai toan cdu f : X — R vai
f(a)=1. Vi R la R-mddun ty do nén X = Ra® Kerf véi Ra 1a moédun cyclic sinh
boi a: Ra={ra:r e R}= R . Hg thirc tong truc tiép trén c6 nghia 1a co s& bét ki cua
Kerf khi bo sung thém a s& 1a mot co s ciia X.

Nhén xét: Theo m@nh dé 3, mdi phan tir trong co s6 mot médun 1a don tir trong
moddun d6. Nhu viy, phan tt a € A< X, c6 thé khong 1a don tir ciia X, song néu a

thudc mot co sd nao do6 cua A thi a don tir trong A. Ttrc khai niém don tir co tinh chét
tuong doi, don tir theo tirng modun.

Ap dung ménh d& 3 nhiéu 1an s& cho ta thuét toan xay dung mét co s& ciia médun
X chtra mot don tr ae X cho trude. That vay, gia st X cd co s¢ ban dau
{e,e,,...e,} va ae X la don tr trong X ma a=ae +ae, +..+4a.e,. Khi do, at
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ton tai cac hé ta I,r,,..,r,€eR ma ra +ra,+..+ra =1. Chon dong ciu
f:X >R ma f(X)=rx +rX,+..+rx, Vvéi mdi X=Xg€ +..+Xx¢e, thi
X =Ra® Kerf trong d6 Kerf 1a tap cac phan tir X € X ¢0 toa do trong co sé ban
dau 1a (X, X,,...,X,) thoa phuong trinh thuan nhat: X +rX, +..+rx =0. Lay
mot nghiém cua phuong trinh trén (b,,b,,...,0,) sao cho UCLN(b,,b,,...,b,) =1. Khi
d6 b=be +...+b e eKerf lamotdon tr caa Kerf (dong thoi la don tir trong X) va
didu ndy cho phép ta xic dinh dong cau g:Kerff >R ma
g(xX) =t X +t,X, +...+t, X, vSi mdi X=Xg +..+Xe, théa g(b)=1. Pong céu
nay cho ta cac su phan tich Kerf = Rb@® Kerg va X =Ra® Rb® Kerg voi Kerg
la tap cac phan tor X € X v6i bd toa do (X, X,,..., X,) trong co s& ban dau thoa hé
phuong trinh thuan nhat {rlxl FhXpF 4 0, =0

tX +tLX +...+t.x, =0

Néu hé nay c6 nghiém khong tim thuong thi ta tiép tuc chon bd nghiém
(c,,Cy,...,C,) Ma C=Cge +...+C.e, ladon tur trong Kerg (ciing la don tir trong X) va
l3p lai twong tw qua trinh trén. Thuat toan s& ket thuc khi hé phuong trinh thuan nhat
Ccuoi cung c6 chi nghiém tam thuong.

Béy gio' cho X 1a médun véi co so {e;,e,,...,6,} va cac mddun con X; Vi co s&
{u,u,,..,u} ma u =a. +a,,+..+8,6,, médun con X, V4i co s6
{V,VyoesV } ma v, =bye +b,e, +...+by e

Muc tiéu chinh caa bai viét ndy |1a xay dung cac thuét toan tim co sé cac modun
giao X; N X, va moédun tong Xi+ X, dya trén cac co s& cia Xi, Xo. Néu x thudce
modun giao, thi at ton tai cac bd hé tir (X, X,,ee, X, ) VA (Yy, Yypyeers Y, ) MA:

{x = XU, + XU, + ...+ X U,
X =YV, + YoV, + ot YV,
Toa do hoa cac hé thuc trén trong co s& ban ddu cua X ta co bod
(Xgseees Xis Yirees Yo ) 12 Nghiém cua hé phuong trinh thuan nhét:
A X + 85X o+ 8 X — b11y1 - b21y2 T bslys =0
(*) A Xy +auX; .+ A,X, _b12y1 _bzzyz _"'_bszys =0
alnxi + a2nX2 ..t aknxk B blnyl B b2ny2 T bsnys =0

Néu h¢ phuong trinh nay c6 nghiém khong tim thuong thi X, N X, = {0} va khi
do ta co:
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Ménh dé 4:

Néu bod (a,...,a,,b,...,b,) la nghiém cua hé phwong trinh thudn nhét (*), xéc
dinh  bsi  X,NX, théa UCLN(a,..,a,,b,....b)=1 thi phan tu
a=au, +a,u, +..+a.u, =bv, +b,v, +...+ by, 1a don tir trong X, N X,.

Chirng minh:

Goi @ =UCLN(a,a,,...,a,) va B=UCLN(b,b,,..,b,) thi diéu kién cua
ménh d¢ 4 cho ta UCLN (e, 8) =1. Néu c6 be X, n X, va r e R ma a=rb thi hién
nhién r 1a wéc dong thoi ciia o va B va do do r 1a kha nghich.

Theo ménh dé 3, thi phan tir a thoa diéu kién ciia ménh dé 4 13 phan tr co so dau
tién cia X, N X, #{0} can tim.

Ciing theo ménh d¢ 3, dé xac dinh cic phan tir co s tiép theo cia X; N X, (néu
con !) ta can xay dung dong cdu f : X, n X, - R ma f(a)=1.

C6 nhiéu cach khic nhau dé xay dung mot dong cau f nhu thé, chang han: xay
dung dong chu f : X, >R ma f(a)=« vaxay dung dong chu f,: X, >R ma
f,(a)=p véi a =UCLN(a,,...,a,) va f=UCLN(b,...,b,)

Xac  dinh f:X;nX,—>R ma véi mdi Xe X, X, thi
f(x)=p.f,(x)+Qq.f,(X), trong d6 cac hé t p, q phai thoa hé thire: per +qf =1.

Pé tim phan tir co s6 tiép theo (néu con) ta ghép vao hé phuong trinh (*) thém
phuong trinh f (x) =0.

Néu hé phuong trinh ghép c6 nghiém khong tim thuong, thi ta lai chon mot
nghiém (c,...,C,,d;,...,d.) Vv6i UCLN cia ching la 1. Khi d6 phan tu
cU, +...+CU, =d,V, +...+d.v, 1a don tir trong Kerf , s& 1a phan tir co s tiép theo
caa X, M X, . Cac phan tir co s& con lai cia X, N X, duge tim theo qua trinh tuong
ty, ma mdi bude thyc hién duge danh diu bang su ghép thém mot phuong trinh thuan
nhit méi vao hé phuong trinh trude do. Thuat toan tim co sd caa X, N X, s& két thac
tai hé phuong trinh cudi cling ¢6 chi nghiém tim thudng.

Thuét toén tim co so ciia téng~Xl+X2 la sy t6 hop céc thuat toan da trinh bay &
trén. Tuy nhién, dé tién lgi cho sy dién giai ta can toi vai két qua don gian sau:

Ménh dé 5:

Trong modun X, mdi phan tr X e X déu ton tai mot don tr ae X va hé tir

e R sao cho x=ra.

Nhdn xét: Hé tir r noi trong ménh dé 5 duoc goi lahé s6 don nguyén cua x trong
mddun X. Ciing nhu khai niém don tir, khai niém hé s6 don nguyén ciia mot phan tr x
c6 tinh twong ddi, phu thudc theo timg modun chira x. Ciing dé thay 1a hé s6 don
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nguyén cua mot phan tir x trong modun X khong la duy nhét; cac hé s6 don nguyén cia
mot phan tir 1ap thanh mot 16p cac hé tir 1ién két trong vanh R.
Ménh dé 6:

Cho A 12 mddun con ciia X va a € A. Khi d6 ton tai mot don t&r U € X va cac hé
te A, B,y sao cho AU la don tr cua A va a=yu = B(Au).
Chirng minh:

Su ton tai don tir U € X vahétir y € R saocho a=yu dugc suy ra tir ménh dé 5.

Vi Ue X 1a don tir nén c6 dong cau f:X - R ma f(u)=1 va hién nhién

f(a)=y! Anh f(A) trong R 1 idéan chinh dugc sinh boi hé tir nao d6 A € R. Vi
y € f(A) ittontai S €R ma y = B.A. Chiing minh ménh dé s& két thiic néu ta kiém
tra duoc AU 1a don tir trong A. That vay néu c6 reR va be A ma Au=rb thi
A=r.f(0)=r.(kA) do f(b)e f(A) laidéan chinh sinh bai A . Gian wéc A & hai vé
dang thirc trén trong R ta cd: rk =1 hay r kha nghich.

Hé qud: Vi tat ca gia thiét va cac ki hiéu trong ménh dé 6, modun con A ¢6 sy phan
tich :

A=R(Au) ® (AN Kerf).

That vay: do X =Ru@®Kerf nén R(Au) (AN Kerf)={0} va moi
X e A: x=tu+y vOite R vayeKerf. Hién nhien t= f(x)e f(A) nent=(.1,
do vay X=/(Au)+Y, trong d6 /(AuU) e R(Au) = A. Khi d6 dong thoi ta ciing c6
y=X—/(Au) e AnKerf. Két hop c4c su kién trén ta c6 su phén tich A nhu phat
biéu ctia hé qua.

Bay gio chung ta x4c dinh cac phan tir co s¢ cho tong X;+X, nhu sau.

Chon phén tir co s& dau tién trong thuat toan tim co s caa X, M X, ¢6 su biéu
dién qua co s¢ ban dau cia X 1a: @a= KU, + LU, +...+ .U . Theo ménh dé 6 ton tai
mot dontir Ue X vacaché ttr y,A4,,4, ma AU la don tir trong X; con A,U 1a don tir
trong X, va a=yUu la don t trong X, M X,. Theo hé qua cua ménh dé 6 ta co su
phan tich:

X =Ru® Kerf

X, =R(Au) @ (X, nKerf)

X, =R(4,u) @ (X, nKerf)

X, N X,=Ra® (X, n X, "Kerf)

To do X, + X, =[R(A4u) + R(AUI®[(X, ~Kerf) + (X, nKerf)] vsi
R(A4U) + R(A,U) = R(Au) véi A =UCLN(A,4,).
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Tte phan tir co 56 dau tién cia X, +X, 1a Au.

Néu X, N X, nKerf #0, ta ghép vao h¢ phuong trinh thun nhat (*) thém hé
phuong trinh  f(x)=0Vv0ixe X, hayxe X,, tac la cac phuong trinh

f(xu, +x,u, +...+xU,) =0 hay f(yVv,+Yy,V,+..+VyyV,)=0.

Pé tim phén tr co SO tiép theo cia X;+X,, ta chon mdt don t&r b cua
X, N X, nKerf ma bé toa do trong X; va trong X, la nghiém cua hé phuong trinh
thuan nhét trén véi UCLN bang 1 va biéu dién b qua co s& ban dau ciia modun X:
b=tu +tu,+..+tuU . Tuong tw nhu dd xir ly véi a, ta s& tim dugc don tir
weXva cac h¢ tr f,p,€R sao cho SBw,BwW la cic don tir trong
X, nKerf, X, nKerf; ddng thoi ta ¢6 sy phan tich:

Kerf = Rw® (Kerf nKerg)

X, nKerf =R(pw) @ (X, nKerf nKerg)

X, nKerf =R(S,w) @ (X, N Kerf nKerg)

X, N X, nKerf =Rb® (X; n X, nKerf nKerg)
trong d6 g: X —> R 1a dong ciu thoa g(b) =1 va phan tir co s¢ thir hai ciia X;+X,,
twong tu nhu dd lam & trén, sg 1a: Sw vai B =UCLN (B, 5,).

Céc phan tir co so con lai ciia X;+X,, ma qua trinh tim bét dau tir cac phan tir co
s& trong X, M X, duoc tién hanh tuwong tu cho dén khi hé phuong trinh thuan nhat
ghép cubdi cling cho chi nghiém tam thuong.

Dé két thiic thuat toan chiing ta chi phai bé sung cho h¢ cac don tr {A U, BW, ..}
cua X; va h¢ cac don tir {4,U, B,W,...} cia X, cac don tir can thiét dé co6 duoc cac co
so cta Xy, Xp. Di€u do dugce tien hanh dya theo thudt toan xay dung co s¢ méi cuia mot
mOdun chira yncf)t don tir cho triroc. Két hop lai h¢ co sé cua X;+X; chinh 14 cac don tu:
AU, BW,...bo sung thém cac don tir trong cac hé co s mébi cua Xy, X, ma cac modun
cyclic sinh béi ching ¢6 giao véi X, M X, bang 0.

Cudi cing dé két thuc bai viét, xem nhu 1a hé qua cua qua trinh hinh thanh thust
toan tim co so cua tong hai modun X;+X, trén nén tang thuat toan tim co s cua
modun giao X, N X, , ta co:

H¢é qua:

Cho X;; X, 1a cac modun con cua X.

Khi d6: dimX;+dimX,=dim(X;+Xp)+dim( X; N X)) trong d6 nhu thong 1& dimA
la lyc Iuong mét co sé nao do trong A. Noi cach khac, cong thirc s6 chiéu trong ly
thuyét cac khong gian vecto van con dung cho cac modun ty do trén vanh chinh.

(Xem tiép trang 53)
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