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TOM TAT

Gan day, Ii thuyét vé toan tir logi Schrodinger thu hit sz quan tdm cua nhiéu nha toan hoc
trong ca gidi tich diéu hoa va phwong trinh dao ham riéng. Cdc hiréng nghién cizu tgp trung vao hai
dang toan tiz deng divergence va non — divergence. Trong bai b&o nay, ching tdi sé tiép cdn ca hai
dang trén. Chang t6i chizng minh két qua chinh quy nghiém trong khdng gian Lebesgue c6 trong cho
hai dang phwong trinh

n
Lu(x) == a;Du(x)+ V(x)u(x),
i)j=l
va
n
Lu(x)=> -D, (aij D, )u(x) +V(x)u(x),
ij=l
trong dé hé s6 (aij)thuéc l6p BMO méi lién két véi thé vi V, chira lép BMO ¢ dién.

Chung t6i sz dung mét sé két qua can thiét vé cac ham cuee dai lién két véi thé vi v va tinh
bi chan cua bién doi Riesz trong khdng gian Lebesgue co trong. Két qua cia ching toi la tong quét
hoa mét vai két qua cia (Guixia Pan & Lin Tang, 2016).

Tar khoa: divergence; non — divergence; tinh chinh quy nghiém; toan t loai Schrodinger;
khdng gian Lebesgue cé trong

1. Giéi thiéu

Hudéng nghién cau giai tich diéu hoa va phuong trinh dao ham riéng lién két véi toan
tir loai Schrodinger dugc mé dau bang cac cong trinh cua cac tac gia Fefferman (Fefferman,
1983), Zhong (Zhong, 1993) va Shen (Shen, 1995). Ho d3 x4y dung cac danh gia nén tang
cho nghiém co ban cta toan tir L, =-A+V ciing nhu tinh bj chin cua cac bién doi Riesz

trén khong gian Lebesgue L véi p e (1,oo).
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n n
Khiv =0, toan tir Y -D;(a;D;)u(x) va - a;Du(x) véi hé s6 lién tuc da dugc
i j=1 i,j=1

nghién cau trong (Gilbarg & Trudinger, 1983). Li thuyét chinh quy L cho toéan ti vi phan
bac hai véi hé s6 khdng lién tuc dugc nghién ctu rong réi trong ba thap ki. Mot 16p hé sb
khong lién tuc quan trong chinh 1a 16p ham VMO. Li thuyét vé toén tir vi phan hé s6 VMO
dugc khoi xudng boi (Chiarenza, 1991) va tiép ndi boi (Chiarenza, 1993) va (Bramanti &
Cerutti, 1993). Mot s6 két qua khac cho toén tur dang divergence véi hé s6 BMO duoc phat
trién boi nhém nghién ciru caa Caffarelli (Caffarelli & Peral, 1998) va sau d6 1a Byun (Byun,
2004). Nam 2020, tac gia Bui Thé Anh (Bui, 2020) da xay dung i thuyét chinh quy cho toan

tir U, — Y a;D,u(x) trén khong gian Musielak-Orlicz.
i j=L

Khi v =0, tAc gia Bramanti va cong su (Bramanti, 2012) xay dung két qua chinh quy
n
L cho toan tar Lu(x) = - a;D,u(x) + V(X)u(x) véi h¢ s6 VMO vathévi v théa man diéu
i,j=1

Kién Holder ngugc. Bac biét 1a nhom t&c gia Guixia Pan va Lin Tang (Guixia Pan & Lin
Tang, 2016) d3 mé rong két qua trén cho ca toan tir loai Schrodinger dang divergence va
non - divergence vai hé sé thugc khong gian BMO, (p) la ma rong that sy cua khong gian
BMO c6 dién. Lop khong gian BMO, (p) nay dugc gisi thigu trong (Bongioanni, 2011).
Gan ddy, nhom nghién ctru cua tac gia Lé Xuan Truong (Le et al., 2020) ¢ ma rong két qua
cta nhom tac gia Guixia Pan va Lin Tang cho khong gian Orlicz.

K& thira cac ki thuat trong (Guixia Pan & Lin Tang, 2016) va (Le et al., 2020), ching
toi xay dung danh gia Lebesgue co6 trong cho ca toan tur loai Schrodinger dang divergence
va non — divergence.

L= a,D,+V va L= -D,(a;D;)+V.

Muc dich chinh cta bai bao 14 xay dung cac danh gia cho D’ véi Lu=F va D
véi Lv=div(F) trong khéng gian Lebesgue cé trong (xem Dinh Ii 3.1 va 3.2). Truong hop
w =1 da dugc chirng minh bai Guixia Pan va Lin Tang (Guixia Pan & Lin Tang, 2016).

CAu tric cua bai bao: phan 1 gigi thiéu luoc st vin @&, phan 2 cung cap mot sé kién
thirc chuan bj nhu khong gian ham, cac danh gia can thiét cho chirg minh dinh Ii chinh. Noi
dung chinh cua phan 2 la xay dung bat dang thic loai Fefferman — Stein cho cac ham cuc
dai lién két voi thé vi v (xem B6 dé 2). Cudi cing, tinh chinh quy cho céc toan tir loai
Schrodinger dugc dua ra trong muc 3.
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Chung toi xin Ivu y rang ki hiéu ¢ dé chi hang s6 duong khong phu thugc vao cac
tham s chinh ¢ dinh va gia tri c6 thé thay doi trén cing mot dong hoic giira cac dong. Ki
higu AB(X.r)=B(x,Ar).

2.  Danh gia chinh quy cho toan tir loai Schrodinger
Trong suét bai bao nay, ta ludn gia st U 12 ham sb xéac dinh trén R". Ta c6 céac ki
hi¢u sau day
2
D;u =a—u=ux_, D,u= ou =U,, .
OX; ) OX;OX; o
Ta ki hiéu vecto gradient va ma tran Hessian cua U lan luot 12

2
Du=Vu=u,Du=u,= ou_|
OX;0X;

2.1. Céac khong gian ham
2.1.1. Khdng gian Sobolev va khéng gian Lebesgue cé trong
Tandi @ la mot ham trong néu w e L (R") khong am.

Dinh nghia 2.1. Cho ham trong @ thoa mén
p-1
1 1 o
Slép (ﬁjs w(x)dxj(ﬁjB 0] dx} <o,

V6i Moi qud cdu B trong R" va 1< p<oo. Khidé tandi we A, .
Déi voi truong hop P =1 va p=w, ta dinh nghia nhu sau:
(i) Goi M latoan tir cuc dai Hardy — Littlewood, khi d6
weA < 3IC>0:Mw<Co.

(i) Kihieu A, = JA,.

p>1
Cho ® 1a mot ham trong va tap Q ma trong R", ta dinh nghia khong gian Lebesgue
cé trong nhu sau :
Dinh nghia 2.2.
Tdp tat ca ham f kha tich Lebesgue trén Q sao cho

1
H f HLZ(Q) = (IQIf () ° a)(x)dx)p <o, 0<p<on,

dwot goi la khong gian Lebesgue c6 trong @, ki hiéu la LP (Q2).
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2.1.2. Khong gian B,
Tandi ham thé vi khong am V e L (R") thudc I6p B, véi 1< p<oo néu ton tai hiang

loc

s6 C >0 sao cho véi moi X e R" vasé re(0,00) thita ludn cé

1 1/p 1
[—l Bx1)] IB(X'r)VP(Y) dyj <C (l BOT)] J‘B(X’r)V(y) dy].

Tan6i v thoa mén diéu kién B, , néu nhu:
2

() V() €B, va v(xy<—=—,
2 P (X)

(i) | VV | < VA& [VPV | <——
P (X) P (X)

2.1.3. Khéng gian BMO,(p)

Ta gidi thiéu ham o lién két véi thé viv déng vai trd quan trong trong i thuyét giai
tich diéu hoa lién két véi toan tir loai Schrodinger:
Dinh nghia 2.3. Ham s6 p:R" — (0,+), duoc xdc dinh bdi

1
T

p(X) =sup{r >0:
Ta c6 két qua sau:

Bé dé 2.4. (Shen, 1995) Gia str p>g Vva Ve B, . Khi do ton tai k,>0 va C; >0 sao cho

" K
_ 0 — (ko+1
ip(x)(u'x y'] <p<y)<cop(x)[1+'x y'j ' xyeR".
C p(X) p(X)

Dinh nghia 2.5. Tanoi ham f thugc khdng gian BMO ¢6 dién néu

- _ 1 _
” f ||BMO - xoeSIRg‘Pr>0| B(X,,1)| J‘B(XM)| f(y) fB| dy < oo,

1
trongdo f,=—— f(x)dx.
° B(%,1)] B(x{,r)
Ta xét mot mo rong khdng gian BMO c¢6 dién nay bang céch lién két véi ham o da
dinh nghia & trén:

Dinh nghia 2.6. Cho 6 >0, ki higu BMO, (p) la tdp cac ham f sao cho

1
|B(x,r)|

c Y
IB(”)“(Y)_ fB|dy<C(1+mJ ,

véimoi XeR"va r>o.
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Ta nhan xét ring BMO < BMO, (p) va la mé rong that sy cia khéng gian BMO ¢
dién. Chuan trong khong gian BMO, () ki hiéu 1a [f1,, chinh Ia infimum tat ca cac hang
s6 C thoa man bat dang thuc trén.

2.3. Ham cwe dai va tinh bi chan

B dé 2.7. (Bongioanni, 2011, Ménh dé 2) Ton tai mét day {x, }

<}, trong R" sao cho he

qud cau {Qk =B (% p(% ))}k>1 théa man cac tinh chat sau:
i JQ =R".
k>1

(i) Véi moi 021 tdn tai céc hang sé ¢ >0 va N, >0 saocho D 1,, <Co™
k>1

Trudc hét ta xét mot toan tir cuc dai mai 1a mé rong cua toan tir cuc dai cip phan sd,

1 P
M, f(z)= —_ Pdy| .
“)Sw(muwmjlm'y

zeB(Xg.1) %o.r)
Ta c6 bo dé noi tiéng sau day.
Bo dé2.8.Vsimoi fel’(R"),1<p<ow VA weA,. Khidd tacé

j M, f(X) P @(x)dx<C j If (X)|” w(x)dx.

Thuc chat, ta c6 thé hiéu day 1a tinh bi chan cua chuan trong khéng gian Lebesgue c6
trong. Tuc 14 ta c6 thé viét lai

HMpf

Lg(R" L (®R"

Giasir & >0, ki hiéu B, 12 ho cdc qua cau cé ban kinh thoa I'Sap , tic la
B, ={B(y.1):yeR" r<ap(y)}.

Cho a>0,geLi (R") va XeR". Ta dinh nghia

= sup — d
a9 = sup |B|j|g(y>| y

va

X)= sup — d
90 = sup IBIjlg(y) g | .

Khong mat tinh tong quat, ta ludn gia sir rang u e C”(R"). Khi d6 ta c6
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Bé dé 2.9. (Guixia Pan & Ling Tan, 2016, B dé 3.8)

Gia sir a; € BMO,(p),Vi, je{L,2,..n} va Ve B;. Véi méi 1< q,V<o, ton tgi hang sé
2

C sao cho vai moi ueC(R") taco

Mﬁp,4(DijU)(Z)<CZ[aijL My (Dju)(2) +CM, (Lu)(2).
ij=1

Bé dé 2.10. (Guixia Pan & Ling Tan, 2016, B dé 3.9)

Cho 1<q,v<o,a;, € BMO,(p), Vi, je{L2,..,n} va Lu=div(F). Néu VeB; thi
ton tei hang sé C sao cho véi moi u e C*(R") ta co

i n
Mp’4(Dmu)(z)<Ci;l[aijL(MqV(Dju)(z)+Mq(Dju)(z))+CMq(F)(z),

trong dé6 me{l,-++,n} va ding véi hau khdp noi 7 € R".
Bé dé 2.11. (Guixia Pan & Ling Tan, 2016, B6 dé 3.10)

Gid sir 1<Q,v<o, a, e BMO,(p),Vi, je{l,2,..,n}. Néu Ve BE thi ton tai hang

2

sé C sao cho

1 0 _
@JQIDUu(x) | dx<ci%[ai,-]e inf Mg (Dyu)(y)+C inf M, (Lu)(y)

trong dé Q = B(X,, p(X,)).
Bé dé 2.12. (Guixia Pan & Ling Tan, 2016, B6 dé 3.11)
Cho a; € BMO,(p),Vi, je{L2,..,n} va Lu=div(F). Giasi VeB, val<q,v<oo.

Khi dé ton tai hang sé C sao cho

1 : . : ,
@L\Dm“(xﬂdxai;ﬂ[au}@('yegMqv(Dju)W)HyﬂgMq(Dju)W))wL@gMq(ny),

trong do Q = B(XO,,O(XO)) va mkefl2,---,n}.

Cudi cung ta mé rong két qua so sanh giira cac toan tir cuc dai da dinh nghia. Cho E
la tap do dugc Lebesgue va w e A, la mot ham trong, ki higu:

w(E) = jE w(X)dx.

Khi d6 ta c6 bo dé sau
Bé dé 2.13. Cho {Q,};, 1a ddy cac qud cdu 6 B6 dé 2.7 va 1< p<oo. Khi do ton tai B,y

va hang sé C sao cho khi dé véimoi g e L} _(R") ta co

loc
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Joo M, 580

M g(y)[’ o(y)dy+CL Q) [ |g<y)|dyJ ,

|2Q |72

trong d6 2Q, 1a qua cau c6 cung tam véi Q, nhung c6 ban kinh gap déi. Hon nira, ta co

. 1 . s
thé chon B = 22 (C, lahang so xuat hién trong Bo dé 2.4) va y = 2.
0

Chitng minh. Y tuéng chinh cua bé dé nay 1a st dung bat diang thirc Fefferman — Stein trong
(Pradolini & Salinas, 2007) va st dung ¥ tuong chirng minh cua B dé 2 trong (Bongioanni,
Harboure, & Salinas, 2011). Truéc hét ta dinh nghia cac ham sau

Mog(y)= sup [ g(z)]dz

yeBe]—'(Q|B|
va
= su Z)- dz,
Mg = sup o, o) ~Bang

1 . . .
trong d6 F(Q) ={B(Y,,r):Y, €Q,r >0}. Ta dat =2c? (C, lahang s6 xuat hién trong
0

B6 dé 2.4) va ¥ =4, biang cach chon nhu vy, theo trang 121 trong (Bongioanni, 2011) ta
thu duoc

M, ,9(Y)S<My(97:0)(Y) VA  Mio(9.2,0)(Y)SCME ,g(y).
Hon nira, theo dinh nghia thi

Mog(<Mag() + o |j|g|Qdy M5a(y)+1glo

Vay M, ,9(Y)SCM:,g(¥) +C 1 gl -
Két hop vai tinh chit cua ho cac qua cu trong Bé dé 2.4 ta thay

JRH\Mp,ﬂg(y)\pw(y)dKZ Ju M, 0| @(y)dy
<CZI M @) w(y)dy+czj (19, ) @(y)dy
<X Jo M. @)y w(y)dy+cZ(|g|2Qk) J, @y
<c[_|m, @) m(y)dy+czw(Qk)(| Qo ) -

Nh¢ lai rang | g |, = _[ lg(y) | dy, ching minh duoc hoan thanh. O

| 2Qk 2Q,
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3.  Kétluan
Ta chting minh céc két qua chinh cua bai béo.

Pinh 1i 3.1. Gia sir a; € BMO,(p), 1< p<w va weA, . Néu V e BE thi ton tai cac hang
2
$6 £>0 VC >04a sao0 cho néu [a;], <& thi

HDzu <C|Lu]

LP(R") Lo (R")

Chizng minh.
Theo dinh nghia cua M, ta co

D]}, e, = [ IO P @()dX<[ M, , (D)) P wo(x)dx
Str dung B6 dé 2.13 ta duoc

[,

. M? 4 (D;)(¥) w(x)dx+czw(Qk( e |Di,-(y>|dy]. (3.1)

12Q |
Chon q,v>1 sao cho 1< qv < p. Theo B6 dé 2.9 ta c6

j \M 4(D,J)(x)\ a)(y)dx<czj |[au]9Mqv(Duu)(x)| w(x)dx+cj |M (Lu)(x)| @ (X)dx

<Cg

+C|Mm, (Lu)|”

ij Rn Lp Rn )

Tiép tuc sir dung B6 dé 2.11 vay (ii) Bo dé 2.7 ta thu duoc
p
z (2 Qk)[ ID; (¥) | YJ ZLQK[le dag .,(y)ldyJ w(x)dx

<’y | Z‘Mqv(Duu)(x)‘ a)(x)dx+CZ j M, (L)) I” e(x)dx

k 29, 0=l

<Ce* [ 3|M, (00| 2 7 00+ C [ My (LOOOI 3 2 000K

2Q 1i=L

|2Q |72

<Cg’ M, (Du)(X)| @(x)dx+C| M (Lu)(x)|” &(x)dx.
[ XM )00 Je

rR" I j=1

Ap dung hai danh gia trén vao (3.1) ta duoc

|Dyu” CngHMqV(DUu)

LP(R")

+C|M, (Lu)|”

(3.2)

LP (R") LP(R")

Cudi cung ta sir dung tinh bi chin cua toan tir cuc dai thi thu duoc
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p

HMqv(Diju)

) <C[Dy

va M (L)’

LP (R") P (R" L" (R") "

Mot lan nita, sir dung danh gia nay vao (3.2) thi
Dy

Ta lay tong vé tréi theo i, j=1,..,n vachon &” <

p

p
oy SC€ ZHDU

LP(R") "

- +CHLu
Ly (R™)

ok khi @6 ta nhan duoc
n

HD u

LP (R") Lp (R") "

Vay ta da chirng minh xong dinh li. O
binh li 3.2. Cho a; € BMO, (p),‘v’i,je{l,Z,..,n}, l<p<o va weA,. Gia suw
Lu=div(F), néu VeB, thiton tgi cAc hang sé & >0 va C >0 sao cho néu [a,], <&
thi

|Du

LP (R")
Chitng minh. Chiimg minh hoan toan twong ty Binh i 3.1 trong d6 B dé 2.10 thay cho B
dé 2.9 va B6 dé 2.12 thay cho B6 dé 2.11. O

% Tuyén bé vé quyén loi: Tac gid xac nhan hoan toan khéng cé xung dot vé quyén loi.
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ABSTRACT

Recently, the theory of Schrodinger operators has attracted the interest of many
mathematicians in both harmonic analysis and partial differential equations. Research directions
focus on two types of operators in the form of divergence and non-divergence. This paper focuses on
these two types. We prove the regularization results in weighted Lebesgue spaces for two types of
equations:

Lu(x) = —”i a; Dyu(x) + V(x)u(x),
and |

Lu(x) = Z ~D; (a;D; )u(x) + V(x)u(x),

i,j=1
where the coefficient (aij) belongs to the new BMO class associated with the potential V', which

contains the classical BMO class.

We used some necessary results on maxima functions associated with the potential V and
boundedness of the Riesz transform in weighted Lebesgue space. Our results generalize some of the
results of Pan and Tang (2016).

Keywords: divergence; non-divergence, Schrodinger equation; Schrodinger operator;
weighted Lebesgue space
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