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C6 nhiéu phwong phdp dé tinh lity thira ciia ma trdn vudng trong

timg trweong hop cu thé; tuy nhién, néi chung chiea c6 phwong phdp

gidi bai todn tong qudt. Trong bai viét ndy, nhém tdc gia trinh bdy

Tir khoa: Dinh thuee, lily thira
cua ma trgn, vet.

mét phirong phap dé tinh lily thira cia ma trdn cap hai thong qua vét

va dinh thire. Pong thoi, nhém tac gia dwa ra cong thire tong quat va

cdc vi du minh hoa trong timg trweong hop cu thé. Céch tiép cdn cia

nhom tac gia c6 thé dp dung dé tinh lily thita ciia ma trdn vuéng cdp

cao hon trén truong la vanh chia dwoc trong mot lop rong; phuong

phap nay ciing cé thé dp dung dé tim sé hang tong qudt cia day sé

dirge cho béi cong thirc truy hoi tuyén tinh,... Bai viét ¢6 thé ding

lam tai liéu tham khdo ndng cao cho sinh vién, chuyén dé boi duong

cdc ddi tuyén tham dw ky thi Olympic toan hoc sinh vién toan quéc.

1. PAT VAN PE

Tinh Iy thua cua ma trdn 1a mét bai
toan mé. Ludn va cong sy (2022) di tong
hop 7 phuong phép tinh Iy thira cia ma
tran, mdi phuong phap déu co6 wu nhugc
diém riéng. Riéng trong trudng hop ma tran
cip hai, Williams (1992) da dua ra cong
thirc tong quat thong qua gia tri riéng cua
ma tran va chimg minh twong d6i ngan gon.
Tiép theo, McLaughlin (2004) dua ra cong
thirc khai trién litly thtra bac # cua ma tran
thong qua dinh thic va vét cia no.
McLaughlin ding phuong phap quy nap dé
chiing minh nén gidi han trong viéc Ung
dung dé dy doan cong thirc ddi v6i ma tran

cip cao hon. Gan diy, Konvalina (2015)
dua ra cong thirc khai trién lily thira bac n
ciia ma tran thong qua cac phan tu cia no.
Tuy nhién, sé hang tir trong cong thirc khai
trién ctia Konvalina va McLaughlin 1 twong
ddi 16m, tir d6 viée rat gon cong thurc ciia ho
1a khong dé dang.

Trong bai viét ndy, nhom tac gia trinh bay
phuong phap tinh liiy thira ma tran cip hai
thong qua vét va dinh thic, trén co sé tng
dung dinh 1y Cayley-Hamilton. Cach tiép can
ciia nhom tac gia hoan toan khac véi cac tac
gia trude day. Dong thoi, nhom téc gia dwa ra
cong thire cu thé trong timg truong hop. Cudi
cung, ching tdi trinh bay cac vi du minh hoa,
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cac két qua nay dé dang kiém tra bang may
tinh cam tay hodc chimg minh bang quy nap.
Uu diém cia phuong phap nay 1a trinh bay
timg budc dé di dén két qua va dic biét 1a co
thé ap dung dé tinh lity thira ctia ma tran cap
cao hon trong mot s6 truong hop dic biét.

2.NQI DUNG

Trong toan bo bai viét nay, ki hiéu
tr(A), det(A) lan luot 1a vét va dinh thirc
cua ma trdn A. Tu dinh 1y Cayley-Hamilton
(Prasolov, 1994, tr. 80), suy ra moi ma tran A
vudng cap 2 thoa
A* —tr(A)- A+det(A)-1=0.

man
Trong
truong hop det(A)zO hodc tr(A)zO thi
bai toan trd¢ nén don gian. Truong hop
det(A);tOVé tr(A);tO,béi toan quy vé
viéc tinh Iiy thira cdp » cia ma trin
M:Etr(lA) —de(z;(A)j' Chiung ta biéu

dién ma tran M =T + E , trong d6

- &2’4) det(A) |
tr(A) 0
E=| 2 .
, )

2

Boi vi matran E giao hoan véi moi ma

tran cp hai khac nén co thé ap dung cong

thtrc khai trién Newton cho M" = (T +F )” .

Tir d6, ta c6 thé dung cac cong thirc to hop dé

rt gon tirng phn tir ctia ma tran thu dugc.

2.1. Phuwong phap tinh liiy thira ctiia ma

tran cap hai

Tu dinh ly Cayley-Hamilton (Prasolov,
1994, tr. 80), suy ra moi ma trdn 4 vudng cép

2 théa méan A° :tr(A)~A—det(A)‘I.
2.1.1. Khi det( A) =0

T A = lr(A)-A , dé dang chiing minh

bang quy nap, v6i moi 1 > 2 thi
A" =(tr(4))" -4
2.1.2. Khi det(A)#0, tr(A4)=0

Ta A’ =-det(A4)-1, d& dang ching

minh bang quy nap, v6i moi n > 2 thi
A" =(~det (A4))" -1 khi n=2m,
A" =(~-det(A4))" - Akhin=2m+1,
hay
A= (—det(A))m st
2.1.3. Khi det(A)#0, tr(A)#0

Ta co

A" =tr(A)- A" —det(A)- A", Yn>2.

Khi do6

L) =)
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Tir d6 suy ra

Cho o)
T s
[0 O[] (0 O] (4] s

bat x=tr(A)a y=—det(A).Ta cantinh M, n >3, voi M:(T y].

0
x X
bat T = 2 , E= 2 .Luu y rang E giao hoan v&i moi ma tran cip 2.
1 X 0 =
2 2
Taviétlai M duéi dang
{x yj g g % 0
M= = + =T+ F,
POty x| =
2 2

k k
trong do EkZ(g-Ij z(gj -1, Vk>0.

i) Khi det(T)=0:Vi tr(T)=0nén T° =0, suy ra
x n-1 x n—1
M =(T+E)" =CHE™ +C'TE™ = (E} [+(n-1) (Ej

i) Khi det(T)<0: Theo truong hop 2.1.2 thi

= (~det (T))m : THH.

Suy ra

n—

n—1
M =(T +E ZC TFE™ '+
k=0
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Cudi cung ta cé

A" = (M"—1 )“A +(M"-1) I

12
iii) Khi det(T ) > 0: Twong tu nhu truong hop ii), ta co

M =(T+E) ZC" r'E ZC" (~det(T )m [ZF(A)Jn_I_k-Tk_zm
“Sa (i det(T))zm .(MJM )

2
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’ i\Jder(T) 2

Cudi cing ta c6 A" = (M"_1 )11 A+ (M"_1 )12 1.

2.2. Cacvidu 1 —1 1 0

Trong phan nay nhom tac gia trinh bay cac tong do T'= [1 J’ k= ( J’
vi du cu thé minh hoa cho céac trudng hop & .
fiéu muc 2.13. Che két qua co thé di dang  9e1(T) =0 E" =1, vk 20.
kiém tr‘a bﬁng may tinh cim tay hodc ching M T + E Z Ck Tk P
minh bang phuong phép quy nap.

11 =(C. T+C’H)I=(n-DT+1I
Vi du 1: Cho 4= . Tinh 4",
01 PN B N B
n>3. =(n )1 -1) (0 1

Gidi n  -n+l
Ta co tr(A)=2, dez‘(A)zl, :(n—l —n+2]'
2 -1 3
M:[1 . j Ta viétlai M dusi dang Ve } }
A= (M), Ax (M) 1

2 -1} (1 -1} (10 —nd+ (-
M:( j:( j{ ):T+E, nd+(-n+1)I
1 0) (1 -1) o1 |1 Lo\ (1

{3 et )

Vi du 2 (Diy Fibonacci): Tim s6 hang tong quat cua diy sé dugc xac dinh boi
F(1)=1, F(2)=1va F(n+1)=F(n)+F(n—1) véi n>2.

Giai.
Ta co
F(n+1) 1 1 F(n)
(F(n) j B (1 Oj[F(n - 1))'
Tur do suy ra
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Fn+D)) (1 1Y (F(2)
Fin) ) \1 o) (FQ))/
‘ L 11
Nhu vy ching ta can tinh M"™ v6i M = .

1 0
Taviétlai M du6i dang

1 0 1 1 1
2 2
l 1 l 0 Y
. 2 2 _ k_ >
v6i T = ) E= 1 ,det(T)=-=,tr(E)=1, E _(Ej 1, Vk=>0
2 2
Suy ra
- (ZF(ZA)h/—del‘(T)j + r(4) det(T)j
M 5 1
1 (”’(2)+ det(T)J {”’(2‘4) det(T)j
+ T
—det (T) 2
1 \/g 1+ 1_\/§ n-1 1 \/g 1_ 1_\/5 n-1
22 2 2 12 2 2 2
= 2 ]+\/§- >
2
L.(H\/g)n—(l—\/g)n i.(1+\/§)n_l—(l—\/§)n_l
=15 2" 5 2"
Suy ra

F(n+1)=(M"" )11 F2)+(M" )12 F(1)
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) (5] {1

- = S ~
) (1+\/§)n+l _(1_\/§)n+1 _L 1+\/§ ntl i i n+l
- 215 U5 2 2 '

F(n)%ﬁh_z\/g] —(1_2\/5] ],V()imoi n>1.

1
Vi du 3: Cho A:(l 1J.Tinh A", n>3.

Giai.

2
Ta co tr(A) =2, a’et(A) =2, M :( 0 j Taviét lai M duéi dang

1

2 -2 1 -2 1 0
M = = + =T+E,
oGS

1 -2 10 .
trong d6 7=/ | , E= ,det(T)=1, E* =1, Vk20.

(=)
—

Suy ra

i\Jdet(T) 2
_(1+i) ;L(l—")n_l ((1) ?}r;(”")n_l;(l—i)n_l G jj
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(1+i)" —(1-i)"

(1) = (1-2)""

2i

-1

(i) =11y

1 0

J_

~(1=)(1+i)"" + A+ (1-8)"

1 i

{

|

(1+) = (1-i)’

0 1

B o 2i
(l—l—i)”—(l—l’)" _(l—i)(1+i)n_l+(1+l’)(1_l—)"—1
. 2i
_E(I—H)n ! +:(l—l)”’l (i) (1)
= 2i 5
(l+i)n_(1—i)n _E(l—l-z)n l_f_:(l_l)n—l
2i Y

3. KET LUAN

Bai viét trinh bay phuong phap va dua ra
cong thirc tinh liy thira ctia ma tran cdp hai
bat ky théng qua vét va dinh thic. Phuong
phap nay duoc nhom tac gia trinh bay chi tiét
timg budc va khong can nhd nhiing cong thic
phtic tap. Mat khac, tr dinh Iy Caley-
Hamilton suy ra, mdi ma tran cip n la

nghiém ctia mdt da thirc bac n c6 hé s6 phu

thudc vao det(A) va tr(Ai),i:I,n—l
(trang web cua wikipedia, (n.d)) . Nhu vay,
phuong phép cta ching t6i hoan toan c6 thé
ap dung cho ma tran cip cao hon trén truong

la vanh chia dugc trong nhiing truong hop
khuyét tr(Ai), i=2,n-1.
Bai viét c6 thé dung lam chuyén d& boi

dudng cac doi tuyén Olympic Pai s6 sinh vién
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toan qudc va phuong phap tinh lily thira cia
ma tran cép cao hon s& dugc trinh bay trong
chudi bai viét ciia nhom tac gia.
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POWER OF A 2 x2 MATRIX BASED ON ITS TRACE AND DETERMINANT

ABSTRACT

Powers of a square matrix can be calculated in a variety of ways depending on the situation,

but generally speaking, there is currently no way to solve the issue. This article explains how to

compute powers of a 2%2matrix using its determinant and trace. In addition, we offer generic

formulas and case-specific examples in every instance. Our approach can be used to find a

formula for the general term of a sequence that is given by a linear regression formula, etc. It

can also be used to calculate powers of higher order square matrices on fields that are divisible

rings in a wide class. The paper can serve as an advanced resource and a topic for training for

university teams participating in the National Mathematics Olympiad for students.

Keywords: Determinant, powers of matrices, trace.
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