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MO HINH BAI TOAN ROI RAC
XAP XI PHUONG TRINH NAVIER-STOKES BAC PHAN

Pham Thi Van!, L& Tran Tinh? Lé Thi Mai®
TOM TAT

Ngi dung cua bai bao nay tdp trung trinh bay xay dirng mé hinh bai toan roi rac xap
xi phirong trinh Navier-Stokes bdc phan trong xuyén ba chiéu va su ton tai nghiém Leray-
Hopf ciia mé hinh bai toan thu duwroc. Cac két qud dat diroc 1a sir mé réng va phat trién céac
két qua hién ¢ doi véi van dé duroc nghién ciu.

Tiwr khod: Phurong trinh Navier-Stokes bac phan, nghiém Leray-Hopf.
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1. PAT VAN BE

Qua nhiéu thap ky, chung ta da thiy duoc nhiéu dong gop ciia nhiéu nha khoa hoc trén
thé giéi cho viéc nghién ciiu cic van dé vé phuong trinh Navier-Stokes. Tuy nhién, rat nhiéu
van dé ma van con ton tai va can duoc nghién ciu nhu sy ton tai nghiém co dién cia phuong
trinh Navier-Stokes trong truong hop ba chiéu. Khi nghién ctu céc chuyén dong hén loan
cua chét long thi cac md hinh chira todn tir bac phéan 1a dbi twong tiém ning va hién nay
ching nhan duoc nhiéu sy quan tdm ciia nhiéu nha toan hoc trong va ngoai nudc. Tat nhién,
cac mo hinh nay cling tén tai C4c van dé mo nhu phuong trinh Navier-Stokes [7]. Mot huéng
tiép can dé hiéu thém vé phuong trinh Navier-Stokes va cac kho khin gap phai la nghién cuu
cac md hinh bai toan roi rac. Nhiéu mé hinh bai toan roi rac duoc dé& xuat va nghién ctu
bang maot cach phd hop nao d6. Gan ddy, M. Dai da st dung céng cu phén ré Littlewood-
Paley dé xay dyung cac md hinh bai toan roi rac dbi voi phuong trinh dugc nghién ciru. Két
qua nhan duoc rat kha quan vi mé hinh bai toan roi rac nhan duoc van giir dugc cac tinh chat
quan trong ciia nghiém nhu bai toan ban dau va mo hinh bai todn nay déng vai trd nhu 13 mo
hinh tong quéat chita dung cac mé hinh nghién ctu trude d6 [3].

Trong bai béo ndy, ching t6i s& sir dung huéng tiép can cia M. Dai dé xay dung mot
md hinh bai toén roi rac tong quat cho phwong trinh (2.1). Tiép theo, ching tdi nghién ctiru
su ton tai nghiém Leray-Hopf ciia mé hinh bai toan thu dwgc. Cau tric bai bao nhu sau:
Phan 1: it van d&; Phan 2: Kién thirc chuan bi; Phan 3: M@ hinh bai toan roi rac xap xi
phuong trinh Navier-Stokes bac phan trong xuyén ba chiéu. Cudi cing 1a danh séch cac tai
liu tham khao dugc st dung. Trong bai bao nay, ching t6i sir dung ky hiéu A < Bnghia
la ton tai s6 duong C nao d6 thoa man A<cB va A~ B nghia la ton tai s khong am
C,,C, thoamén ¢,B<A<c,B hoac cA<B<C,A.
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2. KIEN THUC CHUAN BI

Noi dung phan ndy nhiam muc dich tom lwoc mot s6 két qua quan trong vé bai toan
duoc xét trong bai bao bao gém tinh dat chinh cua phwong trinh Navier-Stokes bac phan
trong xuyén ba chiéu va phan ra Littlewood-Paley ddi voi ham tuan hoan. Két qua phan
nay s& phuc vu cho viéc nghién ciru céc ndi dung tiép theo.

2.1. Phwong trinh Navier-Stokes bac phan trong xuyén ba chiéu
Trong bai b&o nay, chung tdi s¢ xem xét phuong trinh Navier-Stokes bac phan trong
xuyén ba chiéu T =[-7, z]* dang
ou+v(=A)"u+Uu-Vu+Au+Vp=f
{V -u=0
trong d6 U(X,t) = (u,(X,t),u,(x,t),us(x,t)) 1a vécto van téc cua chat long; p= p(x,t) la

2.1)

ap luc; v >0 lahésdnhst; 1>0; f(x,t) langoai va (—A)“ latoan tir Laplace bac phan
thir. Phuong trinh (2.1) dugc xét véi diéu kién bién tuan hoan. Khi d6, chung ta c6 thé gidi
han viéc giai quyét bai toan véi diéu kién ban dau va f co trung binh bang khdng va
nghiém cua bai toan bién voi diéu kién ban dau tuong ung s& cé tinh chat twong tu. Diéu
nay cho phép chling ta nghién ctru bai toan vécto van toc U 1a ham tuan hoan cé trung binh
bang khéng xac dinh nhu sau:

u=> ud véi u eC’u =u,,u, k=0vkel,

kel
trong d6 @, = glkx J =73 \{O} )
Chung ta dinh nghia cac khong gian Hilbert, véi se R,
Ve={u=u g, u e Cup =u U k=0,¢ =e** va 3 |u, [ [k <o},

ked ked
Véi tich vo huong
2s
UV,e =D U v K
ked
Chlng ta s& s dung ky hiéu (-,-) 1a tich vé hudng trong V° va tich déi ngiu cua
V°® -V~ duoc x4c dinh nhu sau (U,V) = Zuk Vo, .
ked
L
Chung ta dinh nghia toan tor A = (—A)2 xac dinh bai
Au=Y [Klud véi u=> ud.4 =",
ked ked
va toan tor A° xac dinh boi

Au=>"|K ud.

kel

Khi d6, (—A)’ =A® va A° bio toan diéu kién khong nén dugc Kk -u, =0.
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Ky hiéu P, la phép chiéu Leray-Helmholtz tir L*(T) vao V° va P,A° = A°P, . Dt

(u,v,w) IZU—WdX

Ti,j=1
Str dung phép chiéu Leray-Helmholtz, phuwong trinh (2.1) duoc viét lai dudi dang
Ou+vA*u+B(u,u)+Au=P f, (2.2)

trong d6 B(u,v):=P, {(u-V)v}.
Chung t6i nhic lai két qua dat dugc vé su ton tai va duy nhat nghiém yéu cua (2.2)
v6i dit kién ban dau u_ trong L* nhu sau (tham khao [6, 7])

Pinh nghia 2.1. Gia sit v, « la cac sé thuc dwong, 1>0, f el

v (RVO) va
u, €V°. Nghiém yéu cua (2.2) trén khoang [z,c0) laham u(x,t) sao cho
uelp, (2’ 00! Vo)m L2 (T,oo;V“)mCW([T,oo);VO),

loc

vavéi moi t>7, veV’, y=max{g—a;a}, u(x,t) thoaman u(z)=u, va

(u(t),v) +vJ.t<A“u(s),A“v>ds —J'I<B(u (s),v).u (s)>ds
+/1J' {u(s),vyds = +I

Pinh ly 2.2. Gia sit v, o la cac sé thuc dwong, 1 >0, fel?

loc

(R;VO) va
u_eV°. Khi dé, (2.2) c6 nghiém yéu toan cuc thod man Binh nghia (2.1) Véi diéu kién
ban dau u_. Hon nira, néu o ZZ thi nghiém yeu toan cuc la duy nhat va phu thuge vao

tinh lién tuc cua di kién ban dau.
2.2. Phan ra Littlewood-Paley ddi véi ham tuan hoan

Noi dung muc nay trinh bay vé phan ra Littlewood-Paley dbi véi ham tuan hoan. Do
tinh chat hoi tu caa chudi hitu han khi cit tir chudi Fourier, chudi hitu han (the square-
cutoff Fourier series) dugc xay dung nhu sau [2]

S\ f(= > fke* =Dy *f, (2.3)
lkjl<N,j=1,2,3

trong d6 D, 1a nhan Dirichlet dugc xac dinh bdi cong thic

Dy= > v f(k)=—— !

lkjI<N, j=1.2,3 (2 )

j f (x)e ™ *dx.

Téng riéng (2.3) 1a bi chan trén L° voi 1< p <oo va hoi tu vé ham f ban dau trong L”.
Céc két qua nay duoc tom tat trong bd dé sau day [2, 4, 5].
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B6 dé 2.3. Gia st f e L°(T) va 1< p<oo. Tong riéng S f duoc xdc dinh boi
(2.3) thod mén

ISy fll, <C, I fl

LP(T) ()’

va ISy f—fll,,—>0asN o

Hon nita, néu f e L°(T) va 1< p<oo,thi S, f — f hdukhdp noikhi N — .
Véisdnguyén j>0,tadit A, 1atap hop diém thoa man
A ={k = (k. k,, k) € 2 [k, [ 21, m=1,2,3}.

Ta dinh nghia cac phép chiéu Fourier nhu sau

AT (x) = f(K)e™, (2.4)
keAy

Af)= > fke* j21jeN (2.5)
keAj\Aj_l

Dé thuan tién vé mat ki hiéu, ta quy uéc A; =0 khi j <0.Khi do, ta dinh nghia

S, f(x) = Zj:Am fx)=> f(ke*. (2.6)

keA,

va ta c0 thé sir dung phan rA Littlewood-Paley cho moi ham f e L°(T), 1< p < oo, nhu sau

F(x)=3 A, F(x).

B dé sau day trinh bay céc tinh chat co ban cua toan tir A ;vas;.

B6 dé 2.4.Cho j>0 lamgtso nguyén. Gid siz A; va S; duogc xdc dinh béi (2.4),
(2.5) va (2.6). Khi d6 cdc tinh chat sau thod man.
(@) Néu f e L°(T) véi 1< p<oo, thi

A fI,  <CIfl

LP(T) LP(T)’

s, fl, <CIfl

()~ LP(T)’

trong @6 C 1a hang sé chi phy thuge p va d .
(b) Cho h>0 va j>0 laso nguyén. Gid siz f e L°(T) véi 1< p<oo, thi

AAf=0 néuh=j.
(c) Cho j>=0, m>0 va n>1lasénguyén. Giasir f,geL’(T) véi 1< p<co.Thi

Ai(S, ., fA,9)=0if [m—j>n,
va
A;(A,f Ang)=0 néu |m-j[xn,
trong do
Ang=A, 1 9+A L0+ + A 40,
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Bat dang thrc Bernstein cho todn tir A ; landi dung cua ménh dé sau (xem [2, Ménh dé 2.8]).
Ménh dé 2.5. Cho >0 va 1<q< p<oo.
(a) Ton tai hang s6 C > 0 sao cho

ci+3i(-1)
IA A FN,, <C2 TP A

L(T) ™

2.7)

()’
va
101

3j( )
IS, fl, <C2 " Isfl

LP(T)

(2.8)

L(r)
(b) Cho 1< p<oo.Tén lgi hangsé 0<C, <C, (phu thugc p) sao cho, véi moi sé
nguyén >0,
C27 A fI (2.9)
Mot khéi niém quan trong trong ly thuyét chuyén dong hdn loan cua chit long 1a s6
chiéu gian doan cua truong vécto van toc U. NO co thé dugc dinh nghia thong qua mirc
bao hoa cua bat dang thirc Bernstein nhu sau
di=sup{s e R:(Q A" NAUIE D <c L AT AUl DY, (2.10)
J J

DA AN, <C27 A

LP(T) (1)~ ()

L*(T)

trong d6 ¢ 1a hing s tdi uu thoa mén cac bat dang thuc
AUl <clAul?

L“(T) L2(T)
Do d6, chung ta c6 thé suy ra tir cac két qua da cé phia trén rang d €[0,3] va cac
mdi lién hé t6i wu Bernstein

3-d
FAul L~ 242 TAul, (2.11)
va
aul. <250 A 2.12)
J L9(T) ] J LP(T)’ )

dday 1S p<q<oo.

3. MO HINH BAI TOAN ROl RAC XAP XI PHUONG TRINH NAVIER-STOKES
BAC PHAN TRONG XUYEN BA CHIEU

3.1. Xay dung md hinh bai toan roi rac thong qua phan ra Littlewood-Paley
Dé don gian trong viéc xir Iy va giam do cong kénh cua cong thic, ching ta ky hiéu
u; =A;u. Xét tic dong cua toan tr A; Ién phuong trinh (2.2) va lay tich v6 hudng
phuong trinh nhan dugc véi u;, ching ta nhan dugc phuong trinh can bang ning luong
trén khéi thtr j nhu sau
1d )

e KU Y

- +v LA 12, HBU,U) )+ A 1%, = (F,u)). (3.1)

L2(T) 2(T)
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Budc tiép theo 1a di phan tich sy bién d6i niang lwong cua cac s6 hang trong moi
phuong trinh can bang nang luong (3.1). Chung ta dinh nghia

IT(u,v,w) =(B(u, V), w) =.[T(U-Vv)-wdx,
IT; (u,v,w) =(B(u,v);,w;) :J‘T(u W), - w;dx.
Xuyén sudt qué trinh phan tich, ching ta st dung gia thiét ring: Sy tuong tac chi xay
ra & cac khéi ké nhau. Ngoai ra, vi tinh chat khéng nén dugc V-u, =0, ching ta c6
J'T(uiVuj)-ujdx:O, véimoi i, j>0. (3.2)
Khi d6, ching ta sir dung phan ra Littlewood-Paley va nhan duoc
IT; (u,u,u) =(B(u,u)

J’J

:H(uj—l’ j-1 J)+H(UJ’ j-1 J)+H(uj+l’ J—l'u])
+IT(u; ,,up,u;) +TI(U;, Uy, uy) +TI(U g, U, U5)
+H(U -11 J+l’ j)+H(uJ’ j+11 J)+H(u]+l7 j+l’u]) (33)

Str dung gia thiét vé su tuong tac chi xay ra & cac khéi ké nhau va (3.2), phan ra
(3.3) ¢6 thé viét gon lai nhu sau:

HJ—(U,U,U):H(Uj_l, -1 ])+H(UJ1 -1 ]) +H( j? j+1’ ])+H(uj+l’ j+l ]) (34)

Chiing ta dinh nghia a, (t) =l u;(t) | Str dung (2.7), (2.11), (2.12) va bat dang

LGN
thirc Holder, ching ta c6 thé danh gia cac s6 hang trong (3.4) nhu sau:

(U, ,, U 4,4) =J'T(uj_1 -VU; ;) -u;dx

5-d
2 A2
S, @1 Lz(T)II vu, @l an(T)II u; (@I 2 SA4 A (3.5)
II(u;,u;4,u) =J'T(uj-Vuj_l)-ujdx=—.|'T(uj~Vuj).uj_ldx
5-d
Shu; @)1 Lz(T)II vu, O mmll u,_, @ 2y S S 42 afaj_l. (3.6)
I(u;,u;,,U;) = I (u;-Vu;,,)-u;dx =—j (u;-Vu;)-u;,,dx
5-d
Shu; @)1 Lz(m" Vu;(t) IILw(T)II u, @1 rmy S S 4,2 afaM. (3.7)
H(uj+1’uj+1’uj):J-,ﬂ.(uj+1'vuj+l)'ujdx
5-d
2
u, @1 LZ(T)II Vu, @O me" u, (@I, S S A5 a5, (3.8)
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Tir cac danh gia (3.5), (3.6), (3.7) va (3.8), chung ta ¢ thé udc luong (3.4) nhu sau:

IT; (U u, U) H(UJ' j+1 J) H(U _1,U uj 1) +H(u]+17 j+1 ]) H(UJ,UJ,UJ 1)
5-d 5-d 5-d 5-d
S B 2 aja;, —/, _21 ala, )+77(ﬂbjfl al,a, — 4 2 aja, ). (3.9)
Mat khac, chdng ta co
(fup<if, IILZ(T)II u; IILZ(T):bjaj, (3.10)

o day by(t) = f,()1,,,,.

Str dung (3.9) va (3.10), phuong trinh can bang ning lugng (3.1) ¢6 thé dugc xap xi nhu sau:
q ) 5-d 5-d 5-d 5-d
aa Prvaleal + p(A,% alay, - A4,3 ala) (A3 ala, - 4,7 ala, ) +Aa’ =ba,.

j+H1 T+l

bat 6 = e va chd y ring a; =0 véi moi j<0. Khi do, chung ta lugc bo a;

trong (3.11) va nhan dugc mo hinh bai toan roi rac sau:

d
PRt +paga, +nAlal + Aa, = by,

d «
(A) aaj_‘_‘/ﬂ“]’z a, +,B(/16 Qi —1 _1)

+n(A¢ ajaj71)+/1aj =b;,

j+l j+l

voi =123
J

Nhén xét 3.1.

i) Giastr Q; :=TI(u;,u;,,,u;) va P, :=TI(U,,,U;,,,U;
I =Q; —Qy.+P —Ppy.

Gia st Q; >0 va P, >0 voi moi j=-1. Céc s6 hang Q, va P; dong vai tro 1a nang

u;) . Khi do,

j+1

luong chuyén sang cho khéi tiép theo, trong khi Q,, va P, déng vai trd la ning luong
cua khéi phia trude chuyén vao.
i) Khi chat long 1a khdng nhét (v = 0), s6 hang tat dan va ngoai luc khdng ton tai (
A=0 va f =0). Chung ta xét phuong trinh xap xi cia (3.1) nhu sau
1d

Eaa +Q Q +Pj_ijl:O'

Khi do, a(t)> = Za Ia tong ning luong thoa man —a(t) =0. Diéu nay ching to

>1
nang lugng dugc bao toan trong truong hop nay.

iii) M6 hinh bai toan roi rac (A) c¢6 thé dugc xem nhu md hinh tong quat xap xi
phuong trinh Navier-Stokes bac phan chira s6 hang tat dan kiéu tuyén tinh trong xuyén ba
chiéu. M hinh nay c6 su két néi voi nhiéu mé hinh da dugc nghién ctu truée do. Chung
ta c6 thé diém qua nhu sau: Néu o =1, =1, n=0va A=0, thi ching ta nhan dugc
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mo hinh bai toan roi rac cia N. Katz and N. Pavlovié (xem [8]). Néu ¢ =1, =0, n=1
va 2 =0, thi ching ta nhan dugc md hinh bai toan roi rac caa Obukhov (xem [9]). Néu
a=1va 1=0, thi ching ta nhan dugc Mo hinh bai toan roi rac xap xi phwong trinh
Navier-Stokes dugc M. Dai dua ra [3].

3.2 Sw ton tai nghiém Leray-Hopf

Dé nghién ctu sy ton tai nghiém cua mé hinh bai toan (A), dau tién ching ta can dinh
nghia khong gian trang thai phu hop. Bat V° := (% khong gian cac day sb duoc trang bj tich
v6 huéng va chuan nhu sau: Gia sir u:={u,}°, va v:={v }, lacac phantircuaV®.

(U, V)0 =D UV,
n=0

Hul, = J, = (3 u)? <o

Khong gian V*°, se R, la khong gian cac day s duoc trang bi tich vé hudng va
chuan nhu sau

(U,V)Vs = Z/inzsunvn '
n=0

Hul, = Jw, = (3 4%u2): <o
n=0

Tiép theo, chling ta c6 mot sé khai niém vé nghiém cua bai toan (A) nhu sau

Pinh nghia 3.2. Mot nghiém yéu trén [T,o0) (hodc (—o0,00) néu T =—0) cua (A)
la mot ham a(t) xac dinh trén [T,0) va nhan gia tri trong V° thoa man
a, (t) e CY([T,)) vacéac a,(t) thoa man cac phuong trinh cuia (A).

Pinh nghia 3.3.

a) Nghiém yéu a(t) cua (A) duoc goi la nghiém manh trén [T,,T,] < [T,) néu
IFall,. bichan trén [T,,T,].

b) Nghiém yéu a(t) cua (A) dugc goi la nghiém manh trén [T,c0) néu llall , bi
chan trén moi doan [T, T,] < [T, ).

Pinh nghia 3.4. Mot nghiém Leray-Hopf a(t) trén [T,o0) cua (A) la mot nghiém
yéu a(t) trén [T,o0) cua (A) thoa man bét dang thirc nang lugng

I a(t) 12, +2v | a) 2, ds <l a(t,) 12, +2 L: (b(s),a(s)), . ds

v6i moi T <t, <t va hau khp noi t, [T, ).
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Str dung phwong phap xap xi Galerkin va thuc hién quy trinh chirng minh nhu ching
minh [1, Dinh 1y 4.1], ching ta ciing s& nhan duoc két qua sau day. Vi ky thuat chung
minh 1 twong ty va dé giam bot sy cong kénh cua bai bao nén noi dung chieng minh chi
tiét cua dinh ly khong dugc trinh bay ¢ day.

Pinh ly 3.5. Gia st v, a 1a céc s thue duong, 1>0, a° eV°. Vi moi t >0, gia
Str rang

> 4% [ e)dr <oo
j=0

Khi d6, ton tai nghiém Leray-Hopf a(t) trén [0,00) ciia (A) thoa min a(0) =a’ va
Dinh nghia 3.4.

Nhan xét 3.6.

i) Sur ton tai nghiém Leray-Hopf a(t) cua (A) trong Dinh ly 3.5 ¢6 thé mé rong cho
bat ky mién [T,0).

i) Tinh dat chinh va cac van d& lién quan mé hinh bai toan (A) chira dung nhiéu van
dé mag. Cac két qua nay s& dugc nhom tac gia trinh bay trong két qua nghién ctu tiép theo.

4. KET LUAN

Noi dung cua bai bao da trinh bay tom tit cac két qua co ban vé phuong trinh
Navier-Stokes bac phan trong xuyén ba chiéu va phan ra Littlewood-Paley ddi vai ham
tuan hoan. Két qua mai caa bai béo 1a xay dung duoc mé hinh bai toan roi rac xap xi dugc
phuong trinh Navier-Stokes bac phan trong xuyén ba chiéu va ching minh sy ton tai
nghiém Leray-Hopf caa md hinh bai todn roi rac nhan dugc.

TAI LIEU THAM KHAO

[1] A. Cheskidov (2008), Blow-up in finite time for the dyadic model of the Navier-
Stokes equations, Trans. Amer. Math. Soc. 360(10), 5101-5120.

[2] Y.Dai,W.Hu, JWu and B,Xiao (2020), The Littlewood - Paley decomposition for
periodic functions and applications to the Boussinesq equations, Anal. Appl. Singap.
18(4), 639-682.

[3] M. Dai (2020), Dyadic models with intermittency dependence for the Hall MHD,
arXiv: 2006.15094.

[4] Loukas Grafakos (2008), Classical Fourier analysis, Second edition, vol.249.
Graduate Texts in Mathematics. New York: Springer.

[5] F.Weisz (2012), Summability of Multi-Dimentional Trigonometric Fourier Series,
Surveys in Approximation Theory 17, 1-179.

[6] J.L.Lions (1969), Quelques Méthodes de Resolution des Problémes aux Limites Non
Linéaires, vol.1. Dunod, Paris.

[7] T. Luo and E. S. Titi (2020), Non-uniqueness of weak solutions to hyperviscous
Navier-Stokes equations: on sharpness of J.-L. Lions exponent, Calc. Var. 59, 92.

108



TAP CHi KHOA HQC TRUONG PAI HOC HONG PUC - SO 71B (12.2024) 2:23“ gggg ) 2%2

[8] N. Katz and N. Pavlovi¢ (2005), Finite time blow-up for a dyadic model of the Euler
equations, Trans. Amer. Math. Soc., 357(2), 695-708.

[91 A. M. Obukhov (1971), Some general properties of equations describing the
dynamics of the atmosphere, 1zv. Akad. Nauk SSSR Ser. Fiz. Atmosfer. i Okeana,
7:695-704.

DYADIC MODELS FOR THE GENERALIZED
NAVIER-STOKES EQUATIONS

Pham Thi Van, Le Tran Tinh, Le Thi Mai
ABSTRACT

In this article, we construct a general dyadic model for the 3D generalized Navier-
Stokes equations on torus. Then, we study the existence of Leray-Hopf solutions of this
model. Our results extend and improve some previous results.
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