TAP CHi KHOA HQC TRUONG PAI HQC HONG PUC - SO 71B (12.2024) P-1SSN 3030 - 4628
e-1SSN 3030 - 4636

TINH CHAP NHAN PUQC CUA LOP HE 2D SUY BIEN
VOI TRE HANG SO

Lé Huy Vi, Bui Tran Nam Anh!
TOM TAT

Trong nghién cizu ndy, ching ti da dé cap dén van dé on dinh cua I6p hé 2D suy
bién kiéu Roesser ¢6 cac tré la hang sé. Trén co s¢ ap dung phirong phap ham Lyapunov-
Krasovkii va ki thudt phwong trinh ma trdn t do kiéu 0 mgt diéu kién di phu thugc dé tré
dda duoc thiét 1gp nham dam bao hé 1a chdp nhdn diwoc. Mét Vi du ciing da dwoc duwa ra dé
minh hoa cho két qua dat duorc.

Tir khod: Hé 2D, hé c6 tré, hé suy bién, si on dinh.
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1. PAT VAN BE

Gan day, do cac tng dung rong réi caa ching trong phan tich mach, xt 1y hinh anh,
truyén dit liéu dia chan hoic loc ki thuat sb da chiéu, ly thuyét vé hé hai chiéu (2D) di thu
hit nhiéu sy quan tdm nghién ctu cia gidi toan hoc va ky su [3, 4, 13]. Hai md hinh mé ta
hé 2D duoc nghién ciu phd bién 1a md hinh Roersser [1, 9, 10] va md hinh Fornasini-
Marchesini (FM) [2]. Cac md hinh 2D nay khong doc lap nhau va c6 thé chuyén di qua lai
Idn nhau trong truong hop hé khong c6 tré va cac dai lwong nhidu. Tuy vay, van dé gap
phai khi chuyén d6i mé hinh 1 sy ting dang ké s chiéu va do d6 din dén viéc gia ting gia
tinh toan (computational cost) trong c4c md hinh tng dung. Lién quan dén cac mé hinh 2D
nay c6 rat nhidu nghién ciru vé tinh dinh tinh caa chung nhu van dé 6n dinh va 6n dinh hoa,
6n dinh mii cho 16p hé 2D [7, 8, 11-13]. Tuy nhién, viéc nghién ctu céc tinh chat dinh tinh
cua hé 2D 1a twong d6i phirc tap va kho khan boi vi chling c6 nhitng dic thu riéng khéng
thé 4p dung cac phuong phéap twong ti nhu hé mot chiéu (1D). Pac biét, ddi véi cac 16p hé
2D suy bién thi viéc nghién ctru cac tinh chét dinh tinh lai gap nhiéu kho khin hon. Hién
nay, rat hiém cac cong trinh nghién ctru dé cap dén van dé 6n dinh cua I6p hé 2D suy bién.

Mgt sé chl y. Ching ta ky hiéu 1a Z tap cac sé nguyén, Z* 1a tap cac sé nguyén
khong ~ am, |2(Z+)={x:z+ <2 =R S |x(i, i) <oo},Z[a,b] 2{a,a+1..,b}  Voi

i=0 j=0
a,beZ,a<bR™ latap cAc ma tran thuc c& nxm mxn; véi hai matran A, B c6 sb chiéu

A 0
thich hop, ta dinh nghia ma trdn duong chéo cua no la diag(A,B)é[O B] Ma tran

M € R™™ Ia nira nhom xac dinh dwong, ta ky hiéu M >0néu xX"Mx=0;VxeR";M duoc
goi la ma tran xac dinh dwong, ky hiéu 1a M >0néu x"Mx>0,vxeR",x=0.

L Khoa Khoa hoc Tw nhién, Trwong Pai hoc Hong Pirc; Email: lehuyvu@hdu.edu.vn
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2. PHUONG PHAP NGHIEN CUU

Trong nghién ctu nay, Chl'Jng t0i st dung phuong phap ham Lyapunov hay con goi la
phuong phép thir hai Lyapunov, két hop véi cac ki thuat déanh gia cac bt dang thirc ma tran
dé thiét 1ap mot didu kién di dam bao hé suy bién 2D la chinh quy, nhan qua va 6n dinh.

3. KIEN THUC CHUAN BI
Xét 16p hé 2D suy bién vai tré hang kiéu Roesser sau day
h/: . h/: = h/: .
oot o et
v6i i, jeZ,x"(i, j)e R™va x"(i, j) e R" twong tmg 1a cac véc to trang thai ngang va doc;
cac ma tran E,A A eR™ (n=n, +n,)la cac ma tran thyc da biét, trong d6 E 1a ma tran
suy bién c6 rank(E)=r<n Ta gia s&r ma tran E co dang

E =diag(E,,E,),E, e R™™,E, e R™™. 7, 7, 1a céc tr& hang doc theo cac quy dao ngang va
doc cua hé. Biéu kién ban dau cua (1) duoc cho boi

Xh(k j)=¢(k j),keZ[—Th,O],jeZ+; Xv(i,|)=l//(i,|),|EZ[—TV,O],i€Z+,
6 do ¢(k,.)el (Z*) ‘v’keZ[—z’h,O];y/(.,l)eIZ(Z+),VI e Z[-7,,0]. Ching ta dwa ra mot so
dinh nghia sau day.

Pinh nghia 3.1. Cip ma tran (E,A) duoc goi la chinh quy néu da thuc
det[EI(z,W)—A]khéng ddng nhat bang khong, trong dé I(Z,W)zdiag(zlnh,wlnv) la ma
tran don vi véi s6 chiéu nxn. Cap ma tran (E,A) duoc goi 1a nhan qua néu
deg(det(sE — A)) =rank (E).

Pinh nghia 3.2. H¢ (1) dugc goi la 6n dinh néu véi bét ki diéu kién ban dau (2) thoa méan

lim SUpHihE:jH :i+j=q}=0- 3)

Pinh nghia 3.3. Hé (1) dugc goi 1a chip nhan dwoc néu nd chinh quy, nhan qua va on dinh.
Cha y rang tinh chinh quy va nhan qua cta cap ma tran (E,A)s& dam bao cho hé (1)

ton tai va duy nhat nghiém. Hon nita, khi rank(E)=7<n, ludn ton tai hai ma tran khong
suy bién M, N sao cho.

IT

— Orx(n—r)
E = MEN = 4)
(

O(n—r)x(n—r)

Khi d6, ta phan ra cac ma tran Ava A nhu sau:

All A12:|,K:MA[N:|:ATM Af12i|'
A21 A22 Aer A[22

Trén co s& cac phan rd ma tran trong (4) va (5) ta c6 bd dé sau day.
B6 dé 3.4. H¢ (1) la chinh quy va nhan qua néu ma tran A,, trong (5) 1a kha nghich.

n—z)xz

A=MAN :{ (5)
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Chitng minh. Ta ky hiéu cac ma tran sau

I - _l Ir 0 x(n-7
M:M|:r AizAzz}N:N{ B ox( )_1}_
O(n—r)xr Infr _Azz Azl Azz

Tur cac phén ra (4) va (5), ta co

E-MEN=|' © A=MAN=| A O
0 0 0 I

§d6 Au=A A, A A, Tirdé suy ra, det| EI (z,w)- A la khong dong nhét bing khong.
Vi vay, cap matran (E,A) 1a chinh quy. Thém vao do:
det(SE — A)=det(M " |(sE ~ A)N ") =det(M " det(N "}(-1)" " det(sl, - Aw).

Do d6, deg(det(sE — A))=rank(E), diéu nay suy tinh nhan qua cua cap ma tran (E, A).

Ngoai ra, ching tdi gigi thiéu mot sé bd dé co ban dung trong chimg minh cac dinh
ly dua ra.

B6 dé 3.5. (Bo dé phan bu Schur). Véi cac ma trdn bat ki P=P",Q va ma trdn doi
xung xdc dinh duong R, ta co

R
Chitng minh. Chizng minh B dé Schur dua trén phan tich Schur sau

I QR‘l{P Q}[ I 0 }_ P+QR™Q" 0
01, ||Q" -RJ|IRQ" I.|]|o R I

Bo dé 3.6 ([9]). Cho ReR™n 1a ma trdn doi xirng xdc dinh dwong, a, b la cdc sé
dwong va ham x:7Z[i—a,i]x[i, ] —b] —R"i,jeZ", khi do ta cé cc bdt dcing thirc sau

:
{P QR:|<O<:> P+Q"R'R<0

i-1

k; (K j)Rz(k, j)== [X(I i ] R[x(i, ) -a,j)],

j—1

> zzT(i,I)Rzz(i,I)ZB[x(i, i) —x(i,i—b)] R[x(i, i)~ x(i, i =b)]-

1=j—b
oday z,(k, j)=x(k+1 j)—-x(k, j)va z,(i,1)=x(i,1 +1)—x(i,1).
4. CAC KET QUA CHINH

Bay gio, ching ta s& thiét ké mot diéu kién dudi dang bét dang thirc ma tran tuyén tinh
(LMIs) dam bao rang hé (1) 1a chap nhan duoc. Dé cho thuan tién, ching ta dinh nghia ma
tran khéi chéo sau 1 (a,b)=diag (alnh bl ) véi a, b 1a cac sb thuc va ki hiéu cac véc to sau:

O ot SO ] SO e
£131,5) =x"(i+L1)-x"(L§), (i) =x(i,j+1)-x"(i.]).

Sau day, chung ta c6 dinh Ii vé tinh chap nhan dugc cua hé (1).
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Pinh Iy 4.1. Hé (1) 1a chip nhan duoc néu ton tai cAc ma tran ddi xung xac dinh
duong P =diag(P",P'), Q=diag(Q",Q"),R=diag(R",R"), va cic ma tran bét ky X, X,
cd sb chiéu thich hop sao cho bét déng thirc ma tran tuyén tinh sau dugc thoa man:

Q, O, AP (A-E)R

T Tp
o=| * % AP AR | 4 (6)
* kP 0
* * * _ﬁ

trong do ﬁzdiag{rﬁR“,rva}, L:(ET )L la ma trdn truc giao cua ma trdn E va
0, =—-E"PE-E"RE+ X,L" A+ ATLX, +Q,
le:ETRE+X1LTA,+ATLX;,QZZ:—Q—ETRE+X2LTA,+A:LX;.

Ching minh. Vé&i M, N 1a cadc ma tran khéng suy bién thoa méan (4). Khi do, tir

. R ) 0 ,
NTET =EM " chlng ta ¢ thé viét ma tran L:(ET )L ¢ dang sau L:MT[G} . Ta ky

hiéu cac ma tran sau:

xlzNTxFKn} p=MTpM1{F’n P} RZMTW{RH Rﬂ’ 7

21 21 22 RZl RZZ
Tur (6), chiing ta c6 thé thdy rang €, <0. Boi vi Q la ma tran d6i xang xac dinh

duong nén suy ra

—E"PE-E'RE+ X,L' A+ A'LX] <0 (8)

Nhan vao bén trai cta (8) véi ma tran N va bén phai cua (8) véi cac ma tran N, chiing ta cé
A A = 7= — [0

Y M2 E'RE-E PE+Xu[0 GT]A+AT{ }x&o, (9)
A A G

o day
Au=-R,-P,+ XllGT A+ AZTIGXIl, A = XMGT A, + AleGXZTl, A» = X21GT A, + A;zGXZTr
Tir bat dang thirc ma tran trong (9) suy rarang X,,G' A, + A,GXJ, <0.
Piéu nay ching to rang ma tran A, Ia khdng suy bién. Theo Bo dé 2.4 ta c6 hé (1) la
chinh quy va nhan qua.
Tiép theo ta s& chirng minh hé (1) 1a 6n dinh. Xét ham Lyapunov-Krasovskii sau:

V(i,j)év(x“(i,j),xV(i,j)):gvk“(x“(i,j))+gvhv(xv(i,j))'

v(i.j) VH(i.g)
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o do

V(X0 ) =X (i, §) ETPPEX" (i, ), V) (x" (i) = Z X (1L RN (1),

I=i—1

=

V3“(Xh(i, j))ZTh _21: _'Zl: f17 (|,j)E;RhEhfh(l,j),Vlv(XV(i,j)):X"T (i,j)EvTPVEVXV(i,j),
vy (X (i, §)) = JZ x”(i,j)QVxV(i,I),V3V(xV(i,j))=rvi JZ TG, 1)ERE, £Y(i,1).

Tinh sai phan AV (i, j) doc theo quy dao nghiém cua hé (1) nhu sau:
AV, ) =V "G +1 ) -V"G, )+V'Ga, j+D-V'(Q, j) .

AV" (i, j) AV (i, ])
Trudc hét, sai phan caa cac ham V" (x"(i, j)) duoc cho boi:
AV (X"(0, ) =x"" (i +1, )E, P"Ex(i +1, j) = x"" (i, )E, P"E,x"(i, j) (10)
AV, (i, 1) = X" (0, Q™G J) = X" (I =7, QX" (I =7, ]) (11)
& (12)

AV (G, 1) =22 £ G, DESRE, £y ) -7, >, " (,DE/R"E, £"(i,1)

=iz,

Tuong tu, sai phén cuaa cdc ham V' (x'(i, j)) la:

AV, (X (G, 1)) =X (i +1, J)E PYEX( +1 ) — X" (i, J)ESP'E,X(, ]) (13)
AV (X (i, 1)) =x"" (i, DQ™X(, j) = x" (i —7,, NQX" (I — 7, ]) (14)
= (15)

AV (G, ) =72 £ G, DEJR'E, TG, ) -7, Y £ (L DE, RE, (1)
I=i-z,

Str dung b dé 2.6 chung ta c6 cac danh gia sau:

Z 0, E R'E, (1, §) < X"G, 1)~ X"~ 7,0 )] (B, RN, ) ~X"(i -7, ])]
[ ¥ |[-ERE ERE [ xGj)
W-np] [or -ERE XG5, 0)
Tuong tu

B XG0j) |[-E/RE ERE ] xaijp ] @)
L8 e s 100 [[ERE ERe ey |

Két hop cac phuong trinh tir (10) dén (17), chling ta co:
3
YAV (", )+ AV (X §)) <% G ))ETPEX, @i, j) =X (i, J)ETPEX(, j)

+x" (i, DQxG, J) = x/ (i, )HQx. i, j) + f "REF i, j)

{x(i,j)T _E'RE E'RE [X(i,j)}
x_(i, j) *  —E'RE || x.(i, ])

(16)

I=j-1,

(18)
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Ngoai ra, tir phwong trinh (1) cua h¢, ta suy ra: Ex(i, j) =[A A[]D((Ii’ Jj))}. Do do,

T i | 19
X (i DEPE (i ) =[x"(.]) xﬂ{HP[A AT]R('(’L‘}J )

Hon nira, ching ta co:

2 (i, j)E"REZ(i, j) =[EX( +1 j +1) - Ex(i, j)] REX( +1 j +1) — Ex(i, )]

(A= E)XGi )+ A, i) RICA- )X i)+ AX, G, )

6D x (i,j)]{(A/;TE f}?[(A—E) Al @)

Mit khéc, ching ta ¢c6 (E')L=0hay L=(E")". Do d6 , véi bat ki cac ma tran
X,, X, €0 s6 chiéu thich hop, cdc phuong trinh sau dugc thoai man:
20 (i, DXL +x] (0, )X,L I, 1) =0 (21)
Thay (1) vao (21), ta duoc:

i, j 22
2D DXL 40 G DXL A A,]LX((I{JJ)J‘O @2

T (18), (19), (20) va (22), ta c6 thé thu dugc két qua sau:
AV (x(i, })) = ZS‘,(Ath(Xh(i, D) +Av (X' (0, 1))
<|:X(i1j):|T|:Qll le}{X(i,J')}{X(i,J)I{AT}P[A A[]{X(i,j)} (23)
L] L x QI x ()] XG0 ] A x.(1,])
x(,)) ] [(A-E)" 5 (i, j)
RI{(A-E )
Len) |53 o w100 ]
trong do
Q,=-EPE-E'RE+X,L'A+A'LX, +Q, Q, =E 'RE+ X,L'A + A'LX,,
vamatranQ,, =-Q-E'RE+ X,L'A + A'LX,.

Bsi B dé 3.5, ta co R“ ggij{iﬂp[A A[]J{(A;[E)T}F?[(A—E) A]<0

néu va chi néu

Q, Q, AP (A-E)'R
T D
cD: * QZZ AzP ArR <0.
* *  —P 0
* * * -R

Do d6, néu bat dang thuc (6) thoa man thi tir (23), tn tai s6 duong « sao cho

AV (i, ) =AV"(, )+ AV @, ) <—x I x@i, )IZ, i, jeZ’ (24)
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Bay gid, véi bat ky s6 nguyén duong S, dat E(S)= Y. V(i, ) duoc goi la phiém
(i,J)er(s)
ham nang lwong caa ham V (i, j) doc theo duong thang T'(S)=(i, j):i+j=S,i=0,j>0.
Khi do, tir (24), ta co:
> V@)= Y VM@ D+VGL D)

(i,))el(S+1) (i,J)el(S+1)
=V"LS)+V"(2,S-1)+...+V"(S+1,0)+V'(S,D)+V'(S-1,2) +...+V‘(0,S +1)
<V"(0,8)+V"(LS -1 +...4+V"(5,00+V"(S$,0)+V"'(S-1D) +...+V"(0,8) -« > IxG j)I*

(i,J)er(s)
= > VGG - D IxG I
(i,J)er(s) (i,J)er(s)
Do d6
E(S+)<E(S)-x > IxGj)I°. (25)

(i,1)er(s)
Tu (25), E(S) 1a mot day giam khong am. Do d6, n6 cé gidi han va ta dat gidi han
do 1a E() =!im E(S).
Thém vao do,
K D IxG )IP<E(S)—E(S+1) —> E(0) — E(e0) =0 khi g —>o0,

()T ()

diéu nay chung té rang hé (1) 1a 6n dinh. Do d6 hé (1) 1a chap nhan duoc. Pinh Iy
duoc chitng minh. ’

Chua y 4.2. Khi A =0 hé (1) tro thanh hé 2D suy bien khong c6 tré. Trong trudng
hop nay, trong ham Lyapunov ta bo di ham V, (i, j) va V,(i, j) , ta thu duoc hé qua sau.

H¢ qua 4.3. Hé () véi A =0 1a chdp nhdn duwoc néu ton tai ma trdn doi xing xac
dinh dwong P =diag(P",P"), va ma trdn bat ki X e R™™™" | sao cho bdr dang thic ma
tran tuyén tinh sau thoa méan.

{HM ATP} <0 (26)
x  —P
¢ ddy T, =—E"PE+XL'A+A'LX 'va L=(E")" la matrdn tryc giao cua matrgn E .

Chua y 4.4. Trong truong hop ma tran E =1 la ma tran don vi thi hé (2) tro thanh hé

2D khéng suy bién c6 tré sau

X"(+10)|_ [ %) ‘A X"(i—7,, j) (27)
X', j+) ] XL ) X'(i,j-z,)

Khi d6, bang cac budc twong tur nhu trong chimg minh Dinh ly 4.1 nhung bo di cac bién
X,, X, trong (21) , ching ta d¢ dang thu duoc mot dieu kién dé hé (27) la on dinh sau day:

Hé qua 4.5. Hé (27) 1a 6n dinh néu ton tai cac ma trdn doi ximg xdc dinh dwong
P =diag(P",P"), Q=diag(Q",Q"), R=diag(R",R") cd s¢ chiéu thich hop sao cho bat
dang thirc ma trdn tuyén tinh sau dwoc théa man:
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“P-R+Q R AP (A-I) diag{r’R",z’R"}

* _ _R TP Td' ZRh ZRV

Q-R AP AldiaglrR. <R} | -
* x  _p 0
* * * -diag{z’R",7’R"}

5. Vi DU MINH HOA

Trong muc ndy, ching tdi s& dua ra mot s6 vi du minh hoa cho két qua dat duogc. Xét
hé 2D suy bién (1) vai c&d ma tran cO mat trong phuong trinh nhu sau

e o1 |t 00 -001 0.16 0.36
E:{O“ }: 0 1 0, A=[025 031 -001],
1000 0.19 0.05 0.01

-0.03 048 0.36 001 0.16 0.36
A=| 02 012 015|, A =|025 031 -001
0.05 -0.05 25 0.19 005 0.01

Vacéc tré 7, =7, =5. Khi d6, bang cong cu giai bat dang thirc ma tran tuyén tinh cta
Matlab, giai (6) chung ta tim duoc cac ma tran ddi xing xac dinh duong sau

1.5936 0 0 0.8068 0 0 0.0131 0 0
P=| 0 22029 -0.1198|,Q=| O 0.9187 0.0513,R=| O 0.0243 -0.0026
0 -0.1198 0.2972 0 0.0513 1.4759 0 —-0.0026 0.0107
va cac ma tran sau
0.0211 —0.0083
X, =|-0.1529 |, X, =|-0.0397 |.
—1.0852 —0.0786

Viy theo Pinh ly 3.1 hé (1) Ia chap nhan duoc.

6. KET LUAN

Bang cach sir dung phuong phap ham Lyapunov-Krasovkii két hop véi phuong trinh
ma tran tu do kiéu 0 va sir dung mot sé bat dang thie tong, mot diéu kién du da duoc dua
ra dé d&am bao hé la chap nhan dugc-tirc 1a hé 1a chinh quy, nhan qua va on dinh. Két qua
cta bai bao con dwgc minh hoa béi mot vi dy sé nham khang dinh tinh ding hiéu qua,
chinh xac ma phuong phép da dua ra trong bai bao.
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ACCEPTABILITY OF 2D SINGULAR SYSTEMS
WITH CONSTANT DELAY

Le Huy Vu, Bui Tran Nam Anh

ABSTRACT

This study considers the problem of admissibility analysis of two-dimensional (2D)

singular systems with delays. Based on a Lyapunov—Krasovskii functional, and by utilizing
zero-type free matrix equations, sufficient conditions in the form of linear matrix
inequalities (LMIs) are derived to guarantee the admissibility of 2D singular systems. The
effectiveness of the obtained results is demonstrated by one numerical example.

Keywords: 2D systems, time-delay systems, singular systems, stability.

* Ngay ngp bai: 03/4/2024, Ngay giti phan bién: 10/4/2024; Ngay duyét dang: 15/11/2024

118



