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ABSTRACT

In this study, we examine the pointwise and global well-
posedness of set optimization problems using the upper type set
ordered relation. We focus on generalized Gerstewitz functions for
sets in relation to the reference set ordered relation,
and analyze various properties of these functions. By utilizing these
functions, we explore the connections between pointwise and global
well-posedness concepts in set optimization problems and
their corresponding scalarization optimization problems.
TOM TAT

Trong nghién ciru nay, chung toi khao sat tinh dat chinh toan cuc va
dat chinh tai diém cho cac bai toan t6i uu tap lien quan dén quan hé thur
tw tap hop loai trén. Chiing 16i xem xét cac ham Gerstewitz tong quat cho
cde tap hop lién quan dén quan hé thir tir tdp va nghién ciru mot sé tinh
chat ciia ching. Sir dung cdc ham nay, chiing téi nghién ciru moi quan hé
giitta cdc khai niém dat chinh toan cuc va dat chinh tai diém ciia cdc bai

toan toi wu tdp va cac bai todn toi wu vo hudng tuong ung.

1. GIOI THIEU

toan toi vu vecto. Bang cach do, chiing ta tim cac

Bai toan t6i wu tap gan day da thu hat duoc su
quan tdm nghién ctru cuia cac nha toan hoc & ca
trong va ngoai nudc, bdi vi ching c¢6 ting dung
hitu ich trong nhiéu linh vuc nhu tai chinh, 1y
thuyét tro choi, k¥ thuat hodc Iy thuyét diéu khién
(Khan et al., 2016; Mordukhovich, 2018) va cac
tai liéu tham khao [10],[14]. Nhiéu bai bao da
chon phuong phap tiép can vecto, viéc xac dinh
céc diém téi vu trong su hop nhét cua tit ca cac

gi4 tri, dé giam mot bai toan ti ru tap thanh bai

phﬁn tir t6i uu cua tap anh cia anh xa muc tiéu co
gia tri tap hop. Mot phuong phap tiép can khac,
ching han nhu phuong phép tiép can tap hop, do
(Kuroiwa, 1998) gidi thiéu, dya trén su so sanh
gitra cac gia tri cia ham muc tiéu bang cach str
dung cac mdi quan hé giira cac tap hop bang cach
st dung cac mdi quan h¢ tht tu cua khong gian
muc tiéu [11]. Cac nghién ciru toan dién vé
phuong phap tiép can vecto va tdp hop cé thé
duoc tim théy trong (Anh et al., 2020; Gutie rrez,
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2015; Han, 2019; Jahn va Ha, 2011; Jime'nez et
al., 2020) [11.[3],[5].[8]1.[9]-

Trong t6i wu hoa, sy dat chinh dong vai tro
quan trong trong ca 1y thuyét va thuat toan. Tinh
dat chinh cua bai toan t6i vu kiém soat phuong
hudng cta cac bién khi gia tri cia ham muc tiéu
twong ung gan véi gia tri téi vu. No c6 mdi lién
hé mat thiét v6i viéc nghién ctru 6 nhay va tinh
on dinh ctia bai toan tdi wu. Ly thuyét dat chinh
da tré thanh mot van dé tha vi d6i véi cac bai toan
tdi uu vecto cling nhu cac bai toan t6i wu tap. NO
luc dau tién nhim mé rong cac khai niém dat
chinh d6i v6i bai toan tdi uu tap xudt phat tir
(Zhang et al., 2009) [15]. Sau d6, nhiéu khai niém
dat chinh khac nhau da dugc gidi thi¢u va nghién
ciru cho bai toan t6i wu tip. Bing cach st dung so
dd v6 hudéng hoa theo cac gia thiét vé tinh phu
hop ctia hinh nén, (Gutierrez et al., 2012) da tong
quat héa cac két qua cua (Zhang et al., 2009) vé
dat chinh tai diém cho cac bai toan téi uu tap ma
cic gia tri muc tiéu c6 thé khong phai 1a cac tap
bi chan theo noén [4],[15]. (Long va Peng, 2013)
[12] d4 cung cip cac tinh chat va diéu kién du cta
dat chinh toan cuc theo nghia cua Bednarczuk
(duoc goi l1a B-dat chinh) cho cac bai toan tdi wu
tap bang cach sir dung cac gia thiét yéu cau thong
tin vé cac tap nghi€m hiru hi€u ctia cac bai toan
lién quan. Sau d6, (Han va Huang, 2017) da thiét
lap cac diéu kién du cua B-dit chinh toan cuc cho
céc bai toan t6i wu tap 16i chit co cac nghiém hitu
hiéu Pareto va cic nghiém hiru hiéu yéu trung
nhau [6]. Nhiéu tinh chit va mbi quan hé cta cac
khai niém vé dat chinh tai diém va toan cuc cho
céc bai toan t6i wu tap dd duoc trinh bay gin day
trong (Crespi et al., 2018) [2]. Ho cling da dua ra
cac diéu kién du cho dit chinh toan cuc béng cach
st dung cac gia thiét v& tinh compact cho cac tap

nghiém hiru hi¢u. Hau hét cac cac két qua lién

quan dén sy dat chinh cta cac bai toan tdi wu tap
déu 4p dat tinh khong rdng cho cac tip nghiém
hitu hiéu. Do d6, cin c6 mot phuong phap tiép
can thay thé khong st dung cac gia thiét nhu vay.
Muc dich chinh cua nghién ctu nay la sy dat
chinh cho cac bai toan tdi wu tap véi gia thiét
duoc noi long hon.

2. PHUONG PHAP NGHIEN CUU

Nghién ctu nay st dung phuong phap dinh
tinh qua tong hop, phan loai va phan tich tai liéu.
Ap dung phuong phap tiép can truc tiép thong
qua cac cong cu cua Giai tich da tri, Ly thuyét toi
wu dé xdy dung cac dang nghiém xép xi dong thoi
khao sat cac tinh chit cia ham v6 hudng hoa phi
tuyén tinh dang Gerstewitz va ap dung phuong
phap tiép can gian tiép dé khao sat tinh dat chinh
clia bai toan t6i wu tap thong qua phép vo hudng
hoéa phi tuyén.
3.KET QUA VA THAO LUAN
3.1 Co s6 Iy thuyét

Trong nghién ctru nay, ta xét Y 1a mot khong
gian t6 po tuyén tinh thuc.

Dinh nghia 3.1: Tap C < Y duoc goi 1a tap 16i
néu véi mdi x,y € C va a € [0,1] ta cb ax +
1-a)y€ecC.

Dinh nghia 3.2: Tap C c Y duoc goi 1a non
néu véimoi x € C vamoi @ > 0 ta ludn c6 ax €
C. Non C dugc goi 1a nén co6 dinh néu Cn
(—C) = {0}. Nén € duoc goi 1a nén 16i néu C 1a
nén va 1a tap 15i.

Vi du 3.1: Trong R, ta chi c6 cac non
R, R, R_, {0}. Trong khi d6, d6i véi R? ta c6 vo
s céc non thir tu, trong d6 non R2 13 nén duoc
nhiéu ngudi quan tdm béi ¥ nghia thyc té cua né.

Dinh nghia 3.3: Mot tap khac rong A C Y
duoc goi la:

(a) (—=C)-doéngnéu A — C 1a mot tap dong;
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(b) (—C)-bi chan néu véi mdi lan can V cua
0y tdn tai sé t > 0 sao cho A c tV — C;

(¢) (—C)-chinh thuongnéu A —C # Y.

Ta ky hiéu g (Y) 1a mot ho cac tap con khong
rong cua Y va  @proc)(Y), P (¥,
#bda-c)(Y) 1a ho cac tdp (—C)-chinh thuong,
(=C)-dong, (—C)-bi chan tuong ung.

Vidu3.2: Trong R, tacotip A = [—2,—1] 1a
(—R;)-dong vi A — R, =[-2,—1] = [0,00) =
(—o0,—1] 1a mot tap dong va tap A = {—x2%:x €
R} 1a (—R,)-bi chan.

Vé&i mdi A, B € g(Y), xét quan hé so sanh
gilra cac tap, ky hi¢u boi <, nhu sau:

A< BnéuvachinfudcB-C,
A < B néu vachinéu A c B — intC.

Vidu3.3: Gid suta co 2 tap hop nhu sau: A =
{=3,—1}vaB = {—3,—1, 2, 4}, co6thénoiring
A< BviAcB-—R,.

Pinh nghia 3.4 Trong (Y) ta xét quan hé
~ gilta cac tap dugc xac dinh nhu sau A~B &
A < B va B < A (Hernandez, E. va Rodriguez-
Marin, L., 2007) [7].

Khi d6, quan hé¢ ~ la mot quan hé tuong
duong trén g (Y). Lép tuong duong cua tap A €
#(Y) duoc ky hiéu bai [A]. Bang cach kiém tra
truc tiép ta co:

Be[A] & A—-C=B-—C.

Pbinh nghia 3.5: Cho a€Y vae € intC
(Hernandez, E. va Rodriguez-Marin, L., 2007)
[7]. Ham Gerstewitz @, 4: Y = R U {—o0} duoc
dinh nghia nhu sau:

Peq(¥) =min{t ER:y Ete+a—

C}, Vyey.

Vi du 3.4: Trong R2, chon a = (0;0) €
R2?, C =R3,e =(1;1) € intRZ. Khi do, véi
y = (—2;3), ta co:

@Peq(—2;3) = min{t € R: (—2;3)
€ t(1;1) + (0; 0) — R%}
=min{t € R: (—2;3)

€ (t;t) — R}
=min{t e R: (-2 —-¢t;3—1t)

€ —R%}
=minfte R:—2—t<0va2+t

<0}
=min{t ER:t = —2vat =3}

= 3.

B6dé3.1:Chot € R,e € intC vay € Y (Han,
Y., 2019) [5]. Khi do,

(@) @ea(y) <teyE€Ete+a—intC;

(b) @ea(y) Steyete+a—C;

(©) Pea(y)>teygtet+a—C.

Néu thay thé a bang mét tap con khong rong
A C Y, tas€ duoc ham @, 4:Y = R U {—oo} nhu
sau:

Qea(y) =inf{t e RiyEte+A—C}, VY E

Mot  cach twong duong, @.4(y) =
Cilrelg(pe’a (y) véimdiy €Y.

Tiép theo, mé rong ham Gerstewitz nhur sau:
Ge () pro(—c)(Y) X #pro(-c)(Y) — R U {oo}

(4,B) = G.(4B)= sup{ge ()}, Vo

moi A, B € @pro(-c) (V).

B6 d& 3.2: Gia st ABE pqre(Y)N
Ppro-c)(Y) N Ppac—cy vat € R (Han, Y., 2019)
[5]. Khi do:

(@) Go(A B) <tkhivachikhiA cte+B—
G

(b) Ge(A,B) < tkhivachikhiA cte+B—
intC.

Trong truong hop dic biét t =0, ta co
G.(A4,B) <0 khi va chi khi AcB—C va
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G.(A,B) < 0khivachikhi A c B —intC, tuc la
taco A < Bva A < B tuong ing.

Tiép theo, xét mot quan hé twong dwong trén
Ppro(-c)(Y) duoc dinh nghia nhu sau

Dinh nghia 3.6: Gid st A, B € @,4(—¢)(Y),
A~cBnéuvachinduA < BvaB<A.

Cho F: M — P(Y) la mot anh xa da tri, chung
ta xét bai toan t6i wu tap hop

(SOP) minimize F(x) s.t.x € M), trong do
M 12 mot tap con déng, khong rdng ciia X.

Dinh nghia 3.7: Mot nghiém htru hiéu x € M
duoc goi la mét nghi¢m hitu hiéu Pareto cua bai
toan (SOP) néu va chi néu v6i moi x €
M,F(x) ¢ F(x) suy ra F(x) =<; F(x).Tap
hop tat ca cac giai phap hiéu qua Pareto dugc ky
hiéu la P-Eff.

3.2 Vo huéng héa va sy dat chinh ciaa bai toan
toi wu tap

Cho M va F nhu trong Muc 3.1. Vi mdi e €
int C, chung toi dé xuét hai loai day cuc tiéu tmg
véi vecto e nhu sau:

Dinh nghia 3.8: Mot day {x,,} € M dugc goi la

(a) Mot diy e-cuc tiéu twong ung voi mot
vecto v thudce P-Eff cua bai toan (SOP) néu ton
tai mot ddy cac s6 thuc khong am {e,,} hoi tu vé
0 sao cho F(x,) <. F(v) + &,€;

(b) Mot diy e-cuc tiéu tong quat cua bai
toan (SOP) néu ton tai mot diy cac sd thuc khong
am {&,} hoi tu vé 0 va day {v,} c P-Eff sao cho
F(xy) 2¢c F(v,) + g,e.

Két qua sau day cho thiy, cac khai niém dugc
dinh nghia trong Dinh nghia 3.1 khong phu thugc
vao su lua chon cua e.

Meénh dé 3.1: Gia st e € int C duge cb dinh,
csac phat biéu sau day 1a ding.

(a) Mot diy {x,} c M dugc goi la diy e-

cuc tiéu twong tmg v6i mot vecto v thude P-Eff

cuia bai toan (SOP) néu ton tai mot diy {c,} c C
hoi tu vé 0 sao cho F(x,,) <¢ F(v) + ¢,

(b) Mot day {x,} € M duogc goi la day e-
cuc tiéu téng quat cua bai toan (SOP) néu ton tai
mét diy {c,} c C hoi ty vé 0 va diy {v,} c P-
Eff sao cho F(x,) <¢ F(v,) + cp.

Ta chi can chimg minh (b), vi (a) duoc lap luan
tuong tu. Néu {x,,} 1a mot ddy e-cuc tiéu tong quat
tuong (mg vdi vecto v cua bai toan (SOP), rd rang
ta c6 cac két qua trén voi c,, = e,e. Nguoc lai, cho
{c,} © Choi tu vé Oy, {x,} € M,{v,} c P-Eff
thoéa man F(x,) < F(v) + ¢, khi d6 ta co:

F(x,) cF(wv)+c,—C, Vn ()

Vi (e — int €) 1a mdt lan can cua gbc toa do
trong Y, nén ton tai moét & > 0sao cho
6B(0y,1) c (e —intC), trong d6 B(0y,1)Ila
hinh cau don vi dong.

Véi méi n €N, ta ¢ ¢, € llc,IB(0y,1) ©
llc,lI6~1(e — K) = llc,lI6"*e — C. Bang cach
lay &, = llc, 1672, thi {&,} hoi tu v& 0 va ¢, €
gpe — C. T (1) suy ra F(x,) € F(v) + g,e —
C, the 13, F(x,) ¢ F(v) + gpe. Vivay, {x,} 1a
mot diy e-minimizing tong quat tuong ng véi v
cua bai toan (SOP).

Sau day, cho e € intC cb dinh. Sau d6, theo
Ménh dé 3.1, ta chi can viét day cuc tiéu (téng
quat) thay vi day e-cuc tiéu (tong quat).

Dinh nghia 3.9: Bai toan (SOP) duogc goi la

(a) bat chinh tai mdt nghi€ém hiru hiéu
Pareto v, néu véi mbi day cyc tiéu {x,,} tuong tmg
v6i v d6i véi bai toan (SOP), ta c6 x,, = v ;

(b) Pt chinh téng quat tai mot nghiém hitu
hi¢u Pareto v néu moi diy cuc tiéu twong ting voi
v d6i v6i bai toan (SOP) c6 mot diy con hdi tu
dén mot sb nghiém hiru hiéu Pareto x* sao cho

x* ~c v theo nghia la F(x™) ~, F(v);
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(c) Pat chinh toan cuc néu moi diy cuc tiéu
tong quat ddi véi bai toan (SOP) co6 mot diy con
hoi tu dén mot sb nghiém htru hiéu Pareto x*.

Sau day, ta nhic lai cac khai niém vé dat
chinh Tykhonov dbi véi mot bai toan tdi wu vo
huodng.

DPinh nghia 3.10: Cho ¢: X — R la mot ham
co gia tri thyc (Dontchev, A.L., Zolezzi, T.,
1993). Xem xét bai toan tbi wu v6 hudng sau:

OP(M, ¢) minimize ¢(x)
st.xeM

(a) OP(M, ¢) dugc goi la dat chinh Tykhonov
néu va chi néu ¢ c6 mot diém t6i tiéu duy nhat ¥
trén M va moi day {x,,} € M sao cho ¢(x,) —
infgp (M) (dugc goi 1a day cuc tiéu) hoi tu dén x;

(b) OP(M, ¢) dugc goi la dat chinh Tykhonov
tong quat néu va chi néu tap hop tit ca cac diém
t6i tiéu ciia OP(M, ¢) khong réng va moi day cuc
tiéu {x,,} € M déu c6 mot sé day con {xnk} hoi tu
dén mot diém tdi tiéu cia OP(M, ¢).

B6 dé 3.3: Cho M 1a mét tap compact va ¢ 1a
gia lién tuc dudi trén M (Morgan, J., Scalzo, V.,
2006) [13]. Khi do, bai toan OP(M, ¢) dugc goi
1a dat chinh Tykhonov tdng quat. Hon nita, néu ¢
c6 mot diém tdi tiéu duy nhit ¥ trén M, thi
OP(M, ¢) dugc goi la dat chinh Tykhonov.

Sau déy, chung t6i trinh bay mot s dic trung
cho nghi€ém hiru hi¢u Pareto cua bai toan
(SOP) thong qua ham Gerstewitz tong quat.

B6 d& 3.4: Gid st F:M - Pyicy(Y) N
Poa-c)(¥).Néu v 1a mot nghiém hiru higu
Pareto cua bai toan (SOP), thi cac phat biéu sau
day la dung:

(a) Go(F(x),F(v)) = 0 v6imoi x € M;

(b) V6i moi x € M, G,(F(x),F(v)) = 0 khi

va chi khi x ~; v.

Chirg minh (a) Gia str nguoc lai rang ton tai
mot vecto x € M va mdt sd thue 7 < 0 sao cho
G.(F(x),F(v)) <r. T Bb dé 3.2, ta co:

F(x) c re+ F(v) —intC c F(v) — intC.

Vi v 1a mot nghiém hitu hi¢u Pareto cua
(SOP),F(v) € F(x) — C. Do d:

F(x) — C c F(x) —intC. )

Vi F:M = Pyy_¢y(Y) N Ppa—cy(Y), F(x) —
C la dong va khac voi Y.

Piéu nay cung véi (2) dan dén mau thuin vi
F(x) — intC la tap mo.

(b) Gia st G.(F(x), F(v)) = 0. Khi d6, theo
B6 d& 3.2 (a), ta thu duge F(x) € F(v) — C.

Viv € P-Eff, taco F(v) € F(x) — C.

Nguoc lai, gia s F(x) c F(v) —Cva
Fv)c F(x)—C. Tu F(x) c F(v) —Csuy ra
Ge(F(x), F(v)) < 0. Do (i), Ge(F(x),F(v)) =
0.

Bay gio, str dung ham Gerstewitz tong quat dé
v6 hudng hoa sy dit chinh ctia bai toan (SOP).

Pinh 1y 3.1: Gia st v €P-Eff va F: M —
Pei=c)(Y) N Ppa—c)(Y). Khi d6, bai toan
(SOP) la:

(a) Pit chinh téng quat tai v néu va chi néu
bai toan OP(M, G,(F (), F(v))) dat chinh tong
quat Tykhonov;

(b) Pit chinh tai v néu va chi néu bai toan
OP(M, G,(F(+), F(v))) dat chinh Tykhonov tai.

Chirng minh (a) Cho {x,,} 1 mot ddy théa man:
Ge (F (xn), F(v)) > minGe (F(x), F(v)) = 0.

Sau d6, theo B6 dé 3.4 (a), ton tai mot diy
{e.JcRyhOE tu vé 0 sao  cho
G,(F(x,),F(v)) = &,. Pidu nay c6 nghia 1a
F(x,;) € gpe + F(v) — C, vado do {x,}1a mot
diy cyc tiéu twong Gmg voi v. Vi (SOP) dit chinh
tong quét tai v, {x,,} c6 mot diy con {xnk} hoi tu

vé mot sO nghi€ém hiru hi€u Pareto X, x ~, v.
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Theo B6 dé 3.4, X 1a mot diém cuc tiéu cta bai
toan OP(M, G, (F(-), F(v))).

Ngugc lai, cho {x,,} 1a mot day tdi thiéu twong
ung v6i v, khi d6 c6 mot day {e,} € R, hdi tu
vé 0 sao cho F(x,) C g,e + F(v) — €. Khi do,

0= r)}qeiltlee(F(x),F(v)) <

Ge(F(xp), F(v)) < Ge(F(v) + ene, F(v)) =
&n.

Vi bai toan OP(M, G.(F(-), F(v))) dat chinh
tong quat Tykhonov, nén {x,,} c6 mot diy con hoi
ty vé mot diém téi tiéu x* cua OP(M, G, (F(-
), F(v))). Do d6, theo B6 d& 3.4 (b) tacod F (x*) ©
F(v)—Cva F)cF(x*)—C, hay tuong
duong x* ~, v. Ta dugc didu cin chimg minh.

Tuong tu, ta cling chiing minh duoc cho phat
biéu (b). Két qua sau day dong vai trd quan trong
nhu mot cAu ndi gitra tinh dat chinh toan cuc cua
bai toan tdi wu tap va bai toan t6i vu vo hudng.
ChoAc M,

YarM = Ry (x) =
,}ng G.(F(x),F(a)) v6i moi x € M.

Dinh 1y 3.2: Gia su F:M - Py(¥Y) N
Pbac-c)(Y).Khi d6, bai toan (SOP) dat chinh
toan cuc néu va chi néu bai toan
OP(M, yp_gg) dat chinh Tykhonov tong quat.

Ching minh: cho {x,,} 1a mét day s sao cho:

Ye-eif(Xn) = If yp_ge(x) = 0.

Khi do, t6n cac diy sb {5,} < R, hoi tu vé 0,
va {v,} C ¥p_pg sao cho:

0 < Go(F(xn), F(vy)) < 8.

Bing cach dat Ge(F(xp), F(vy)) = &, thi
&, €10,6,) va F(x,) c F(v,) + &, —C. Do
d6, {x,} 1a mot diy cuc tiéu téng quat cua bai
toan (SOP), va do d6 n6 c¢6 mot day con hoi ty
dén mot diém ¥ € P-Eff, vi bai toan (SOP) dit
chinh toan cuc. Do d6, OP(M, yp_ggr) dat chinh

Tykhonov téng quét, vi vecto % ciing 1a mot diém
cuc tiéu cia OP(M, ¥p_ggp).

Nguoc lai, cho {x,} 1a mot diy cuc tiéu tong
quat cua (SOP). Khi d6, c6 mot day sé thuc khong
am {e,} hoi tu vé 0, va mot day {v,,} c P-Eff sao
cho F(x,) € F(v,) + g,e — C. Khi do,

= i <
0 I;’éIIIWIVP_Eff (x) = Ypger (xn)

< Go(F(x), F(vp))
< Go(F(vy) + ene, F(v))

= &,

Do d6, {x,} la mot diy cuyc tiéu cua
OP(M,yp_gsr). Vi bai toan OP(M, yp_g¢r) dat
chinh Tykhonov tdng quat, nén day {x,,} co mot
day con hdi tu vé mot sé diém cuc tiéu ¥ cua
OP(M, yp_ggr). Do d6, ton tai & € P-Eff sao cho

Vooer(®) = nf_Go(F(®),F(v))
= G,(F(x),F(v)) =0.

Diéu nay két hop voi B6 dé 3.4 (b) suy ra rang
X cting la mot nghiém hiru hiéu Pareto ctia (SOP),
va do d6 bai toan (SOP) dat chinh toan cuc.
4. KET LUAN

Trong nghién ctru nay, chiing t6i tap trung vao
nghién ciru tinh chat dat chinh cho cac bai toan
tdi uu tap lién quan dén quan hé thir tu tap hop
loai trén. Ham Gerstewitz tong quéat cho cac tap
hop lién quan dén quan hé thir tu tap va nghién
ctru mot sé tinh chit cua ching. Méi lién hé giira
céc loai khai niém dat chinh cho mot bai toan tdi
uu tap voi cac khai niém dat chinh Tykhonov cho
bai toan tdi uru v6 hudng tuong tng da dugc thiét
1ap trong mot b diéu kién nhe nhang. Cach tiép
can va cac két qua dat dugc la mdi va khac véi
cac két qua da co.
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