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Abstract: This paper studies the first initial boundary value problem for the strongly

damped wave equations on a bounded domain €2 C R?. Under the polynomial growth
rate of the nonlinearity f and an external force g independent on time ¢, we prove the
existence and uniqueness of a weak solution. Finally, we show the existence of a weak

global attractor for the continuous semigroup generated by the weak solution.
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SU TON TAI VA DANG DIEU TIEM CAN NGHIEM CUA PHUGNG TRIiNH
TRUYEN SONG TAT DAN MANH

Tém tit: Trong bai bio nay chiing t6i xét bai toan bién ban dau cho 16p phuong trinh
truyén séng tit dan manh trén mién bi chin Q < R’ . Dusi gia thiét ham phi tuyén fting
truong kiéu da thirc va ngoai luc g khong phu thudc thoi gian ¢, chung t6i ching minh sy
t6n tai va duy nhat nghiém yéu. Cudi cing, chung t6i ching minh sy ton tai cia tap hit
toan cuc yéu cho nira nhom lién tuc két ndi v6i nghiém yéu bai toan.

Tir khoa: Phuong trinh truyén séng tat dan manh; ting truéng kiéu da thirc; nghiém yéu;

tap hut toan cuc.
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1. INTRODUCTION

The understanding of the asymptotic behavior of dynamical systems is one of the
most important problems of modern mathematical physics. One way to treat this problem
for a system having some dissipativity properties is to analyse the existence and structure
of its global attractor. Once the global attractor is obtained, a next natural question is to
study the most important properties of the global attractor, such as dimension, dependence
on parameters, regularity of the attractor,... In the last decades, many authors have paid
attention to these problems and obtained many results for a large class of PDEs (see e.g.

[3, 9, 10] and references therein).
In this paper we study the following semilinear strongly damped wave equation in

a smooth bounded domain Q — R?

u,—oAu, —Au+ f(u)=g, xeQ,t>0,

u(0,x) =u,(x), xeQ), L1
u,(0,x) =u,(x), x e,

u(t,x)=0, xeo,t>0,

where A is a Laplacian with respect to the variable x € Q, u =u(¢,x) is an
unknown function, @>0 is a fixed positive number, u, € Hy(Q) "L (Q),

u, € ’(Q), geL’(Q) are given external forces, f € C'(R) are known functions

satisfying the following conditions:
Clul"-C, <fwu<sC,lul"+C,,p=2, (1.2)
Clul"?-C, <f'w)<C,lul"?+C,,p=2, (1.3)
for some C,,C,,C,,C; are all positive.

In this paper, we conduct a comprehensive study of Eq. (1.1) within a 3D bounded
domain with a smooth boundary, addressing the well-posedness of weak energy solutions

and the existence of global attractors.

2. LITERATURE REVIEW, THEORETICAL FRAMEWORK AND
METHODOLOGY

The semilinear strongly damped wave equations are quite interesting from a
physical viewpoint. For example, they arise in the modeling of the flow of viscoelastic

fluids as well as in the theory of heat conduction.
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In the cases of one and two spatial dimensions, (1.1) models the transverse

vibrations of a homogeneous string and the longitudinal vibrations of a homogeneous bar,

respectively, under the influence of viscous effects. The term —Auw, indicates that the

stress is proportional not only to the strain, as prescribed by Hooke's law, but also to the
strain rate, as observed in a linearized Kelvin-Voigt material. In the three-dimensional
context, (1.1) describes the deviation from the rest configuration of a homogeneous and
isotropic linearly viscoelastic solid with short memory, categorized as a rate-type

material, under the influence of an external displacement-dependent force g — f'(u) . If
the solid is additionally subjected to dynamic friction, the term Su, with >0 appears
on the left-hand side of the equation. It is important to note that even in the case ofn =1
, the problem (1.1) may fail to admit a global classical solution if the viscosity term @wAu,

is omitted. Therefore, the inclusion of this damping term serves as a regularization

mechanism, preventing the blow-up of solutions.

As is well-known, one of the earliest significant results concerning the global
behavior of solutions to problem (1.1) was obtained by Webb [11]. He demonstrated that

if O — R’ and the nonlinear term satisfies standard dissipativity conditions (without any

growth restrictions), then problem (1.1) admits a unique strong solution in the space
(H 2(Q)(WH(I)(Q))XLZ(Q). Furthermore, each strong solution converges to the

corresponding stationary solution as# — o0 . Consequently, it has been established for

quite some time that Eq. (1.1) is well-posed and dissipative within the class of strong
solutions (specifically, in the phase space[ H”(Q) M H,(Q)]x Hy(€2)), without
requiring any growth restrictions on the nonlinearity f (only the natural quasi-

monotonicity condition f’>—K is needed; see, e.g. [11]).

However, the scenario appears fundamentally different for less regular energy
solutions. The assumption (1.2), together with this condition, indicates that the natural

phase space for energy solutions of (1.1) is as follows:
1 2
e=&(p)=[H,(QNL(QIxL(Q),  n,0)=@),0u)ecs.
It should be noted that in the “subcritical” case p < 6 , the energy phase space

£(p) is independent of p (due to the embedding (1) (Q) = L°(Q)) and coincides

with the energy space for the linear problem
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e(p)=Hy(QYxL'(Q),  p<6,

whereas in the “supercritical” case p > 6 , the energy phase space £(p) critically
depends on the growth exponent p.
The existence of such solutions can be readily established, for example, by

employing the Galerkin method, without imposing any restriction on the exponent

P. Nevertheless, the standard approach guarantees uniqueness only when p <6 ,

and ensures asymptotic smoothness as well as the existence of a global attractor only

for p <6 (see[4, 5, 6] and references therein). The case p = 6 has been considered

more intricate and has only recently been fully understood (see [2, 8, 11]). Thus, to
the best of our knowledge, the growth exponent p = 6 has generally been regarded
as critical for establishing the uniqueness and asymptotic regularity of energy
solutions for (1.1). In particular, the well-posedness of energy solutions for problem
(1.1) with model nonlinearities like (1.2) has remained an open question.

The paper is organized as follows. In Section 3, we prove the existence and uniqueness
of a weak solution using the compactness method. The existence of a weak global attractor

A for the semigroup S(¢) generated by (1.1) is demonstrated in Section 4.

Notations. The L*(Q) -norm and the H é (QQ) -norm will be denoted by | -| and

I|- I, respectively, and the norm on L” (Q) by |||, and the notation H*® = D(—=A*"?)

i
for the scale of Hilbert spaces generated by the Laplacian with the Dirichlet boundary.

The constant C is different from each appearance. Let X 1»X, be two Banach spaces
and Z be a topological vector space such that X| — Z, X, = Z .Then X; "X, and

X, + X, are two Banach spaces equipped with the norms
g e =Ml +lally
ot lly, o, =mE oy Il + oy Il 0 =0, +uy 5
It is known that if X, NX, is dense both in X, and X, then
(X,nX) =X +X,.
3. THE EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION

Definition 3.1. A weak energy solution of the problem (1.1) on (0,7") is a function
u=u(t,x) iff
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uel”(0,T;Hy (Q) N L (Q)),

u, € L”(0,T;L*(Q)) N L*(0,T; H,(Q)),
u, € '(0,T; H'(Q)+ L7 (0,T; L (Q)),
ul_,=u, u,|_,=u, a.ein

and

I (ungo +oVuVe+VuVe+ f(u)p - g(p)dxdt =0,

Qp
for all test @ € L’ (0,T; Hy(Q)) N L7 (0,T; L” (Q)).

We note that, as usual, the trajectory ¢ — 77, (¢) == (u(?),0,u(t)) is a weaky
continuous with respect to ¢ as the £(p) -valued function. By this reason, the intial data
at t =0 is well defined.

Theorem 3.1. Under conditions (1.2) and (1.3), problem (1.1) has a unique weak
solution (u(t),u,(t)) satisfying the dissipative estimate

2 2 T 2
[, P+ Vu P Nl o) +#], M, P de < CQ gt ol g -

Proof. (i) Existence. We look for an approximate solution (un(t),utn (1)) that

belongs to the finite-dimensional space spanned by the first n eigenfunctions of the

operator —A such that
u"(t)= Zu"f (t)e,(x),
=

and solves the following problem

124

(" (0),e;) = (uy,e)),
(u;(0),e,) =(u;,e,).

(uy,e;)+oVu, ,Ve,) +(Vu",Ve,) +{f(u"),e;) =(g,e;),1< j<n,

By the Peano theorem, we obtain the existence of approximate solutions " (¢). We now

establish some a priori estimates for (#”,u; ). Multiplying Eq. (1.1) by au”, where ¢ isa

small positive number which will be fixed below, and integrating over X € {2, we obtain
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(G| Var P raturat)) - alu F ra| Va Frad f)at) =a(gu).
(3.1)

Multiplying Eq. (1.1) by utn and integrating over X € {) , we arrive at
d /1 1
(1w P = V' P H(F@"),1) - (g,u")) +o| V! P=0.
dt "2 2

(3.2)

Here F(u):= J f(s)ds and (,-) stands for the usual inner product in L (D).
0

Take a sum of (3.1) and (3.2), denote

E(u"(0)) =%|u:’ 2 +(%aa)+%) (V' P A F))) +au u"y —(g.u").
We deduce that

%E(u"(t)) —a|u' | +a|Vu'" | +alf ") u"Y+o|Vu' |'=a(g,u").

Use (1.2), Cauchy's and Poincare's inequalities, we obtain

1 (04 n 2 1 n |2 ' np ’ 1 2
5(1—E)|”z| +505(50—3)|Vu " +Cllu ||L,:(Q) —Co|Q|—a|g|
<E"(1))
1 a , AW Q& o , 1 )
S—(A+—)|u' [ +(—+—+D|Vu" | +C ||u" ||’  +C,|Q|+— ,
F U+ I PG+ DIV PGl g G191+ - g

where A, is the first eigenvalue of A in Q with the homogeneous Dirichlet
condition (note that || u ||22 ﬂ1 | u \2 ).

Fixing @ < A& and &€ <@ we get

(u P+ Va" P+l 1], o) - Co(+ P < E(u' (1)
(3.3)

<F(ul P+ V" P+l 1 )+ Col+ g P,
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where C4:C(')|Q|+ﬁ cand (@— )| V! > 2a|u’ .

We put
A=—a|u'| +a|Vu" | +a{fW")u"y+o|Vu' [ —a(gu").
Thus,
n " n n n a
IV P a1V 1] )=y €] -7 g < 4
Then,
d n n n
ZE(u 0) + 1| V! P +yE(u"(6)) < Cy(1+ | g ). (3.4)
Applying the Gronwall inequality to this estimate, we obtain
E(u" () <E@u"(0))e” +C,(1+| g HA—e ™).
Using (3.3), we deduce
n n n 1 n —yt C —t C
! P+ | Vi P+l ||5,(Q)SEE(u 0))e” +(E5(1—e y)+?4)(1+|g|2).
(3.5)

This estimate ensures that the solution %" (¢) of (3.5) can be extended to +o0.

And (3.4) gives
d n n
B (0) + | V! PS(Co+7C )1+ g ).

Let T be an arbitrary positive number, integrating two sides of the above

inequality from 0 to 7', we get
EQu () + uf Mu! [ e <E(u"(0)) + C,T.

where, C, =(C, +yC,)(1+]| g ”2)

Then,

T
) P | Vu Pl ] g+ Wl P e < CQL(0).(0) L0l g P
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This inequality yields

o {u"} isboundedin L*(0,T;Hy(Q) N L' (Q));

e {u"} isboundedin L*°(0,T; L (Q)) N L*(0,T; Hy(Q)).

We first use the boundedness of {u"} in L°(0,7;L"(Q)) to prove the
boundedness of {f (")}, in I/ (Q,) , where p' is the conjugate of p . Indeed, the
condition (1.2) implies that | /() |< C,(1+|u ™).

Therefore,

L@ o=, [ @) dxdi
r , r

<C jo jQ(1+|u" PV gxdt < C jo jQ(1+|u" 17 \dxt.

Hence {f (")} is bounded in L7 (Q,).

Next, we show that {1} is bounded in L” (0,T; H ' (Q) + L” (Q)) . Indeed,
since U, = g +wAu; +Au" — f(u"),

we conclude that " is bounded in L’ (0,T; H ' (Q) + L (Q)).

Combining with the fact that L’ (0,T;H ' (Q)) and L (Q,) are continuously
embedded into L7 (0,73 H ™ (Q) + L7 (Q)) . we obtain the desired result,

From the above results, we can assume that

e u" >u weaklyin L”(0,T; H:(Q) N I/ (Q);

o u' —u, weaklyin L°(0,T;L(Q)) N L*(0,T; H,(Q));
u! —u, weakly in L (0,T; H™'(Q) + L” (Q));
f")— x weaklyin I (Q,).

It remains to show that y = f'(u), u(0)=u, andu,(0)=u,. Since {u"}, is
bounded in L (0,T;H é Q)N L (D)) and {u;} ~ is bounded in
¥ (O, T;H'(Q)+ Lp’(Q)) , we deduce
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u'—>u  inL0,T;L°(Q)).

Hence, we can choose a subsequence {u™} such that

u™ >u aemQ,.

It follows from the continuity of the function f that

fWw*)—> f(u) ae inQ,.

In view of the boundedness of {f(u™)} i in L¥ (QT) , by Lemma 1.3 in

[7,Chapter 1] , we have
f@W™)— f(u) waeklyin L7 (Q,),

and taking into account the uniqueness of a weak limit, we get ¥ = f(u).
To prove u(0) =u,,u,(0) =u,, choosing some test functio

peC? ([O, T, H(Q)N L’ (Q)) with @(T) =0,9,(T') =0 and integrating by

parts in ¢ in the approximate equations, we have
T
[~ )t + [ (@Vu/Ve+Vu'Vo+ fu")p—gp)drdt = (0),p(0)).
Taking limits as 7 —> 00 we obtain

[~ 0)dt+ [ (Vi o+ Vu5 o+ f @) - gp)dxdt = (u, p(0)),

since utn 0)—> u,.
On the other hand, for the "limiting equation", we have
T
J, ~ugdt + [ (@Vu,V 9+ VuV o+ f @)p— gp)dvd = (u,(0),0(0).

(3.6)
Comparing (3.6) with (3.6) we get U, (0) =1Uu,.

By the same way, we obtain
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j0T<u",(p">dt . (Vu!'V o+ V'V o+ f(u")p— go)dxdt
=, (0),(0)) — (" (0),9,(0)).

Taking limits as 71 —> 00 we obtain

j0T<u, "\t + L:T (VU Vo +VuVe+ fu)p—gp)dxdt (3.7)
= (u,,9(0)) — (uy, 0, (0)),

since 1" (0) = u,.

On the other hand, for the "limiting equation”, we have

JOT (u,@")dt + _[QT (a)VutV(p +VuVo+ f(u)p— g(p)dxdt

= (u;,9(0)) — (u(0),»,(0)).

Comparing (3.7) with (3.8) we get U (0) =U,.

(3.8)

Thus, u(x,t) is a weak solution to (1.1). The global existence of the solution

u(x,t) follows from the following inequality, which is proved similarly to (3.5),

LP(Q)—

_ C .. C
u, [+ Vu P +llull”, < C(l (ugom,) Il ,))e ™ +(;5(1—e 7>+74j(1+|g|2).

(ii) Uniqueness and continuous dependence. Let u,v be two solutions of problem
(1.1) with initial data 1,,v, € Hy(Q) "L (Q) and u,,v, € L’(Q) . Then w=u—v
satisfies

{w”—a)Aw,—Aw+f(u)—f(v):0,er,t>O

(3.9
Wla0=0,w(0)=u, —v,, w,(0) =u, —v,.
For function 8(x) €[0,1] , since (1.2), we get

(f @)= f O =v) = f(iDu—v) 2=Cy [ w[ +C, | u+ (1= 0w || w[’
and

[ f@) = fO) S C(1+ | Ou+ (A=) ") WIS C | w]+C; | Ou+ (1= O)v ]| w].

Multiplying Eq. (3.9) by aw and —A_lwt , respectively, then integrating over (2 , we obtain
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%(%awwwf +a(w,w)) + | Vw +aCy(| Ou+(1— 0w 2 || wP)

<aC, |w|2 +a || w, ||2
(3.10)

and
i(|A—1/2 2 4 2)+2 2<2< _ A )
0 w, "+ wi o[ w, ["<2( f ()= f W) |,[=A"w, ].
(3.11)
Using the growth assumptions on f and the embedding H s (Q) > C(Q) for
s€[0;1/2) yield

-1 -1
1A, ooy < 1A, |

HZ*S(Q)S || W[ |

.

and
2 £ = O =27, 28 1@~ FOIIE g+ 1w 1

Moreover,

£ @)= fW L Clw] +C( Qu+(1-0)v |, w])’
SClwl +C{60u+A-60W |21 Bu+(1-0)v|" > |wl)
<ClwP+C{Ou+1— 0w 2| wh.

Combining (3.10) with (3.11), we deduce

dl 2 2 2 2 2
—(Sao|Vw ratw, w1 g, + v )+a|Vw +Qo—a)|w,|
<Clw] !
= |W| +;”wf”H’l(Q)'
Putting
1 2 2 2
Eﬁl(w):aaa)|Vw| +a(wt,w>+||wtIIH,I(Q)+|W| .
Choose &r,& small enough, then
2 2 2 2
KWIB g+, 1P ) < EL 0 S K UIWIE o)+, 1 o)
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Thus

d
EE%(W)+C(| VWl +|w, PYSC(w +llw, |}, )< KE_ (w).

H™'(Q)
Applying Gronwall inequality, we get
E. (W) < E (w(0)e",
and

1) 1Py gy + WO 11 < CE UWO) g + WO I )

This implies the uniqueness if (uo =V,,U; = V1) and the continuous dependence

of the solution with respect to the initial data.

4. WEAK GLOBAL ATTRACTOR

In this section, we will construct the global attractor for the semigroup S(¢)

generated by weak energy solutions of (1.1). Unfortunately, we are not able to construct

the global attractor in a strong topology of£(p) , but only in the weak topology of

&, = L(Q)x H(Q). Namely, a set A< &(p) is a weak global attractor of a
solution semigroup S(?): &(p) > &(p) generated by Eq. (1.1) (the so-called

(e(p), &) -attractor in the terminology of Babin and Vishik, see [1] ) if
(1) The set A is bounded in &(p) and compactin &'
(2) A is an invariant sets, i.e., S(¢)A = A,t > 0;

(3) Aattracts all bounded sets of &(p) in the topology of & , . That is, for any
bounded subset B of £(p),

6, (S(t)B,A) >0 ast— .

From (3.5), we deduce the existence of an absorbing set in £(p), that is, there are

a constant R and a time (”0’u1 ) such that for the solution (u(?),u,(¢)) =S(#)(u,,u,)

, we have

lu, P +|Vul’ +||u < R for all £2#(uy,u,).
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It follows the ball B centered at 0 with radius R is an absorbing set for S(¢) in
&(p), and noting that £(p) — &_, compactively and & , is connected, we obtain the
following theorem.

Theorem 4.1. Under condition (1.2), the semigroup S(#) associated to problem

(1.1) possesses a weak global attractor A = w(B,) in €, .
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