TAP CHi KHOA HOC VA CONG NGHE - SO 31 - TRUONG BAI HOC PHAM VAN BONG
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TOM TAT
Trong bai b&o nay, ching t6i chizng minh mét két qua vé so sdnh ham diéu hod
dudi véi mgt ham nira lién tuc trén. Sau do, sie dung két qua nay, ching t6i chizng minh
mét két qua cdi tien vé phién ban nguyén ly cuwc dai Cia ham diéu hoa dudi cua
Phragmén-Lindelof.
Tir khod: Ham nia lién tuc trén, ham diéu hoa dwéi, nguyén Iy cuc dai, tap cuc,
kha tich dia phuwong.
1. Gigi thiéu
Ham diéu hoa dudi 1a d6i tugng nghién cau chinh cua ly thuyét thé vi. Day 1a 16p
ham véi yéu cau tat yéu Ia ntra lién tuc trén va kha tich dia phuwong nén c6 pham vi rong
va 6 nhiéu ung dung trong toan hoc va trong hé dong luc. Trong [2, 5], c4c tac gia da
thiét lap cac két qua kinh dién vé nguyén Iy cuc dai cia ham diéu hoa dué6i. Pay la nhitng
tinh chat quan trong cua 16p ham diéu hoa dudi, tuong ty tinh chat cing tén cua cac 16p
ham tot hon 1a 16p ham 16i va ham chinh hinh.

Trong bai bao nay, ching toi tiép tuc tim hiéu mot sé tinh chat cua ham diéu hoa
dudi. Pau tién, trong Binh 1y 3.1, ching tdi chirg minh két qua vé so sanh ham diéu hoa
dudi vai ham naa lién tuc trén troi hon. Hon nira, trong chirng minh dinh 1y d6, chung t6i
cling chi ra két qua cai tién 1a limsup ctua ham diéu hoa duéi dat duoc ngoai mot tap co
d6 do Lebesgue bang khong. Tiép dén, sir dung két qua ctia Dinh 1y 3.1, chung t6i dua ra
két qua cai tién vé phién ban nguyén Iy cuc dai cua ham diéu hoa dudi cua Phragmén-
Lindelf khi giam nhe yéu cau caa ham v trong phién ban gdc tir nhan gia tri hiru han
sang khong dong nhat véi duong vo ciing (Pinh ly 3.2).

2. Kién thirc chuan bi

Trong muc nay, chdng toi s& nhac lai mot s6 khai niém va két qua dé chuan bi cho
viéc trinh bay cac két qua chinh & muc sau. Lién quan chi tiét hon t6i cac khéai niém nay
c6 thé xem thém trong céc tai liéu [1, 2, 3, 5].

2.1. Mét s6 ky hiéu

Ta goi C la tap hop cac s6 phirc hoidc mat phang phirc, Co, = C U {oo} 12 mat phing
phiic m& rong. Ta chl y rang C., dong phdi voi mat cau Riemann (1a mat cau tam
1(0,0,5) va ban kinh R =-) trong khong gian R®. Ma mt cau trong khong gian R® Ia
mot tap compact nén C,, cing la mot tap compact. Cho A c C,, ta ky hiéu A la bién
thong thudng cua A trong C va d,,A 1a bién trong Co,. Nhu vay, néu A 1a tap bi chan thi
dA = 0,4, con néu A 1a tap khdng bi chan thi 9,4 = 0A U {oo}.
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2.2. Mién
Mbt mién trong C hoac trong C,, 1a mot tap con khac réng, mé va lién théng.
2.3. Ham nira lién tuc trén

Cho X Ia mot khong gian t6 p6. Ham u: X — [—o0, 00) dugc goi la ham nua lién tuc
trén néu tap {x € X:u(x) < a} la tap mo trong X véi moi a € R.

Ham v: X — (—oo, 0] dugc goi 1a ham nira lién tuc dudi néu ham —v 1a ham nua
lién tuc trén.

2.4. Nhan xet

(@) Néu {u;: i € I} 1a ho cac ham nura lién tuc trén thi ham u = inf {w;: i € I} ciing
Ia ham nra lién tuc trén. That vay, ldy a € R, theo dinh nghia cia inf, ta co:

{x e X:u(x) <a}=VUjg {x € X:u;(x) < al.

Do {x € X:u;(x) < a} la cac tdp mo nén suy ra tap {x € X:u(x) < a} ciing la tap
ma, tac la u 1a ham ntra lién tuc trén.

(b) Cho X l1a mot khong gian métric. Khi d6, u 1a ham nta lién tuc trén trén X néu
va chi néu vai moi x € X, ta co:

limsupu(y) < u(x). (%)

y-x
That vay:
- Gia str u 1a ham nua lién tyc trén. LAy x € X va & > 0. Ta xét hai truong hop sau:
+ Truong hop 1: u(x) = —oo: Theo gia thiét, vi moi n > 1 ta co tap

Ap ={y € X:u(y) < —n}

la tap mad trong X va hién nhién x € A,, véi moin > 1. Vay véi mdin > 1 tontair, > 0
sao cho hinh cau B(x,,) c A,. Diéu nay suy ra

limsup u(y) = —oo = u(x).
y-x

+ Truong hop 2: u(x) € R. Khi d6, chon a = u(x) + €. Theo gia thiét tap
A={yeX:uly) <a}

la tap mé trong X va hién nhién x € A. Do dé, ton tai r > 0 sao cho hinh cau B(x,r) c
A, tuc la

u(y) <ulx)+e, (Vy € B(x, r)).
Diéu nay turong duong voi

limsup u(y) < u(x).
y-x

- Gia st ham u thoa mén (*). Liy a € R. Ta can chitng minh tap
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A={yeX:uly) <a}
la tap mé trong X. That vay: Lay x € A. Suy ra u(x) < a. Pit e = a — u(x) > 0. Theo
gia thiét, ton tai r > 0 sao cho
u(y) <ulx) +e, (Vy € B(x, r)).

Diéu nay twong dwong v&i u(y) < a véi moiy € B(x,r), tic 1a B(x,r) c A.

Vay A la tap mo trong X.
2.5. Ham diéu hoa duéi

Cho U 1a mét tap con mé trong €. Ham u: U — [—o0, ) duoc goi 1a ham diéu hoa
dudi néu u 12 ham nira lién tuc trén va thoa man véi moi A(w, 1) = {z € U:|z — w| <
r} c U, tacé:

21

u(w) < %J;) u(w+pett)de. (0<p<r) (1)

Bat dang thirc (1) dugc goi 1a bat diang thie trung binh dudi. Ham v: X — (—o0, 0]
duoc goi 1a ham diéu hoa trén néu ham —v 1a ham diéu hoa duéi.
2.6. Nhan xét

(@) Néu {uy: k € I} 13 ho cac ham diéu hoa dudi thi ham u = inf {u,: k € I} ciing
12 ham diéu hoa dudi. That vay, theo Nhan xét 2.2 thi u 1a ham nua lién tuc trén. Ta s&
chi ra u thoa man bat dang thtrc trung binh dudi. Lay A(w,r) € U, véi moi k € I ta co:

1 21
< — +re't)dt
U (w) an; Uy, (a) re )
1 (%" .
<— | u(w+ret)de.
21 J,
T d6 suy ra

21

u(w) < if u(w +re't)dt
<), .

Vay u 12 ham diéu hoa dudi.
(b) Ta s& bién d6i mot dang khéac cua bat dang thuc trung binh dudi (1) nhu sau:
Nhan p vao hai vé cua (1) va lay tich phan theo p tir 0 dén r ta co:

r 1 r 2T ]
1) e J pu(w)dp < —J f u(w + pet)pdtdp
0 21 Jy Jo

1 r 2T ] 1
s ulw) < —f f u(w + pe't)pdtdp = —ﬂ u(z)dA(z).
nr? Jo Jo ( ) nr? Alw,7)

Vay ta c6 dang khac cua bat dang thic trung binh dudi 1a

® JOURNAL OF SCIENCE AND TECHNOLOGY @ 13



TAP CHi KHOA HOC VA CONG NGHE - SO 31 - TRUGNG BAI HOC PHAM VAN BONG

1
u(w) < mﬂ;(wﬂu(z)dfl(z). (2)

Sau day ta nhic lai nguyén Iy cuc dai ciia ham diéu hoa dudi.

Pinh Iy 2.1 (Nguyén ly cue dai) [2]: Cho u 1a mot ham diéu hoa dudi trén mién D
trong C.

i. Néu u dat cuc dai toan cuc trén D thi u 13 ham hang trén D.

ii. Néu limsup u(z) < 0 vdi moi w € d,,D thi u < 0 trén D.

z-w
Trong phién ban nguyén ly cuc dai & trén, & ménh dé (ii), ta xét limsup chung cho
ca diém bién hiru han va diém bién v han (trong trudng hop mién D khdng bi chan).
Phién ban nguyén Iy cuc dai sau day ciia Phragmén-Lindeldf s& tach diém bién vo han
xét riéng khi ham u khong tiang quéa nhanh tai diém bién vo cuyc.
binh ly 2.2 (Nguyén ly cue dai phién ban Phragmén-Lindeldf) [2]: Cho u la
ham diéu hoa dudi trén mién khong bi chian D trong C thoa man:

limsupu(z) <0 (w € aD).

zZowW

Gia sur ton tai mot ham diéu hoa trén gid tri hitu han v trén D sao cho

o X : u(z)
liminfv(z) > oo va limsup <0.
Z—00

2000 V(Z)
Khi d6, u < 0trén D.
3. Két qua chinh

Két qua sau day 1a mot tinh chat ciia ham diéu hoa dudi khi so sanh véi ham nua
lién tuc trén troi hon. Két qua ching minh cho thay limsup cta ham diéu hoa dudi dat
dugc ngoai mot tap co do do Lebesgue bang khéng.

Pinh 1y 3.1: Cho u la ham diéu hoa duwdi trén tgp mé U trong € va v 1a ham nira
lién tyc trén trén U va thod man u < v hau khdp noi. Khi @6 u < v trén U.

Chung minh: Bat

M={zeU:u(z) <v(2)}
Theo gia thiét ta co dA(U \ M) = 0, ¢ day dA 1a d6 do Lebesgue trén C.
Trudéc hét, ta s& chizng minh véi moi x € U ta co:

u(x) =limsupu(z). (3)

M>3z-x
That vay: Baoi dinh nghia limsup va ham u 1a ham ntra lién tuc trén nén ta co

limsup u(z) < limsup u(z) < u(x). @)
M>3z-x ZoX
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Mit khac, xét dia dong A(x,r) = {z € C:|z— x| <1} c U Véi r > 0, theo bt
dang thtre trung binh dudi (2) ta c6:

1
ulx) < mﬂ;(x r)u(z)dA(z)

=3 ﬂA(xr)nMu(z)dA(z) +_-U;(xr)n(u\M)u(Z)dA(Z)

= ffA(xr)nMu(z)dA(z) < sup u(2).

zeA(x,r)NM

Chor - 0*taco

u(x) < li_r)%l sup  u(z)

z€A(x,r)NM

<limsupu(z). (5)

M>3z-x
Tur (4) va (5) tasuy ra

u(x) = limsup u(z).
M>3z-x

Bay gio, ta s& chung minh u < v trén U. That vay: L4y x, € U, theo chiing minh
trén va gia thiét cua dinh ly ta co:

u(xy) = limsup u(z) < limsup v(z) < v(x,).
M>3z-x, M>3z-x,

Vay dinh ly dugc chitng minh.

Trong phién ban nguyén ly cuc dai cia Phragmén-Lindeléf cho mién khdng bi
chan, diéu kién hoi tu téi diém bién vo han duoc so sanh véi tde do hoi tu caa mot ham
diéu hoa trén v vai gia tri hitu han trén mién D. Két qua sau day cua ching t6i s& mo
rong mot chit voi gia thiét cia ham v 1a khong dong nhét véi +oo.

Pinh ly 3.2: Cho u la ham diéu hoa duwdi trén mién khdng bi chgn D trong C thod

limsupu(z) <0 (we€aD) (a).

Z-W
Gia st ton tai mot ham diéu hoa trén v trén D, v # 400 sao cho

u(z)

liminf v(z) = o (b) va limsup v2) =

Khi @6, u < 0 trén D.

(©)

Chung minh:
- Trudc hét ta xét truong hop v > 0 trén D:

Lay & > 0 tuy y. Tur diéu kién (c) ta suy ra ton tai R > 0 sao cho
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zgg <¢ GeDwlzl>R). @

Uy = U — EV
={z € D:v(z) < +oo}.

Khi d6, ta c6 u, 1a ham diéu hoa dudi trén D va véi moi & € d.,D ta co:

<0 néu £€0dD (do(a)vav>0)

limsup u.(z) = {S 0 néué=o (do(d)).

z—-&
Theo Binh ly 2.1 (ii) tasuyrau, < 0trén D.Choe ! Otasuyrau < 0 trén M.

Theo Ménh dé 1.1.5 trong [1] ta suy ra dA(D \ M) = 0. Theo c¢ong thirc (3) trong
chirmg minh Binh ly 3.1, v4i moi z € D ta co:

u(z) = limsupu(w) <0 (dou <0 trénM).
M3w-z

Vay u < 0trén D.

- Béy gio ta xét truong hop ham v nhu trong dinh ly:

Liy T > 0. Pt E, = {z € D:u(z) = 7}. Do u la ham nua lién tyc trén nén E. 1a
mot tap dong trong D. Vi v 1a ham nura lién tuc dudi va thoa mén (b) nén suy ra v bi chan
dudi trén E.. Do d6, néu can c6 thé cong thém mot hang s6, ta ¢ thé gia st rang v > 0
trén F,.

bat V = {z € D:v(z) > 0}. Do v la ham ntra lién tuc dudi nén V la mét tap mo
trong D. Khi d9, véi & € dV ta co:

limsup u(z),néu é € aD
limsup(u(z) — 1) <{ 2% <0.
7§ u(é)—t,néué eDnav

Ap dung trudong hop trén cho ham u — r tréntap mé Vtasuyrau —t < 0 trén V.
Vi E, cV nénsuyrau =t trén F.. Va hién nhién u < 7 trén D \ F.. Tom lai, ta cé u <
ttrén D. Cho t | 0 ta s& nhan duoc u < 0 trén D.

Vay dinh ly dugc chirng minh.
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A NOTE ON THE PHRAGMEN-LINDELOF’S MAXIMUM PRINCIPLE
VERSION
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ABSTRACT

The aim of this paper is to prove the result of the comparison of the subharmonic
functions with the semi-continuous functions. Using this result, we improve the
Phragmén-Lindelof version of maximum principle of subharmonic functions.

Key words: Semi-continous functions, subharmonic functions, maximum principle,
polar set, local integration.

(G283
Truomg Pai hoc Su pham, Pai hoc Pa Nang; 2Trudng Dai hoc Duy Tan;

Email: huongthaostl@gmail.com

® JOURNAL OF SCIENCE AND TECHNOLOGY @ 17


mailto:huongthaost1@gmail.com

