TAP CHI KHOA HOC VA CONG NGHE - SO 32 - TRUGNG BAI HOC PHAM VAN PONG

VE TINH LOI CHAT CUA MOQT SO
KHONG GIAN TUYEN TINH PINH CHUAN
Nguyén Tan Su' Nguyén Gia Vu"ongz
TOM TAT

Trong bai viét nay, chiing t6i trinh bay mot sé tinh chat 16i chdt ciia khéng gian
tuyéﬁ tinh dinh chudn. Mét s6 vi du minh hoa vé tinh chat 16i chdt dwoc trinh bay trong
bai bao nay.

T khéa: Loi chdt (strictly convex), khong gian dinh chudn (normed spaces).
1. it van dé

Trong khong gian R? vai chuan Euclide thi hinh cau don vi, déng, dugc biéu dién
hinh hoc 13 hinh tron tam 0(0,0), ban kinh bang R = 1. Khi dé, v6i hai diém A, B ndm
trén bién ctia hinh tron thi trung diém M cta doan thang AB khong nam trén bién. Tuy
nhién, diéu nay khong con ding dbi v6i chuan max trén R?. C6 thé giai thich dugc: vé ¥
nghia hinh hoc thi bién ctia “hinh cau don vi” trong R? 1a dudng vién cia hinh vudng véi
cac dinh 1a A(1,1), B(1,-1),C(-1,1),D(—1,—1). Do d6 ca 4 doan thang nay déu nam
trén bién ciia “hinh cau”.

Dé khai quat két qua trén, nguoi ta gidi thiéu mot khai niém vé khong gian dinh
chuan 16i chit.
2. N§i dung
2.1. Khéong gian dinh chuan 10i chit
2.1.1. Pinh nghia

Cho mdt khong gian vector thuc (hoac phuc) X véi chuén ||-]|. Ta noi réng X 1D
1a khong gian 16i chat (strictly convex) néu thoa méan diéu kién sau:

Vé&imoi x,y € X sao cho [|x|| = ||yl =1 vax # y, thi
x+y
<1.
=1

N6i cach khac, trung diém cua hai diém phan biét thudc bién ctia hinh cau don vi
ludn ndm bén trong hinh cau don vi. Piéu nay twong duong véi viéc bién cua hinh cau
don vi khong chtra doan thiang nao.

2.1.2. Céc diic trung twong dwong ciia khong gian 16i chat

Mot khéng gian dinh chuan (X, ||-||) 13 161 chat néu va chi néu théa man mét trong
bdn diéu kién sau:

i) Piéu kién hinh hoc: Véimoi x,y € X sao cho ||x]| = ||lyll = 1 vax # y, taco

x+y
2

<1
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ii) Bat ding thirc Minkowski nghiém ngit: Vi moi x,y € X, ta co
llx +yll <llxll + llyll.

Diéu ndy c6 nghia 1a chuan ||| théa man bat dang thirc Minkowski mot cach
nghiém ngat.

iii) Piéu kién ham 18i chit: Chuén ||-|| 12 ham 15i chit,
nghia 13 v6i moi x, y € X, thi [|[Ax + (1 — D)y|| < Allx|l + (1 = Dly|| véi A € (0,1).

iv) Bién hinh ciu don vi khong chira doan thing: Bién cia hinh cau don vi (ki
hiéu B; = {x € X:||x|| = 1}) khong chira bt ky doan thang nao.

Nhan xét rang: Bon ddc trung trén la twong duwong, nghia la néu mot trong cac
dieu kién trén thoa man thi tat cd cac diéu kién déu thoa man.

2.2. Mt s6 vi du vé khong gian 16i chit

Vi du 2.2.1: Khong gian Euclide R véi chuan Euclide

Il =[x +x3 + -+ k.

c6 bién ctia hinh cau don vi trong R™ khong chtra doan thiang nao. Vi vay khong gian nay
14 16i cht.

Vi du 2.2.2: Khong gian €7 (cac chudi co chuédn p, trong d6 1 < p < o) ¢6 chuan:

1
” Z
Ielly = ( >l ) o x = Gy, e x) € R
i=1

1a khong gian 16i chit. Didu nay c6 thé ching minh tir tinh chat 16i chat ciia chuan
p — norm.

Vi du 2.2.3: Khong gian LP[a, b] (trong 46 1 < p < o) v6i chuan

b P
11l = ( f If(x)lpdx>

1a khong gian 16i chit. Diéu nay 1a mot hé qua cta bat dang thirc Minkowski va tinh chat

|

16i chat caa ham t » [t|P véip > 1.
Sau ddy chiing t6i xem xét mot s khong gian khong 10i chit.
Ménh dé 2.2.4: Khong gian £* khong 16i chit.

Khong gian £* 14 khong gian cac diy (x;)$2, voi chuan dugc dinh nghia boi

(o8]
el = D lal, x = (x5, 0,
i=1
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v6i diéu kién $2, |x;| < oo, tirc 1a x € £1.
Chirng minh:
Trong ¢! ta chon: x = (1,0,0,...), y = (0,1,0, ...).
Khi do [|x[ly = [lyll; = 1, vi:
llxlly = 111 + [0 + [0] + - =1, [yl = 0]+ [1] + [0 + - = 1.

Hon nira trung diém cta x va y:

x+y_<1+0 0+1 0.0 )_(1 1 0.0 )
2 - 2 ) 2 ) UpUy wen - 2I2F IS AL &

Do do:

520 =131+ ]+ o1+ 101+ =
2 1l 12 2 o

A A x+ N A N ) \ A . ’ Xt
Nhu vay trung diém Ty nam trén bién cua hinh cau don vi B4, tic la ”Ty” =1,
1
va né 1a mot diém trén doan thing noi gitra x va y. Vi vay, €1 khong 16i chit.

Cau hoi dat ra ¢ day 1a: C6 thé trang bi cho #* mot chuén ||| sao cho (€1, ||-]]) 1a
16i chat. Ménh dé sau cho chiing ta két qua nay.

Ménh dé 2.2.5: Trén khong gian £ xét chuan

(o]
il = llxll + 1l = )l +
n=1

Khi d6 (£%, |+]|) 1a 16i chit.
Chung minh:

Trong khong gian #* ta 1iy bat ky x,y € £ sao cho x # y va ||x|| = ||ly|| = 1. Khi
do

llxll = llxlly + llxll2 =

Iyl = llylly + llyllz =

|
[
ol
+
[
T
=
I

Do do:
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(o8] (°9)

an+3’n Z

1 = n=1

xn +yn

==, +

Mit khac 4p dung bat dang thirc Minkowski:

X +y 1(< N 1
” z n_n §<lenl + ZI%I) = E(lelll + llyllo)-
n=1 n=1 n=1
o +y 1 ® > 1
|- Z S <5l [l D bl | =5 el + vl
n=1 n=1 n=1
Vi vay
|| || < =(llxlly + Iyl - (O
Dau dang thirc xdy ra néu va chi néu x = 1y. Ma x # y va ||x|| = [lyll = 1 nén

x = —Yy. Thay vao (1), ta dugc
=1 -1 -

1 1
S Ul +lyID =5 A=yl + liylD = iyl = 1.
Hién nhién dau dang thirc khong thé xdy ra, hay néi mot cach khac

m|| <1.
2

véimoi x # y, [|x|| = |lyll = 1 thi

Vay £ voi chuan da cho 1a mot khong gian 16i chit.

Ménh dé trén cho théy ta da trang bi mot chuén phu hop dé khong gian #! trg thanh
khong gian 16i chat.

Ménh dé 2.2.6: Khong gian c,, khong 1 khong gian 16i chit.

Chirng minh:

Khong gian c,, 1a khong gian cac day s6 ¢o hitu han phﬁn tir khac 0 duoc xac dinh
boi chuan

llxlleo = suplx;|.
ieN
Bay gio trong ¢, ta chon:
x=(110,..), y=1(01,0,..).

Khi d6 [lxlle = llylle = 1, vi:
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Ixlleo = sup{l1],11],[0L,..} =1, llyllc = sup{|0],[1],10],...} = 1.

Hon nira trung diém cta x va y:

x+y_(1+0 1+100 )_(1 100 >
2 - 2 ) 2 ) Uy e - 21 IR A BLLLEN L]

Do do:

||x+y
2

1
|| - sup{|§|,|1l, 10,101, } — 1

Vay ¢, khong 1a khong gian 10i chat. Tuy nhién c., s& 1a khong gian dinh chuan 16i
chit néu ta trang bi chuén:

[o9]
Il = llxlly + lixlly = ) ol +
n=1

Ménh dé 2.2.7: Khong gian L'[0; 1] khong 10i chit.
Chirng minh :

Khoéng gian L'[0; 1] 1a khong gian cac ham sé xac dinh trén [0; 1] va dugc dinh
nghia bai chuan

I£ll; = j £ GOldx,
0

v6i didu kién [ |f (x)|dx < +o.

Xét hai ham sd:

2,

AN
=
VAN
AN
=
VAN

f(x) = , 9(x) =

_= N
=N e

0,

N~ O
IA
=
IA
NlR—R O©
IA
=
IA

Hién nhién f # g, ngoai ra:

1 1

1
] 1 ]

I£1ls =f |2|dx+f1 0ldx = 1, llgll, =f |0|dx+f1 12]dx = 1.
0 5 0 =

2

Mit khac trung diém cta f va g 1a ham sd:

2+0 - 1 ) - 1
f+tg fO+g) ) Usx<5; L 0sx<5
2 2 T )0+ 2 1< <1_ 1 1< <1'

2 . 2°%= r =X

Hay f@)+g() _ 1,

> véi moi x € [0;1].
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Do do6:

||f+g
2

1
=f [1|dx = 1.
1 Jo

Nhu vay trung diém cia f va g nam trén bién ctia hinh cau B(0,1). Tuong tu két
qua cta khong gian £1. Tir d6 ta cling c6 thé trang bi mot chudn sao cho khong gian
L'[0; 1] 12 khong gian 15i chit.

M¢énh dé 2.2.8: Trén khong gian L'[0; 1] xét chuan

WA= 1f 1+ 1F =f |f (0)ldx + U |f (x)[dx.
0 0

Khi d6 khong gian L'[0; 1] 1a 16i chat.
Chirng minh:

Chon hai ham s f, g € L'[0; 1] sao cho f # g va ||If|l = |lgll = 1, nghia la

1 1
UFI = £l + f 1L = f £ COldx + f FCOl2dx = 1,
0 0
1 1
lgll = liglls + llgll, = f lg(0)ldx + f l9()Pdx = 1.
0 0

Do d6 trung diém cua f va g c6 chuan

e B R
2 2 2

g
1

2

2

fe)+g9&) -

2

fO)+g9()
2

:f:

Mit khac, 4p dung bat dang thirc Minkowski ta c6

m+j£l

f+a| _ (|f&)+gx) 1/ 1 1
|| 2 1—J0 deszgo If(x)ldx+folg(x)ldx>
1
== (Ifll + llglly).
fra _ (@ +a@f RPN
|- z—jfo PR ar s jL GOl dx+jfo 9(0)[2dx
1
=5 UIfllz + llgllz).
Vi vay:
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1 1

Dau dang thic xdy ra néu va chi néu f = Ag, ma f # g va |Ifll = llgll = 1 nén
f = —g. Thay vao (2), ta thdy rang dau dang thic khong thé xay ra.

Vivay voimoi f # g, IfIl = llgll = 1 thi
f+ g”
—| < 1.
=
Do d6 khong gian L'[0; 1] véi chuan da cho 1a khong gian 16i chit.
Ménh dé 2.2.9: Khong gian Cjo,q) (Khong gian cac ham s6 lién tuc trén doan [0;1]) véi

chuin max
Ifllo = xrg[gﬁ]lf(x)l

khong 1a khong gian 16i chat.

Chirng minh:

Xét hai ham s6 thudc C [0:1]

fx)=1, glx) =2x-1
Hiénnhién f # g va lIflle = llglle = 1 vi
Iflleo = xgl[gﬁ]lll =1, llglle = xgl[gﬁ]IZx -1 =1

Do d6 trung diém cua f va g 1a ham s

f+g 1+2x—-1

> 1 = X.
Khi d6
f+o| _ _
— = max|x| = 1.
2 . x€[0;1]

Vay Cjo;1) khong la khong gian 16i chat. Do d6 dé khong gian C [0;1] tré thanh khong
gian dinh chuén 13i chat, ta co thé trang bi chuén

WA= 1f1 -+ 1F =J |f (0)ldx + U |f ()| dx.
0 0

Trong bai bao nay, chung toi ¢ mé rong tinh 16i chit cho cac khong gian khong 16i

3. Két luan

chat bang cach trang bi cho nhiing khong gian nay nhimng chuan phu hop. Két qua nay
gdp phan 1am phong pht thém cdng cu nghién ciru trong giai tich va 1y thuyét khong gian
dinh chuén.
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ON THE STRICTLY CONVEX PROPERTY
OF SOME NORMED LINEAR SPACES

Nguyen Tan Su', Nguyen Gia Vuong2
ABSTRACT

In this paper, we present some properties of strictly convex normed linear spaces.

Several illustrative examples of strict convexity are also provided in this article.

Keywords: strictly convex, normed spaces.
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