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TOM TAT

Trong bai b&o nay, ching toi nghién cizu mét sé tinh chdt co ban cua 16p ham Ioi

l6garit, bao gom cac tiéu chudn ddc trung, bdt dang thirc Jensen va cau tric non 1oi cia

tdp cac ham 16i légarit. Trén co sé do, bai bdo thiét lap mét sé két qua vé tinh 16i cua

cde dai lwong trung binh luj thira c6 trong va trinh bay mét sé #ng dung trong hinh hoc

phang, dac biét lién quan dén cdc da giac ndi tiép dwong tron. Cac két qud thu dwoc cho

thdy vai trd quan trong cza ham loi 1dgarit trong viéc mé réng nhiéu bdt dang thizc quen
thugc.

Tir khod: Ham l6i, ham li 16garit, gidi tich 16i, bar dang thizc Jensen, trung binh
luy thera.
1. Giéi thiéu

Ham 16i va ciac md rong cua nd 1a mot trong nhitng d6i twong nghién ciu quan
trong cua giai tich hién dai, c6 nhiéu ung dung trong t8i wu hoa, bt dfmg thire, x4c suit
va hinh hoc 16i. Trong s d6, 16p ham 16i 16garit va ham 16m ldgarit dong vai tro dic
biét do vira ké thira duge nhiéu tinh chét cua ham 16i, vira cho phép xdy dung va khai
thac hiéu qua cac bat dang thirc dang tich. Cac 16p ham nay di duoc nghién ctru trong
nhiéu cong trinh kinh dién ciia giai tich 161 va hinh hoc 15i [1-3].

Mot trong nhitng cng cu co ban khi nghién ciru ham 16i 16garit 1a bat dang thirc
Jensen, von cho phép chuyén cac tinh chat 16i ctia ham s thanh cac bat dang thire hitu
ich. Bat dang thirc Jensen cho ham 16i 16garit va 16m 1ogarit khong chi c¢6 y nghia ly
thuyét ma con duoc ap dung rong rai trong 1y thuyét trung binh va cac bai toan bat dang
thtre hinh hoc [4, 5]. Ngoai ra, viéc md ta cu tric dai s6 va hinh hoc cua tap cac ham 16i
16garit ciing 1a mot vin dé quan trong trong giai tich 16i, lién quan chat ché dén 1y thuyét
nén 16i [7].

Xuét phét tir nhitng danh gia trén, bai bdo nay nham trinh bay mét sé két qua lién
quan dén 16p ham 16i 16garit theo hudng co ban va ung dung. Trudc hét, ching toi hé
thong hoa mot s6 kién thire chuan bi can thiét, bao gdm cac tiéu chuan dic trung cia ham
16i 16garit, bat dang thirc Jensen twong tng va chimg minh rang ho cac ham 10i 16garit
trén mot khoang 13 mot non 16i. Trén co sé do, bai bao nghién ctru tinh 16i cia mot sb dai
luong trung binh ¢o trong va ap dung cac két qua thu duoc dé giai quyét mot sé bai toan
hinh hoc phéng lién quan dén da giac noi tiép duong tron va cac bat ding thirc hinh hoc
c6 dién.

Cac két qua trong bai bao gép phan lam rd vai trd ctia ham 10i 16garit trong viéc
thong nhat cach tiép can dbi voi nhiéu bai toan bat dang thirc va hinh hoc, dong thoi cung
cap thém cac vi du va tng dung minh hoa cho Iy thuyét nay.
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2. Kién thikc chuin bj

2.1. Ham 16i ldgarit

Dinh nghia 2.1. Gia stt | 12 mot khoang trong R va ham s6 f 11 —(0,+0). Khi ¢, ta

c6 cac dinh nghia sau day:

-Ham f duoc goi 1a ham 16i 16garit (log-convex) néu In f 1a mot ham 15i trén 1 -

-Ham f duoc goi la ham 18m I6garit (log-concave) néu —In f 1a mot ham 16i trén 1 .

Sau day ta s& dua ra cac diéu kién truc tiép cua cac ham 16i 16garit va 16m logarit.

Nhan xét 2.2. Gia st 1 1a mot khoang trong R va ham sé f : 1 — (0,+00) . Khi d6, ta c6

a) Ham f 1a ham 16i 16garit néu va chi néu véi moi X,y e | va véi moi A [0,1] ta cd

fIA-A)x+ANI<[f T[T (D]

b) Ham f 1a ham 16m ldgarit néu va chi néu véi moi X,y e | va vaoi moi A €[0,1] ta cé

fIA-A)x+ Ay [f T [ F ()]

Chng minh: a) Ham f 1a ham 16i 16garit néu va chi néu ham In f 1a ham 15i. Biéu nay
twong duong vai moi X,y el vavéi moi 4 €[0,1] taco

In F[L—2)x+Ay] < (L= A)In f(X)+2In f(y)
< In F[L-A)x+ Ayl <In[(F () (f(y))’]

< FIA-A)x+AYI<[F QI [F (]
b) Ham f 1a ham 16m l6garit néu va chi néu ham —In f 1a ham 16i. Pidu nay twong
duong v&i moi X,y el vavai moi 4€[0,1] tacod

“In F[L= )X+ 2y] < (L= A)(=In f (X)) + A(=In f(y))

< =In F[A-2)x+ Ayl <=In[(f ()" (f(y))']
< FIA-A)x+ A= [F QI [F (V)]

2.2. Bat dang thirc Jensen d6i véi ham 16i [dgarit

Pinh ly 2.3. Gia st f :(a,b)—(0,+00) 1a mot ham 16i 16garit. Cho x,,...,x, €(a,b) va

n

céc trong s6 4,...,4,>0théaman > 4 =1.

i=1

Khi d6 ta c6 bat dang thirc
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Dau bang xay ra khi va chi khi x, =...=x_ hogc In f 1a ham affine.

Ching minh: Vi f 13 15i 16garit nén ham @ =Inf 1a ham 16i trén (a,b). Ap dung bét

dang thac Jensen ¢b dién cho ham 16i ¢, ta co

go@i,xijsgw(xi).

Thay lai ¢ =Inf , suyra

n

<inf ( i,xiJsln(Hf (xi)”*j

i=1 i=1

=i (Z/llxijsnf (x)".
i=1 i=1
Theo béat dang thic Jensen cho ham 16i ta suy ra dau bang xay ra khi va chi khi
X, =...=X, hoac In f Ia ham affine.
2.3. Tiéu chuan I6i l6garit ciia ham kha vi l6p C2
Pinh Iy 2.4. Cho f :1 —(0,+00) la mot ham kha vi hai lan trén khoang | . Khi do, f 1a
ham 16i l6garit néu va chi néu
f() (%) = (f ()%, Vxel.

Ching minh: (=) Giasir f 1a ham 16i 16garit. Khi d6, g =In f 12 ham 16i. Hon nita, g
Ia ham kha vi hai lan. Tur day ta suy ra g"(x) >0, Vxell.

Hay

ROIORGRC) N
f(x)? R

Vi f(x)*>0 tasuyra f(x)f"(x)>(f'(x)>
(<) Nguoc lai, gia st (x) f"(x) > (f'(x))?, vxel.
Khi do6 ta co

ORI Sl GCY) P
f (x)? o .

9"(x) =

Suyra g =Inf laham l5itrén 1 ,va dodé f 1aham 16i 16garit.

Sau day ta s& chi ra rang ho cac ham 16i 16garit trén khoang I 1a mot nén 15i. Truéc hét ta
can b dé sau:
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Bo dé 2.5. Choa,b,c,d > 0vaa,f = 0saochoa + f = 1. Khi do, ta co
a®bf + c*df < (a + c)*(b + d)*.
Churng minh: Ta cé
a®bP + c®df < (a+c)*(b + d)P
a B a B
c1+()°(5) =(1+9 (1+3) -
Pit x = g y = %. Taco x,y > 0 va bat ding thirc can chirng minh tuong dwong véi
e (1+20%1+y)f —x%yFf > 1.
Xét ham sb
floy) =@ +0)%1+y)F —x*yF,

trén mién D = {(x,y):x > 0,y > 0}. C6 thé kiém tra rang ham sé f(x,y) dat cuc tiéu
toan cuc tai cac diém (x,x),x > 0 va gia tri cuc tiéu 1a f(x,x) = 1. Vay bd dé duogc
chitng minh.

Pinh Iy 2.6. Cho I < R 12 mot khoang. Ta ki hiéu LC (1) 1a ho tat ca cac ham 16i ldgarit
xéc dinh trén I. Khi d6, tap LC (1) 1a mot nén 16i, tac 1a Vf, g € LC(I),Va, b = 0 ta co

af +bg € LC(I).
Chitng minh: Trudc hét ta chung minh af € LC(I). That vay, Vx,y € I, vt € [0,1] taco
af[(1 — Ox + ty] < af () f () = [af )] af (]
Vay af € LC(I).

Bay gio ta chang minh f 4+ g € LC(I). Tu tinh 15i 1dgarit cua cac ham f, g va ap dung
B dé 2.5 ta c6

fF+DIA-x+ty] =fI[A-x+ty]+g[(1-0)x +ty]
[FOOTEIF I + L9 g ]

[FC) + g If () + 9"

Két hop céac két qua o trén ta suy ra tap LC (1) 1a mot nén 16i.

IAIA I

3. Két qua chinh
3.1. Tinh 16i caa cac dai lwong trung binh cé treng

binh ly 32. Cho x=(x,..,X,) Vvéi x >0k=1...n va A=(4,..,4,) Vi

A >0,k =1..,nva > 4 =1.Khido, taco cac ham t—tInM,(x; 1) 10i trén R,
k=1

Chitng minh: Xét ham sé sau
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f(t)=tinM,(x; 1) =In(znlikxij,(teD ).

n
Do cc ham x; la ham 10i 16garit nén theo Dinh ly 2.6. ta suy ra ham > 4,x, ciing la
k=1

ham 15i 16garit. Tir day suy ra ham f (t) ciing la ham 15i trén R.

Sau ddy 1a mot s6 ung dung trong hinh hoc caa ham 16i 16garit.

3.2. Mét s6 &tng dung trong hinh hoc

Bai to4n 3.2. a. Cho tr giac 16i ABCD noi tiép duong tron don vi. Gia st cac canh cua
no thoa mén

AB-BC-CD-DA>4.

Chuang minh rang ABCD 1a mét hinh vuéng.

b. Giasir A, B,C la cac goc cua mot tam giéc (tinh theo radian). Chiing minh rang

3 3
sin AsinBsinC S£%j ABC S(?j )

27

Pang thuc xay ra khi va chi khi A=B=C.
Chung minh: a. Goi O la tdm cua duong tron don vi. Ki hiéu cac goc ¢ tdm tuong tng
Vi cac canh cua ta giac:
ZAOB=a, /BOC=p, LCOD=y, /DOA=S§,

trong d6 «, 3,7,0 >0, a+pf+y+o=2nx.
Vi mdi canh cua tir giac 1a mot day cung caa dudng tron ban kinh 1, nén ta co
aB=2sin%, BC=2sin2, cD=2sinZ, DA=2sin2.

2 2 2 2
Do do

AB-BC-CD-DA=16sin%-sin? .sinZ .sin % .
2 22T

Ham sin x la ham 16m ldgarit trén khoang (0, ) (theo Vi du 2.1.1). Ap dung bat dang

thire Jensen cho ham 16m 16garit, ta dugc

4 4
sing-sinﬁ-sinl-sinés sinm = sinz :1.
2 2 2 2 8 4 4

Suy ra

AB-BC-CD-DA£l6-%:4.
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Két hop vai gia thiét AB-BC-CD-DA>4, suy ra phai xay ra diu bang trong cac bat
dang thirc trén. Do do6

T
= = :5:—.
a=p=y >

Suy ra ta giac ABCD la mét hinh vudng.
b. Gia st A, B, C la cac goc (sb do bang radian) cua mot tam giac, khi d6 A+B+C = .
Ap dung bat dang thic Cauchy ta c6
3 3
L:“LCzE/ABC = ABCS(%) (Sz\/_j ABC <[\/2§j .
7

Ap dung DPinh ly 2.4 ta c6 thé kiém tra ham sau
fO)=——
sinx’

la ham 16i 16garit trén (0, 7). Ap dung bét dang thirc Jensen cho ham 16i 16garit, ta dugc

3
A B C | A+B+C | ( z Y _(2zY
sinAsinBsinC | 5 A+B+C 3sin(r /3) 33/
3

L4y nghich dao hai vé, suy ra

sin AsinBsinC <(3\/§j3

ABC 2r

hay tuong duong
sin AsinBsinC <(3£/_j ABC.

Két hop hai bit dang thirc trén, ta thu duoc

sin AsinBsinC < (3\/_j ABC < (EJS :

2 2
véi ddu bang xay ra khi va chi khi A=B=C = % .
Sau déy ta s& tong quat hoa Bai toan 3.2a cho trudng hop n-giac noi tiép duong tron don
Vi.

Bai todn 3.3. Cho da giac 16i AA,--- A ndi tiép dudng tron don vi. Chitng minh rang
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HA A, < [ZSIH )n ,

Véi quy uéc A, ., = A, . Dau bang xay ra khi va chi khi da giac 1a déu.

Chuzng minh: Goi O la tdm caa duong tron don vi. Ki hiéu cac goc ¢ tdm twong tng Voi
cac canh cua da giac:

ZAMOA, =g, (i=1...n),

trong do

a, >0, Zn:ai =2r7.

i=1
Vi mdi canh cua da giac 1a mot day cung cua duong tron ban kinh 1, nén ta cé

AA,, = Zsin%.

Do doé,

[TaA. <2 [sin %)

Xét ham f (x)=sinx, la ham 16m l6garit trén khoang (0,7). Ap dung bét dang thirc

Jensen cho ham 18m 16garit véi cac s6

a, n _1 n ~
xi—?, Z‘Xi_zi;ai_ﬁ’

ta duoc

ﬁsin%g(sin%jn (sm j (2)

i=1

; . ) )
Két hop (1) va (2), suy ra 2 <2 sin=| =|2sin=| .
op (1) va (2), suy I;IAAl ( nj [ nj

DA4u bang xay ra trong bat diang thic Jensen khi va chi khi

tac la
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o =0,=...=0,=—.

Diéu nay tuong duong véi da giac AA,...A la mot da giac déu.
Bai to4n 3.4. Cho tam gidc ABC c6 cac goc A,B,C va ban kinh dudng tron ngoai tiép
la R. Chting minh rang

SVABC < # RZ’

Dau bang xay ra khi va chi khi tam giac déu.
Ching minh: Goi a,b,¢ lan luot 14 cac canh ddi dién véi cac goc A, B,C cua tam giéc.
Theo cdng thirc dién tich theo ban kinh dudng tron ngoai tiép, ta co
abc
Syasc = ﬁ
Mat khac, theo dinh ly sin, a=2Rsin A, b=2RsinB, c=2RsinC.
Thay vao cbng thac dién tich, suy ra

_ (2Rsin A)(2Rsin B)(2RsinC)

Svasc = R =2R?sin Asin BsinC (1)

Xét ham f (x)=sinx, 1a ham 16m l6garit trén khoang (0,7). Vi A+B+C =, &p dung

bat dang thirc Jensen cho ham 16m 16garit, ta duoc

sin AsinBsinC g(sin A+§+CJ3 :(sin ”T :[‘Ej :ﬂ.(@'

3 2 8

Thay (2) vao (1), suy ra

Svasc sn&%:#ﬁ

DA4u bang xay ra khi va chi khi A=B=C :% , tue 1a tam giac déu.
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SEVERAL RESULTS ON LOGARITHMIC CONVEX FUNCTIONS
Ngo Thi Thu Bal®, Vo Thi Thanh Giang?, Ngo Thi Nhu Y?, Phan Huy Phuc?,
Nguyen Trong?, Vi The Han?

ABSTRACT

This paper investigates several fundamental properties of the logarithmic convex
functions, including characteristic criteria, Jensen's inequality, and the convex cone
structure of the set of logarithmic convex functions. On the basis of this investigation, the
paper establishes some results on the convexity of weighted power mean quantities. At
the same time, the study presents some applications in planar geometry, particularly
those in polygons inscribed in circles. Results of the study demonstrate the important role
of logarithmic convex functions in extending many familiar inequalities.

Keywords: Convex function, logarithmic convex function, convex analysis,
Jensen's inequality, power mean.
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