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SUMMARY
This paper introduces symmetrized (p,/)-convex functions and establishes some Hermite-Hadamard-

type inequalities for the new class of functions.
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1. INTRODUCTION

A function f is said to be convex on a real
interval [ if

SAx+A=D)y)<Af(x)+(1=A)f(¥),
for all x,yel and A€[0,1]. An estimate of
the (integral) mean value of a continuous convex
function is known as Hermite-Hadamard inequality
(Hadamard, 1893, Hermite, 1883). Precisely, if
f is a convex function on a real interval / and
a,bel with a<b then

a+b)_ 1 b fa)+ f(b)
f( jgmjuf(x)dng.

2

This inequality is one of the most useful
inequalities in mathematical analysis. For new
proofs, noteworthy extensions, generalizations,
and numerous applications of this inequality, see
e.g., (Dragomir & Pearce, 2003, Mitrinovi¢ &
Lackovi¢, 1985).

In recent years, convexity has been generalized
and extended in various aspects using new and
different concepts. These researches led to the
appearance of several Hermite-Hadamard-type
inequalities. Among these generalizations, two
interesting concepts are p-convex functions (Zhang
& Wan, 2007) and A-convex functions (Varosanec,
2007). They are defined as follows:

Definition 1.1 (Zhang & Wan, 2007). Let

I < (0,0) be an interval and p e R\{0}. We
say that f: 1 — R is a p-convex function if

f(lax +(-a)y"1"? )< af(x)+1-a) f(3).
forall x,yel and a €[0,1].

Definition 1.2 (VaroSanec, 2007). Let [,J
be two real intervals with J 2(0,1) and let
h:J—>R be a non-negative and non-zero
function. We say that f:/ — R is a h-convex
function if f* is non-negative and
flax+(1-a)y) < h(a) f(x)+h(1-a) f (),
forallx,y el and o €(0,1).

These functions are continuously generalized
to (p,h)-convex functions by Fang & Shi (2014):

Definition 1.3 (Fang & Shi, 2014). Let
I < (0,0) and J 2(0,1) be two real intervals,
peR\{0},andlet #:J — R be anon-negative
and non-zero function. We say that f:/ — R be
a (p,h)-convex function if " is non-negative and

f (fex” + (= a)y"1")
<h(a) f(x)+h(1-a) f(p),
forallx,y el and a €(0,1).

In (Fang & Shi, 2014), the authors also derived
Hermite-Hadamard-type inequalities for the class
of (p,h)-convex functions as follows:

1 a+b]"” b
Zh(%)f[[ 2 } Jﬁbp_apj.ax F(x)dx

1

<(f(@)+ ) hodr. (11)

In particular, if p = —1, (p,h)-convex functions
become harmonically /-convex functions which
are studied firstly by Noor & et al. (2015).

A significant generalization of /A-convex
functions is symmetrized h-convex functions,
which are introduced by Dragomir (2016). To give
this concept, the authors considered a symmetrical

transform f of f on [a,b] which is defined by
F@= @)+ fla+b=x)

Then we say f:[a,b] —[0,00) is symmetrized

h-convex function on [a,b] if f is h-convex on
[a,b]. Moreover, if A integrable on [0,1] and
f integrable on [a,b], Hermite-Hadamard-type
inequality for symmetrized A-convex function is
given as follows (Dragomir, 2016):

1 a+b |
i |5l

<[f(@+/O)]], hex)dx. (1.2)
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Subsequently, by considering an other
symmetrical transform f* of f on [a,b] which
is defined by

f(X)i—{f() f(—( by abﬂ

Wu & et al. (2017) gave symmetrized
harmonic convex functions. In addition, the
authors also introduced symmetrized harmonic
h-convex functions, which is the generalization
of harmonically convex functions and A-convex
functions. Furthermore, if / integrable on [0,1]
and f is symmetrized harmonic 4-convex and
integrable on [a,b], then Hermite-Hadamard-type
inequality for £ is given as follows (Wu & et al.,

2017):
)’ (53

1
2h( 1
1
<[f(a)+f(b)] jo h(x)dx. (1.3)

Recently, Iscan (2020) used the p-symmetrical

transform F, (x) of f on [a,b] which is
defined by

]I/p ):|

P, ()= %[ J@)+ f([a” +b7 —x"

to define symmetrized p-convex functions, then
they provided the following Hermite-Hadamard-
type inequality for f which is symmetrized
p-convex and integrable on [a,b]:

a+b
2

I

» » 1/p
7 a’+b < b f (x) dx
2 b” —q? Ja x"
L@+ [ ()
a 2
Essentially, the symmetrized /A-convexity

can be formed as symmetrized (p,/)-convexity,
where p =1, while the symmetrized harmonic
h-convexity are in the case p =-—1. The main
purpose of this paper is study symmetrized (p,h)-
convexity for the more general case, i.e. p#0
. After introducing the definition, we establish
Hermite-Hadamard-type inequalities for the new
class. Moreover, this class is a generalization from
the previous versions so some results in (Dragomir,
2016, Wu & et al., 2017, Iscan, 2020) are special
cases of our results.

2. RESEARCH CONTENTS & METHODS
2.1. Research contents

We introduce the concept of the symmetrized
(p,h)-convex function.

28

We establish some Hermite-Hadamard type
inequalities symmetrized (p,h)-convex functions.

2.2. Research method

Based on the theory of symmetrized (p,h)-
convexity, we give the comparison to achieve the
results.

We combine analytical techniques and
comparative methods to derive properties and
inequalities.

3. RESULTS AND DISCUSSIONS

In this section, we consider a,b are positive
numbers, p=#0, J is real interval satisfies
J 2(0,1) and the function 4 :J —[0,0) is not
identical to 0.

For a function f :[a,b] > R, we recall that
a p -symmetrical transform of f on the interval
[a,b] is denoted by F . ) and is defined by

s r(a b -x17)).

for all x €[a,b].

Remark 3.1. If f is (p,h)-convex on [a,b]
, then Pf ) is also (p,h)-convex on [a,b].
Indeed, it is easy to see that P (/.p) 18 MON-NEgative
and for all x,y €[a,b],a €(0,1), we have

(f;p) ([tx +(1-0)y” ]]/p)

Z%[f([tx” +(1-0)y"17)

+f([a” +b” —tx”? —(l_t)yp]l/p)i|

[ (e +a-ny7)+

f([f(ap +b” =xP)+(1=1)(a” +b" —y")]"? )}
<) 0+ ([ +67 5717 |+

)]

P(f;p) (x) =

SH=@)[ £+ £ (10" b7 -y

=h(@)B,., () +h(l-a)F,., (¥).

However, if F . is (p,h)-convex on [a,b]

for a function f :[a,b] — R, then the function
f is not necessarily (p,h)-convex on [a,b]. For
example, let h(a)=a, a<(0,1) and p=-1,
consider f(x)=-Inx,x€(0,1). The function
S is not (p,h)-convex but F, , is (p,h)
-convex (Wu. & et al. 2017).

Definition 3.2. A function f :[a,b] > R is
said to be symmetrized (p,h)-convex on [a,b]
if the p-symmetrical transform F, , is (p,h)
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-convex on [a,b].

In other words, a function f is symmetrized
(p,h)-convex on [a,b] if

R, p)([ax +(1-a)y? ]””)

<h(@)E;.,(x)+h(l-a)F, , (y),

forall x,y €[a,b] and a €(0,1).

By Remark 3.1, if f is (p,h)-convex on
[a,b], then f is symmetrized (p,h)-convex on
[a,b].Also,if [c,d] = [a,b] and f symmetrized
(p,h)-convex on [a,b], this does not imply in

eneral that f is symmetrized (p,#%)-convex on

Tc,d ]

Example 3.3. Let J2(0,1), and the
function h:J —[0,0) satisfies h(ax)=>«a,
for all & €(0,1), and A >2. Then the function
fila,b]> R, f(x)=x"-a”)",p>0 is
symmetrized (p,h)-convex on [a,b].

Indeed, for any u,v € [a,b] and any o € (0,1),
by convexity of the function g(w) =", w >0, it
is easily seen that

f(lou” +(A=a)v']")

=(au’ +(1-aW’ —a”)*"

=(a@’ -a")+(1-a)v" —a”))*"

<a@’-a’y"" +(1-a)(v’ —a”)"

<h(a)wu’ —a’)"" +h(l-a)(v’ —a”

=h(a) f () +h(1-a) f(v).

Thus R, .is also (p,h) -convex on [a,b]
. Therefore f is symmetrized (p,/)-convex on
[a,b].

Proposition 3.4. Let
g(x)=x""

)A—l

f:la,b] >R and
, X>0,p#0. A function [ is
symmetrized (p,h)-convex on [a,b] if and
only if fog is symmetrized h-convex on
g ' ([a,b]) =[a",b"] (or [b",a"]).

Proof. Let f is a symmetrized (p,h)
-convex on [a,b] and x,y x,ye g ' ([a,b]) be
arbitrary, then there exists u,v €[a,b] such that
x=u’,y=v".

fog(ax+(-a)y)

1

=S (Fep(ax+-a)y)

Hfog)(a” +b" —ax—(1-a)y)]

_1 1/

_E[f([au”+(l—a)vp] )

+f ([a” +b" —au” —(1-a)"]") |
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P, ([au +(1—ap’]").

Since f is symmetrized (p,h)-convex on
[a,b], it is easily seen that

(fp)([au +(1- a)v”]””)
<ha)F,.,w)+h(l-a)F,. (V)
_ Eh(a)[f(u)—i—f([ap +b"—u]")]

+%h(1_a)[f(v)+f([aﬁ +b”? —vl’]l/p)}
B %h(a)[u °g)(x)+(fog)a’ +b" —x)]
+%h(1—a)[(f°g)(y)+(fOg)(a” +b" =)

= h(O)(f > )x)+h(1=1)(f ° ) ().
Thus fog is symmetrized h-convex on
g '([a,b]).

Conversely, if fog is symmetrized 5
-convex on g '([a,b]) then it is easily seen that
f is symmetrized (p,h)-convex by a similar
procedure. The details are omitted. O

Theorem 3.5. Assume that f :[a,b] >R is

symmetrized (p,h)-convex and _integrable on
[a,b] with h is integrable on [0 1] Then we have
the Hermite-Hadamard-type inequality

1 I {a” +b? Tp P
a2 )
<[f(@)+ ()] I;h(x)dx. 3.1)

Proof. Since f :[a,b]—> R is symmetrized
(p,h)-convex on [a,b], then by writing the
Hermite-Hadamard-type inequality (1.1) for the
function £,  we have

1 a+b" " p
2’1(%)1)”;” Hz} JS T,

<[P, ,(@+P fp)(b)]_[;h(x)dx. (3.2)

It is easily seen that

P(.fm){{ap;bp} sz[[ap;—bp} ]9

(fp>(a)+ Ui (D)= f(@)+ [ (D),

an

LD

£y, p)(x)
X

p .[ fp)(x)d_ P J-f(x)dx.
a x

Then by (3.2), required inequality are got.
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Remark 3.6. In Theorem 3.5, if it is chosen
p =1 then the inequality (3.1) reduce to the
inequality (1.2). If it is chosen p =—1 then the
inequality (3.1) reduce to the inequality (1.3).

Remark 3.7. By helping Proposition 3.4, the
proof of Theorem 3.5 can also be given as follows:

Since f:[a,b] > R is symmetrized (p,h)
-convexontheinterval [a,b], f o g issymmetrized
h-convex on the interval g~ ([a,b]) =[a”,b"]
(or [b”,a”]) with g(x)=x"7,x>0,p#0. So
by inequality (1.2), it is obtained that

a+b 1 ¢
iy o3t e

<[(f o 9)@)+(f o)D), hwyt,

1 a0 1" p S,
2h(%>f[{ 2 } J j 7
<[f(@)+ ()] jolh(x)dx.

Theorem 3.8. If f :[a,b] > R is symmetrized
(p, h)-convex on [a,b], then for any x €la,b],
we have the following inequality

1 a’+b" "
2h(%)f[{ 2 } }Sp(.f;p)(x)
S{h[xz—aij+h(b2—x:;}}f(a)+f(b).
b(3—351 b" —a 2

Proof: Since F . ) is (p,h)-convex on [a,b]
then for any x € [a b] we have

(fp)[{a b ]

sh[ﬂ[ B0+, ([a" +b" —xp]””ﬂ

and since
By () +Fy. )(["p +b" _xp]l/p)
= f(0)+ f ([a” +b" =x"1"") = 2R, (x)
while

a’ +b? p a’ +b? p
mal[52] o[ 52])

we get the first inequality in (3.3).
Also, by the (p,h)-convexity of F, , we
have for any x €[a,b] that

I/p
xp_ap bp_xp
B =F;)) ([bp b — g +a’ b”—a”} J

x? —a? b? —xP
gh(g;j;;jgﬁmag+h[gzj;;J

{h[xp—aﬂj+h[bl’—xpﬂf(a)+f(b)
b? —a” b" —a” 2

which gives the second part of (3.3).

Remark3.9.InTheorem3.8,ifwechoose p =1
, then the inequality (3.3) reduce to the inequality
(3.18) in Theorem 7 in (Dragomir, 2016). If we
choose p =—1 then the inequality (3.3) reduce
to the inequality (4.3) in Theorem 6 in (Wu & et
al., 2017) and if it is chosen h(@) =a,a €(0,1)
, then the inequality (3.3) reduce to the inequality
(18) in Theorem 2.2 in (Iscan, 2020).

Remark 3.10. By helping Proposition 3.4
and Theorem 7 in (Dragomir, 2016), the proof of
Theorem 3.8 can also be given. The details are
obmitted.

Corollary 3.11. Assume that the function
f:[a,b] > R is symmetrized (p,h)-convex and
integrable on [a,b] with h is integrable on [0,1].
If w:la,b] —[0,0) is integrable on [a,b] then

1 a’” +b” v b w(x)
2/1(%)]({ 2 } LS

< I” W(x) (f p)(x) e

Sf(a)+f(b)jb[h[ﬂ’—a
2 b’ -a

p]w{l’p - ﬂ Wff“) dx.(3-4)
P b2 —a? || X7

Moreover, if w is p-symmetric with

a’ +b” v
5 } on [a,b], ie.

w(x) = w([a” +b? —

respect to {

xp]l/p) , for all xe[a,b],

then
1 a +b” ") o w(x)
a5 e
(X)f (X)
<[
<[f(a)+f(b)]f (—jv;()? Y. (3.5)

Proof. The inequality (3.4) follow by (3.3)
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multiplying by w(x)/x'” >0 and integrating
over x on [a,b].

By changing variables and using the fact that W

1/p
_ o a” +b”
is p -symmetric with respect to 5 , we

have
, w(x)f([a” +bP _xp]l/p)
J. = dx
a X p
_prlla’+b > @) 2O/,
). xlfp _.[
and
b [ b” —x" Y w(x)
.L h(bp _ap] xlfp dx
s (xP —g? w([a” +b” —xp]l/p)
= h( J = dx.
a \ b7 —a”? x 7
b [ xP —a” Y w(x)
Thus
J‘b W(X)P(f;p)(x)
a xl_p

w(x) f ([ap +b? —x* ]1/,;)

I-p

dx

U @y,

2| e X x

(3.6)

f(a)+f(b)J-b i xP —a? o h b? —x? w(x)dx
2 al \ b"—a” b —a” )| x"*

b [ xP—a
=[f(@)+/®)]], h[ PR

By (3.6), (3.7), and (3.4), the inequality (3.5)
are got.

Remark 3.12. If it is chosen as p =1, then the
results in Corollary 3.11 reduce to the results in
Corollary 2 in (Dragomir, 2016) and if it is chosen
p =-—1 then the inequality (3.4) reduce to the
inequality (4.4) in Corollary 1 in (Wu & et al.,
2017).

Remark 3.13. By helping Proposition 3.4 and
Corollary 2 in (Dragomir, 2016), the proof of
Theorem 3.11 can also be given. The details are
omitted.

Theorem 3.14. Assume that f :[a,b] >R

N CTIE
a X
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is symmetrized (p,h)-convex and integrable on
[a,b] with h is integrable on [0,1]. Then for any
x,y €la,b], we have the following inequality

(/)H{}],{[H}

[J‘ f(t) Ib X"”"f(t) }

aP+bP—yP P 4l
< [f(x)+f(y)+f([a” +b” —xP]””)+

f([ap b=y ] )} [ noya.

Proof. Since F ., is (p,h)-convex on [a,b]
, then F, ) is also (p,h)-convex on any sub-
1nterval [x y] (or [y,x]), where x,y €]a, b]

(3.8)

By writing Hermite-Hadamard (1.1) for B
on [x, y] we have

(fsp)

1 P x+y? v <_ P J‘Y (fp)(t)
2h(%) (fip) 2 S

< [Pu;p) (@)+F,., O )] j; h(o)dt.

(3.9)

By the definition of P( 7:p)» 1t s easily seen that

Py P p
By HXT)}} J
(=T =47 )

I Bipn® p>(t)
oot p
f(z)+f([ wor -]

= j = dt
sy, jyf

_ J'f(t) Iﬂ”’””} /@,

a P4p? ”] tl P

and

B+ Fy.) ()

@ s f ([0 b7 -

+f([ap +b” —y”]l/p)}.

1)
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By (3.9), we deduce the desired result (3.8).

Remark 3.15. If we choose p =1, then
(3.8) reduces inequality (3.14) in Theorem 6 in
(Dragomir, 2016) and if it is chosen p = —1 then
the inequality (3.8) reduce to the inequality (4.1)
in Theorem 5 in (Wu & et al., 2017).

4. CONCLUSION
The paper established some Hermite-
Hadamard-type inequalities for symmetrized

(p,h)-convex functions which is a generalization
of symmetrized harmonic /A-convex functions,
symmetrized p-convex functions, and symmetrized

h-convex functions. We can see that those results
are extensions of the results in the previous
research.

Remark 3.16. By helping Proposition 3.4
and Theorem 6 in (Dragomir, 2016), the proof of
Theorem 3.14 can also be given. The details are
omitted.

TINH (p,h)-LOI POI XUNG HOA VA MOT SO BAT PANG THUC KIEU
HERMITE-HADAMARD
Lé Ba Thong'
Received Date: 22/05/2023; Revised Date: 21/08/2023; Accepted for Publication: 22/8/2023

TOM TAT
Bai bao nay gidi thiéu ham (p,7)-16i d6i xtng hoa va thiét 1ap mot sd bit dang thirc kiéu Hermite-
Hadamard cho 16p ham méi.
Tirkhéa: (p,h)-16i doi xitng hoa, (p,h)-16i, p-16i, h-16i, 16i diéu hoa, bdt dang thirc Hermite-Hadamard.
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